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Preface

This book on integral equations and the calculus of variations is intended for use
by senior undergraduate students and first-year graduate students in science and
engineering. Basic familiarity with theories of linear algebra, calculus, differential
equations, and complex analysis on the mathematics side, and classical mechanics,
classical electrodynamics, quantum mechanics including the second quantization,
and quantum statistical mechanics on the physics side is assumed. Another
prerequisite on the mathematics side for this book is a sound understanding of
local analysis and global analysis.

This book grew out of the course notes for the last of the three-semester sequence
of Methods of Applied Mathematics I (Local Analysis), II (Global Analysis) and
IIT (Integral Equations and Calculus of Variations) taught in the Department of
Mathematics at MIT. About two thirds of the course is devoted to integral equations
and the remaining one third to the calculus of variations. Professor Hung Cheng
taught the course on integral equations and the calculus of variations every other
year from the mid-1960s through the mid-1980s at MIT. Since then, younger faculty
have been teaching the course in turn. The course notes evolved in the intervening
years. This book is the culmination of these joint efforts.

There will be a natural question: Why now another book on integral equations and
the calculus of variations? There exist many excellent books on the theory of integral
equations. No existing book, however, discusses the singular integral equations
in detail, in particular, Wiener—Hopf integral equations and Wiener—Hopf sum
equations with the notion of the Wiener—Hopf index. In this book, the notion of
the Wiener—Hopf index is discussed in detail.

This book is organized as follows. In Chapter 1, we discuss the notion of
function space, the linear operator, the Fredholm alternative, and Green’s functions,
preparing the reader for the further development of the material. In Chapter 2, we
discuss a few examples of integral equations and Green’s functions. In Chapter 3,
we discuss integral equations of the Volterra type. In Chapter 4, we discuss integral
equations of the Fredholm type. In Chapter 5, we discuss the Hilbert—Schmidt
theories of symmetric kernel. In Chapter 6, we discuss singular integral equations
of the Cauchy type. In Chapter 7, we discuss the Wiener—Hopf method for
the mixed boundary-value problem in classical electrodynamics, Wiener—Hopf
integral equations, and Wiener—Hopf sum equations, the latter two topics being
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discussed in terms of the notion of index. In Chapter 8, we discuss nonlinear
integral equations of the Volterra type, Fredholm type, and Hammerstein type.
In Chapter 9, we discuss calculus of variations, covering the topics on the second
variations, Legendre test, Jacobi test, and relationship with the theory of integral
equations. In Chapter 10, we discuss the Hamilton—Jacobi equation and quantum
mechanics, Feynman'’s action principle, Schwinger’s action principle, system of
Schwinger—Dyson equation in quantum theory, Feynman’s variational principle
and polaron, Poincaré transformation and spin, conservation law and Noether’s
theorem, Weyl’s gauge principle, the path integral quantization of non-Abelian
gauge fields, renormalization of non-Abelian gauge fields, asymptotic disaster
(asymptotic freedom) of Abelian gauge field (non-Abelian gauge field) interacting
with fermions with tri-I" approximation, renormalization group equation, standard
model, lattice gauge field theory, WKB method, and Hartree—Fock equation.

Chapter 10 is taken from my book, titled Path Integrals and Stochastic Processes in
Theoretical Physics, Feshbach Publishing, Minnesota.

Reasonable understanding of Chapter 10 requires the reader to have a basic
understanding of classical mechanics, classical field theory, classical electrody-
namics, quantum mechanics including the second quantization, and quantum
statistical mechanics. For this reason, Chapter 10 can be read as a side reference
on theoretical physics.

The examples are mostly taken from classical mechanics, classical field theory,
classical electrodynamics, quantum mechanics, quantum statistical mechanics,
and quantum field theory. Most of them are worked out in detail to illustrate the
methods of the solutions. Those examples which are not worked out in detail are
either intended to illustrate the general methods of the solutions or left to the
reader to complete the solutions.

At the end of each chapter with the exception of Chapter 1, problem sets are
given for sound understanding of the contents of the main text. The reader is
recommended to solve all the problems at the end of each chapter. Many of the
problems were created by Professor Hung Cheng during the past three decades.
The problems due to him are designated with the note (due to H. C.). Some of
the problems are those encountered by Professor Hung Cheng in the course of his
own research activity.

Most of the problems can be solved with the direct application of the method
illustrated in the main text. Difficult problems are accompanied with the citation
of the original references. The problems for Chapter 10 are mostly taken from
classical mechanics, classical electrodynamics, quantum mechanics, quantum
statistical mechanics, and quantum field theory.

Bibliography is provided at the end of the book for the in-depth study of the
background materials in physics besides the standard references on the theory of
integral equations and the calculus of variations.

The instructor can cover Chapters 1 through 9 in one semester or two quarters
with a choice of the topics of his or her own taste from Chapter 10.

I would like to express many heart-felt thanks to Professor Hung Cheng at
MIT, who appointed me as his teaching assistant for the course when I was a
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graduate student in the Department of Mathematics at MIT for his permission to
publish this book under my single authorship and for his criticism and constant
encouragement without which this book would not have materialized.

I would like to thank the late Professor Francis E. Low and Professor Kerson
Huang at MIT, who taught me many topics of theoretical physics. I would like
to thank Professor Roberto D. Peccei at Stanford University, now at UCLA, who
taught me quantum field theory and dispersion theory.

I would like to thank Professor Richard M. Dudley at MIT, who taught me
real analysis and theories of probability and stochastic processes. I would like to
thank Professor Herman Chernoff at Harvard University, who taught me many
topics in mathematical statistics starting from multivariate normal analysis for his
supervision of my Ph.D. thesis at MIT.

I would like to thank Dr. Ali Nadim, for supplying his version of the course
notes and Dr. Dionisios Margetis at MIT, for supplying examples and problems of
integral equations from his courses at Harvard University and MIT. The problems
due to him are designated with the note (due to D. M.). I would like to thank
Dr. George Fikioris at National Technical University of Athens, for supplying the
references on the Yagi—Uda semi-infinite arrays.

I would like to thank my parents, Mikio and Hanako Masujima, who made
my undergraduate study at MIT possible, for their financial support during my
undergraduate student days at MIT. I would like to thank my wife, Mari, and my
son, Masachika, for their encouragement during the period of writing of this book.

I would like to thank Dr. Urlike Fuchs of Wiley-VCH for her very kind editorial
assistance.

Tokyo, Japan Michio Masujima
May, 2009
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Introduction

Many problems of theoretical physics are frequently formulated in terms of ordinary
differential equations or partial differential equations. We can frequently convert
them into integral equations with boundary conditions or initial conditions built
in. We can formally develop the perturbation series by iterations. A good example
is the Born series for the potential scattering problem in quantum mechanics. In
some cases, the resulting equations are nonlinear integro-differential equations.
A good example is the Schwinger—Dyson equation in quantum field theory and
quantum statistical mechanics. It is the nonlinear integro-differential equation,
and is exact and closed. It provides the starting point of Feynman—Dyson-type
perturbation theory in configuration space and in momentum space. In some
singular cases, the resulting equations are Wiener—Hopf integral equations. They
originate from research on the radiative equilibrium on the surface of a star. In
the two-dimensional Ising model and the analysis of the Yagi—Uda semi-infinite
arrays of antennas, among others, we have the Wiener—Hopf sum equations.

The theory of integral equations is best illustrated with the notion of functionals
defined on some function space. If the functionals involved are quadratic in the
function, the integral equations are said to be linear integral equations, and if
they are higher than quadratic in the function, the integral equations are said
to be nonlinear integral equations. Depending on the form of the functionals,
the resulting integral equations are said to be of the first kind, of the second
kind, and of the third kind. If the kernels of the integral equations are square-
integrable, the integral equations are said to be nonsingular, and if the kernels
of the integral equations are not square-integrable, the integral equations are said
to be singular. Furthermore, depending on whether the end points of the kernel
are fixed constants or not, the integral equations are said to be of the Fredholm
type, Volterra type, Cauchy type, or Wiener—Hopf types, etc. Through discussion
of the variational derivative of the quadratic functional, we can also establish the
relationship between the theory of integral equations and the calculus of variations.
The integro-differential equations can be best formulated in this manner. Analogies
of the theory of integral equations with the system of linear algebraic equations are
also useful.

The integral equation of the Cauchy type has an interesting application to classical
electrodynamics, namely, dispersion relations. Dispersion relations were derived
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by Kramers in 1927 and Kronig in 1926, for X-ray dispersion and optical dispersion,
respectively. Kramers—Kronig dispersion relations are of very general validity which
only depends on the assumption of the causality. The requirement of the causality
alone determines the region of analyticity of dielectric constants. In the mid-1950s,
these dispersion relations were also derived from quantum field theory and applied
to strong interaction physics. The application of the covariant perturbation theory
to strong interaction physics was hopeless due to the large coupling constant.
From mid-1950s to 1960s, the dispersion theoretic approach to strong interaction
physics was the only realistic approach that provided many sum rules. To cite a few,
we have the Goldberger—Treiman relation, the Goldberger—Miyazawa—Oehme
formula and the Adler—Weisberger sum rule. In dispersion theoretic approach to
strong interaction physics, experimentally observed data were directly used in the
sum rules. The situation changed dramatically in the early 1970s when quantum
chromodynamics, the relativistic quantum field theory of strong interaction physics,
was invented with the use of asymptotically free non-Abelian gauge field theory.

The region of analyticity of the scattering amplitude in the upper-half k-plane in
quantum field theory when expressed in terms of Fourier transform is immediate
since quantum field theory has the microscopic causality. But, the region of
analyticity of the scattering amplitude in the upper-half k-plane in quantum
mechanics when expressed in terms of Fourier transform is not immediate since
quantum mechanics does not have the microscopic causality. We shall invoke
the generalized triangular inequality to derive the region of analyticity of the
scattering amplitude in the upper-half k-plane in quantum mechanics. The region
of analyticity of the scattering amplitudes in the upper-half k-plane in quantum
mechanics and quantum field theory strongly depends on the fact that the scattering
amplitudes are expressed in terms of Fourier transform. When the other expansion
basis is chosen, like Fourier—Bessel series, the region of analyticity drastically
changes its domain.

In the standard application of the calculus of variations to the variety of problems
of theoretical physics, we simply write the Euler equation and are rarely concerned
with the second variations, the Legendre test and the Jacobi test. Examination of
the second variations and the application of the Legendre test and the Jacobi test
become necessary in some cases of the application of the calculus of variations to
the problems of theoretical physics. In order to bring the development of theoretical
physics and the calculus of variations much closer, some historical comments are
in order here.

Euler formulated Newtonian mechanics by the variational principle, the Euler
equation. Lagrange started the whole field of calculus of variations. He also
introduced the notion of generalized coordinates into classical mechanics and
completely reduced the problem to that of differential equations, which are presently
known as Lagrange equations of motion, with the Lagrangian appropriately written
in terms of kinetic energy and potential energy. He successfully converted classical
mechanics into analytical mechanics with the variational principle. Legendre
constructed the transformation methods for thermodynamics which are presently
known as the Legendre transformations. Hamilton succeeded in transforming
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the Lagrange equations of motion, which are of the second order, into a set
of first-order differential equations with twice as many variables. He did this
by introducing the canonical momenta which are conjugate to the generalized
coordinates. His equations are known as Hamilton’s canonical equations of motion.
He successfully formulated classical mechanics in terms of the principle of least
action. The variational principles formulated by Euler and Lagrange apply only to
the conservative system. Hamilton recognized that the principle of least action in
classical mechanics and Fermat’s principle of shortest time in geometrical optics
are strikingly analogous, permitting the interpretation of optical phenomena in
mechanical terms and vice versa. Jacobi quickly realized the importance of the
work of Hamilton. He noted that Hamilton was using just one particular set of
the variables to describe the mechanical system and formulated the canonical
transformation theory with the Legendre transformation. He duly arrived at what
is presently known as the Hamilton—Jacobi equation. He formulated his version
of the principle of least action for the time-independent case.

From what we discussed, we may be led to the conclusion that calculus of
variations is the finished subject by the end of the 19th century. We shall note that,
from the 1940s to 1950s, we encountered the resurgence of the action principle
for the systemization of quantum field theory. The subject matters are Feynman’s
action principle and Schwinger’s action principle.

Path integral quantization procedure invented by Feynman in 1942 in the
Lagrangian formalism is justified by the Hamiltonian formalism of quantum theory
in the standard treatment. We can deduce the canonical formalism of quantum
theory from the path integral formalism. The path integral quantization procedure
originated from the old paper published by Dirac in 1934 on the Lagrangian
in quantum mechanics. This quantization procedure is called Feynman’s action
principle.

Schwinger’s action principle proposed in the early 1950s is the differential
formalism of action principle to be compared with Feynman’s action principle
which is the integral formalism of action principle. These two quantum action
principles are equivalent to each other and are essential in carrying out the
computation of electrodynamic level shifts of the atomic energy level.

Schwinger’s action principle is a convenient device to develop Schwinger theory
of Green’s functions. When it is applied to the two-point “full” Green’s functions
with the use of the proper self energy parts and the vertex operator of Dyson,
we obtain Schwinger—Dyson equation for quantum field theory and quantum
statistical mechanics. When it is applied to the four-point “full” Green’s functions,
we obtain Bethe—Salpeter equation. We focus on Bethe—Salpeter equation for the
bound state problem. This equation is highly nonlinear and does not permit the
exact solution except for the Wick—Cutkosky model. In all the rests of the models
proposed, we employ the certain type of the approximation in the interaction kernel
of Bethe—Salpeter equation. Frequently, we employ the ladder approximation in
high energy physics.

Feynman’s variational principle in quantum statistical mechanics can be derived
by the analytic continuation in time from a real time to an imaginary time of
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Feynman’s action principle in quantum mechanics. The polaron problem can be
discussed with Feynman’s variational principle.

There exists a close relationship between a global continuous symmetry of
the Lagrangian L(q.(t), 4-(t), t) (the Lagrangian density £(y/4(x), 9, Va(x))) and the
current conservation law, commonly known as Noether’s theorem. When the
global continuous symmetry of the Lagrangian (the Lagrangian density) exists,
the conserved current results at classical level, and hence the conserved charge.
A conserved current need not be a vector current. It can be a tensor current with
the conservation index. It may be an energy—momentum tensor whose conserved
charge is the energy—momentum four-vector. At quantum level, however, the
otherwise conserved classical current frequently develops the anomaly and the
current conservation fails to hold at quantum level any more. An axial current is a
good example.

When we extend the global symmetry of the field theory to the local sym-
metry, Weyl's gauge principle naturally comes in. With Weyl’sgauge principle,
electrodynamics of James Clark Maxwell can be deduced.

Weyl’s gauge principle still attracts considerable attention due to the fact that all
forces in nature can be unified with the extension of Weyl’s gauge principle with
the appropriate choice of the grand unifying Lie groups as the gauge group.

Based on the tri-I' approximation to the set of completely renormalized
Schwinger—Dyson equations for non-Abelian gauge field in interaction with the
fermion field, which is free from the overlapping divergence, we can demonstrate
asymptotic freedom, as stipulated above, nonperturbatively. This property arises
from the non-Abelian nature of the gauge group and such property is not present for
Abelian gauge field like QED. Actually, no quantum field theory is asymptotically
free without non-Abelian gauge field.

With the tri-I" approximation, we can demonstrate asymptotic disaster of Abelian
gauge field in interaction with the fermion field. Asymptotic disaster of Abelian
gauge field was discovered in mid-1950s by Gell-Mann and Low and independently
by Landau, Abrikosov, Galanin, and Khalatnikov. Soon after this discovery was
made, quantum field theory was once abandoned for a decade, and dispersion
theory became fashionable.

There exist the Gell-Mann-Low renormalization group equation, which origi-
nates from the perturbative calculation of the massless QED with the use of the
mathematical theory of the regular variations. There also exist the renormalization
group equation, called the Callan—Symanzik equation, which is slightly different
from the former. The relationship between the two approaches is established with
some effort. We note that the method of the renormalization group essentially con-
sists of separating the field components into the rapidly varying field components
(k> > A?) and the slowly varying field components (k* < A?), path-integrating out
the rapidly varying field components (k* > A?) in the generating functional of
Green’s functions, and focusing our attention to the slowly varying field compo-
nents (k* < A?) to analyze the low energy phenomena at k* < A2. We remark that
the scale of A depends on the kind of physics we analyze and, to some extent, is
arbitrary. The Gell-Mann-Low analysis exhibited the astonishing result; QED is
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not asymptotically free. It becomes the strong coupling theory at short distances.
At the same time, the Gell-Mann-Low renormalization group equation and the
Callan—Symanzik equation address themselves to the deep Euclidean momentum
space. High energy experimental physicists also focus their attention to the deep Eu-
clidean region. So the analysis based on the renormalization group equations is the
standard procedure for high energy experimental physicists. Popov employed the
same method to path-integrate out the rapidly varying field components (k% > A?)
and focus his attention to the slowly varying field components (k* < A?) in the
detailed analysis of the superconductivity. Wilson introduced the renormalization
group equation to analyze the critical exponents in solid state physics. He em-
ployed the method of the block spin and coarse-graining in his formulation of the
renormalization group equation. The Wilson approach looks quite dissimilar to the
Gell-Mann-Low approach and the Callan-Symanzik approach. In the end, the
Wilson approach is identical to the former two approaches.

Renormalization group equation can be regarded as one application of calculus
of variations which attempts to maintain the renormalizability of quantum theory
under variations of some physical parameters.

Electro-weak unification of Glashow, Weinberg, and Salam is based on the gauge

group,
S U(Z)Weak isospin X U(l)weak hypercharge»

while maintaining Gell-Mann-Nishijima relation in the lepton sector. It suffers

from the problem of the nonrenormalizability due to the triangular anomaly in

the lepton sector. In the early 1970s, it is discovered that non-Abelian gauge field

theory is asymptotically free at short distance, i.e., it behaves like a free field at short

distance. Then the relativistic quantum field theory of the strong interaction based

on the gauge group SU(3)color i invented, and is called quantum chromodynamics.
Standard model with the gauge group,

SU(3)color X SU(2)weak isospin X U(1) weak hypercharge»

which describes the weal interaction, the electromagnetic interaction, and the strong
interaction is free from the triangular anomaly. It suffers, however, from a serious
defect; the existence of the classical instanton solution to the field equation in the
Euclidean metric for the SU(2) gauge field theory. In the SU(2) gauge field theory,
we have the Belavin—Polyakov—Schwartz—Tyupkin instanton solution which is a
classical solution to the field equation in the Euclidean metric. A proper account
for the instanton solution requires the addition of the strong CP-violating term to
the QCD Lagrangian density in the path integral formalism. The Peccei—Quinn
axion and the invisible axion scenario resolve this strong CP-violation problem. In
the grand unified theories, we assume that the subgroup of the grand unifying
gauge group is the gauge group SU(3)color X SU(2)weak isospin X U(1)weak hypercharge-
We now attempt to unify the weak interaction, the electromagnetic interaction, and
the strong interaction by starting from the much larger gauge group G, which is
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reduced to SU(3)color X SU(2)weak isospin X U(1)weak hypercharge and further down to
SU(3)color X U(l)E.M.'

Lattice gauge field theory can explain consistently the phenomena of the quark
confinement. The discretized space—time spacing of the lattice gauge field theory
plays the role of the momentum cutoff of the continuum theory.

A customary WKB method in quantum mechanics is the short wavelength
approximation to wave mechanics. The WKB method in quantum theory in path
integral formalism consists of the replacement of general Lagrangian (density)
with a quadratic Lagrangian (density).

The Hartree—Fock program is the one of the classic variational problems in
quantum mechanics of a system of A identical fermions. One-body and two-
body density matrices are introduced. But extremization of the energy functional
with respect to density matrices is difficult to implement. We thus introduce a
Slater determinant for the wavefunction of A identical fermions. After extremizing
the energy functional under variation of the parameters in orbitals of the Slater
determinant, however, there remain two important questions. One question has
to do with the stability of the iterative solutions, i.e., do they provide the true
minimum? The second variation of the energy functional with respect to the
variation parameters in orbitals should be examined. Another question has to do
with the degeneracy of the Hartree—Fock solution.

Weyl’s gauge principle, Feynman’s action principle, Schwinger’s action principle,
Feynman’s variational principle as applied to the polaron problem, and the method
of the renormalization group equations are the modern applications of calculus of
variations. Thus, the calculus of variations is well and alive in theoretical physics
to this day, contrary to a common brief that the calculus of variations is a dead
subject.

In this book, we address ourselves to theory of integral equations and the calculus
of variations, and their application to the modern development of theoretical
physics, while referring the reader to other sources for theory of ordinary differential
equations and partial differential equations.



1
Function Spaces, Linear Operators, and Green’s Functions

1.1
Function Spaces

Consider the set of all complex-valued functions of the real variable x, denoted by
f(x),g(x), ..., and defined on the interval (a, b). We shall restrict ourselves to those
functions which are square-integrable. Define the inner product of any two of the
latter functions by

b
(f.8)= / fr (g () dx, (1.1.1)

in which f*(x) is the complex conjugate of f(x). The following properties of the
inner product follow from definition (1.1.1):

f.g)" = (g.f),

Fg+h = (frg)+(h
(frag) =  alfg) (112)
(f.g) = oa*(f,g),

with & a complex scalar.

While the inner product of any two functions is in general a complex number,
the inner product of a function with itself is a real number and is nonnegative.
This prompts us to define the norm of a function by

b 3
i =vEn=| [ reres] 013

provided that f is square-integrable , i.e., ||| < co. Equation (1.1.3) constitutes a
proper definition for a norm since it satisfies the following conditions:

. scalar
(1) multiplication lef || = lel - |If] . for all comlex «,
(i)  positivity If] > o forall f # 0,

|[f|| =0, ifand onlyif f =0,
triangular
G TSyl < r] + sl

(1.1.4)

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40936-5



2 | 1 Function Spaces, Linear Operators, and Green’s Functions

A very important inequality satisfied by the inner product (1.1.1) is the so-called
Schwarz inequality which says

I(f.9)] < Ifll- g - (1.15)

To prove the latter, start with the trivial inequality ||(f + ag)||* > 0, which holds for
any f (x) and g(x) and for any complex number «. With a little algebra, the left-hand
side of this inequality may be expanded to yield

(f- ) +a*(g.f) + a(f,g) + aa’(g,g) = 0. (1.1.6)

The latter inequality is true for any «, and is true for the value of @ which minimizes
the left-hand side. This value can be found by writing « as a + ib and minimizing
the left-hand side of Eq. (1.1.6) with respect to the real variables a and b. A quicker
way would be to treat « and «* as independent variables and requiring 9/d«
and 9/da* of the left-hand side of Eq. (1.1.6) to vanish. This immediately yields
a = —(g.f)/ (g g) as the value of « at which the minimum occurs. Evaluating the
left-hand side of Eq. (1.1.6) at this minimum then yields

AL 1.1.7)

which proves the Schwarz inequality (1.1.5).
Once the Schwarz inequality has been established, it is relatively easy to prove
the triangular inequality (1.1.4.ii1). To do this, we simply begin from the definition

If el =(f+g f+e) =)+ (f.0) +(@f) + (8. (1.1.8)

Now the right-hand side of Eq. (1.1.8) is a sum of complex numbers. Applying
the usual triangular inequality for complex numbers to the right-hand side of
Eq. (1.1.8) yields

|Right-hand side of Eq. (1.1.8)| < |Lf||2 +|(f.9)] + @] + ||g||2
= (I + lel)*- (1.1.9)

Combining Egs. (1.1.8) and (1.1.9) finally proves the triangular inequality (1.1.4.iii).

We finally remark that the set of functions f(x),g(x),..., is an example of a
linear vector space, equipped with an inner product and a norm based on that
inner product. A similar set of properties, including the Schwarz and triangular
inequalities, can be established for other linear vector spaces. For instance, consider
the set of all complex column vectors i, v, W, . . ., of finite dimension n. If we define
the inner product

(B, 7) = @) 0 =) ujve, (1.1.10)
k=1
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and the related norm

3] = v, ), (1.1.11)

then the corresponding Schwarz and triangular inequalities can be proven in an
identical manner yielding

(@, 9)] < @] 101, (1.1.12)

and

-

[+ 5] < ] + 1. (1113)

1.2
Orthonormal System of Functions

Two functions f(x) and g(x) are said to be orthogonal if their inner product vanishes,
ie,

b
(9= [ egtmyix =o. (1.2.1)
A function is said to be normalized if its norm is equal to unity, i.e.,

IFl =V =1 (1.2.2)

Consider a set of normalized functions {¢1(x), ¢2(x), ¢3(x), . . .} which are mutually
orthogonal. This type of set is called an orthonormal set of functions, satisfying the
orthonormality condition

1, ifi=j,
0, otherwise,

(i, ) = 8 = (1.2.3)

where §;; is the Kronecker delta symbol itself defined by Eq. (1.2.3).

An orthonormal set of functions {¢,(x)} is said to form a basis for a function space,
or to be complete, if any function f(x) in that space can be expanded in a series of
the form

f) = angn(). (1.2.4)
n=1

(This is not the exact definition of a complete set but it will do for our purposes.)
To find the coefficients of the expansion in Eq. (1.2.4), we take the inner product
of both sides with ¢,,(x) from the left to obtain

3
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¢WL7 Z (Pm,> Gnn)

= Z an (Pm, Pn)
n=1
[o]
= ZanSW, = Gm. (1.2.5)
In other words, for any n,

tn = (6n.f) / o7 () f () dx. (1.2.6)

An example of an orthonormal system of functions on the interval (L 1) is the
infinite set

1
w (%) = —explinex 1], n=0,+1,42,..., 1.2.7
B () 7 plinx,/1] (1.2.7)

with which the expansion of a square-integrable function f(x) on (-1, ) takes the
form

= Y coexplintx /1], (1.2.8a)
with
1 +l
=5 /4 f(x) exp[—inmx,1], (1.2.8b)

which is the familiar complex form of the Fourier series of f (x)
Finally, the Dirac delta function §(x — x'), defined with x and x’ in (a, b), can be
expanded in terms of a complete set of orthonormal functions ¢, (x) in the form

x — x Z An@n(x)
with
b
on= [ 0005~ ¥ = 6 ().
That is,

Bx—x) =Y G5(x)bn(x)- (1.2.9)

Expression (1.2.9) is sometimes taken as the statement which implies the complete-
ness of an orthonormal system of functions.



1.3 Linear Operators

1.3
Linear Operators

An operator can be thought of as a mapping or a transformation which acts on
a member of the function space (a function) to produce another member of that
space (another function). The operator, typically denoted by a symbol like L, is said
to be linear if it satisfies

L(af + Bg) = alLf + Blg, (1.3.1)

where o and g are complex numbers, and f and g are members of that function
space. Some trivial examples of linear operators L are
(i) multiplication by a constant scalar,

Ly = ad,

(ii) taking the third derivative of a function, which is a differential operator

3 3
=gt o =g

L

(iif) multiplying a function by the kernel, K(x, x’), and integrating over (a, b) with
respect to x’, which is an integral operator,

b
Lp(x) =/ K(x, x')p(x)dx'.

An important concept in the theory of linear operators is that of adjoint of the
operator which is defined as follows. Given the operator L, together with an inner
product defined on a vector space, the adjoint L9 of the operator L is that operator
for which

(W, L) = (LY, ¢) (1.32)

is an identity for any two members ¢ and ¥ of the vector space. Actually, as we
shall see later, in the case of the differential operators, we frequently need to worry
to some extent about the boundary conditions associated with the original and
the adjoint problems. Indeed, there often arise additional terms on the right-hand
side of Eq. (1.3.2) which involve the boundary points, and a prudent choice of the
adjoint boundary conditions will need to be made in order to avoid unnecessary
difficulties. These issues will be raised in connection with Green’s functions for
differential equations.

As our first example of the adjoint operator, consider the liner vector space of
n-dimensional complex column vectors i, U,. . ., with their inner product (1.1.10). In
this space, nx n square matrices A, B, .. ., with complex entries are linear operators

5
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when multiplied with the n-dimensional complex column vectors according to the
usual rules of matrix multiplication. We now consider the problem of finding the
adjoint matrix A*Y of the matrix A. According to definition (1.3.2) of the adjoint
operator, we search for the matrix A*Y satisfying

(5, AV) = (A*%, D). (1.3.3)
Now, from the definition of the inner product (1.1.10), we must have

ﬁ*T(Aadi)*Tﬂ — ﬁ*TAﬁ,
ie,

(AT = A or A = AT, (1.3.4)

That is, the adjoint A% of a matrix A is equal to the complex conjugate of its
transpose, which is also known as its Hermitian transpose,

A = AT = AH (1.3.5)

As a second example, consider the problem of finding the adjoint of the linear
integral operator

b
L:/ dx' K(x, x'), (1.3.6)

on our function space. By definition, the adjoint 24 of L is the operator which
satisfies Eq. (1.3.2). Upon expressing the left-hand side of Eq. (1.3.2) explicitly with
the operator L given by Eq. (1.3.6), we find

b
(,10) = [ ey )11
b b
:/ dx’ |:/ de(x,x/)lp*(x):| (). (1.3.7)
Requiring Eq. (1.3.7) to be equal to
(©90,9) = [ dxry ) o)
necessitates defining

) b
£y ) = / dEK* (£, X) 0 (£).
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Hence the adjoint of integral operator (1.3.6) is found to be
. b
4 = / dx' K* (%, %). (1.3.8)
a

Note that aside from the complex conjugation of the kernel K(x, '), the integration
in Eq. (1.3.6) is carried out with respect to the second argument of K(x, x') while
that in Eq. (1.3.8) is carried out with respect to the first argument of K*(x’, x). Also
be careful of which of the variables throughout the above is the dummy variable of
integration.

Before we end this section, let us define what is meant by a self-adjoint operator.
An operator L is said to be self-adjoint (or Hermitian) if it is equal to its own
adjoint 24, Hermitian operators have very nice properties which will be discussed
in Section 1.6. Not the least of these is that their eigenvalues are real. (Eigenvalue
problems are discussed in the next section.)

Examples of self-adjoint operators are Hermitian matrices, i.e., matrices which
satisfy

A=AH,
and linear integral operators of the type (1.3.6) whose kernel satisfies
K(x,x') = K*(x/, x),

each of them on their respective linear spaces and with their respective inner
products.

1.4
Eigenvalues and Eigenfunctions

Given a linear operator L on a linear vector space, we can set up the following
eigenvalue problem:

Loy = hnpn (n=1,2,3,..). (1.4.1)

Obviously the trivial solution ¢ (x) = 0 always satisfies this equation, butitalso turns
out that for some particular values of A (called the eigenvalues and denoted by A,),
nontrivial solutions to Eq. (1.4.1) also exist. Note that for the case of the differential
operators on bounded domains, we must also specify an appropriate homogeneous
boundary condition (such that ¢ =0 satisfies those boundary conditions) for
the eigenfunctions ¢, (x). We have affixed the subscript n to the eigenvalues and
the eigenfunctions under the assumption that the eigenvalues are discrete and
they can be counted (i.e., with n=1,2,3,...). This is not always the case. The
conditions which guarantee the existence of a discrete (and complete) set of
eigenfunctions are beyond the scope of this introductory chapter and will not

7
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be discussed. So, for the moment, let us tacitly assume that the eigenvalues
An of Eq. (1.4.1) are discrete and their eigenfunctions ¢, form a basis for their
space.

Similarly the adjoint [*4 of the operator L possesses a set of eigenvalues and
eigenfunctions satisfying

iy, = o (m=1,2,3,...). (1.4.2)
It can be shown that the eigenvalues ji,, of the adjoint problem are equal to complex
conjugates of the eigenvalues A, of the original problem. If A, is an eigenvalue of
L, )% is an eigenvalue of L*Y. We rewrite Eq. (1.4.2) as

iy, =2 (m=1,2,3,..). (1.4.3)
It is then a trivial matter to show that the eigenfunctions of the adjoint and original
operators are all orthogonal, except those corresponding to the same index (n = m).

To do this, take the inner product of Eq. (1.4.1) with ¥, from the left, and the inner
product of Eq. (1.4.3) with ¢, from the right to find

(Vm> Lpn) = (Y, Ann) = An(¥m, n) (1.4.4)

and

(LYY, dn) = (MW, D) = Am(Vim, Bn).- (1.4.5)

Subtract the latter two equations and get

0= (An = Am)(¥m, &n)- (1.4.6)
This implies
(Yim, n) =0 i Ay # A, (1.4.7)

which proves the desired result. Also, since each of ¢, and ¥, is determined to
within a multiplicative constant (e.g., if ¢, satisfies Eq. (1.4.1) so does a¢,), the
normalization for the latter can be chosen such that

1, forn=m,

(Vm, dn) = Omn = (1.4.8)

0, otherwise

Now, if the set of eigenfunctions ¢, (n =1, 2, ...) forms a complete set, any
arbitrary function f (x) in the space may be expanded as

&) =" anpnl), (1.4.9)
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and to find the coefficients a,,, we simply take the inner product of both sides with
Y to get

W f) =D (Vk Gntbn) = Y Gn(Vies bn) = Y _ ndin = G,

n

ie.,
an = (Yn.f) (m=1,2,3,...). (1.4.10)

Note the difference between Egs. (1.4.9) and (1.4.10) and Egs. (1.2.4) and (1.2.6)
for an orthonormal system of functions. In the present case, neither {¢,} nor {1}
form an orthonormal system, but they are orthogonal to one another.

Above we claimed that the eigenvalues of the adjoint of an operator are complex
conjugates of those of the original operator. Here we show this for the matrix case.
The eigenvalues of a matrix A are given by det(A — A1) = 0. The eigenvalues of A*%
are determined by setting det(A*Y — ;.T) = 0. Since the determinant of a matrix is
equal to that of its transpose, we easily conclude that the eigenvalues of A*Y are the
complex conjugates of A,.

1.5
The Fredholm Alternative

The Fredholm Alternative, which is alternatively called the Fredholm solvability
condition, is concerned with the existence of the solution y(x) of the inhomogeneous
problem

Ly(x) = f(x), (15.1)

where L is a given linear operator and f(x) a known forcing term. As usual, if L
is a differential operator, additional boundary or initial conditions are also to be
specified.

The Fredholm Alternative states that the unknown function y(x) can be deter-
mined uniquely if the corresponding homogeneous problem

Lop(x) = 0 (15.2)

with homogeneous boundary conditions has no nontrivial solutions. On the other
hand, if the homogeneous problem (1.5.2) does possess a nontrivial solution,
then the inhomogeneous problem (1.5.1) has either no solution or infinitely many
solutions. What determines the latter is the homogeneous solution ¥ to the
adjoint problem

Liyy =o0. (1.5.3)

9
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Taking the inner product of Eq. (1.5.1) with ¥y from the left,

(Yu, Ly) = (¥n. f)-

Then, by the definition of the adjoint operator (excluding the case wherein L is a
differential operator to be discussed in Section 1.7), we have

(Lw,y) = (Vi f).

The left-hand side of the above equation is zero by the definition of y1, Eq. (1.5.3).
Thus the criteria for the solvability of the inhomogeneous problem (1.5.1) are
given by

(Yu.f) =0.

Ifthese criteria are satisfied, there will be an infinity of solutions to Eq.(1.5.1); otherwise
Eq.(1.5.1) will have no solution.

To understand the above claims, let us suppose that L and I29 possess complete
sets of eigenfunctions satisfying

Lopn =My (n=0,1,2,..), (1.5.4a)
Yy, =1y, (n=0,1,2,...), (1.5.4b)
(Y, Pu) = Spn- (1.5.4¢)

The existence of a nontrivial homogeneous solution ¢g(x) to Eq. (1.5.2), as well
as ¥py(x) to Eq.(1.5.3), is the same as having one of the eigenvalues A, in
Egs. (1.5.4a) and (1.5.4b) be zero. If this is the case, i.e., if zero is an eigenvalue
of Eq.(1.5.4a) and hence Eq. (1.5.4b), we shall choose the subscript n =0 to
signify that eigenvalue (Ao = 0), and in that case ¢o and ¥ are the same as
¢y and Yp. The two circumstances in the Fredholm Alternative correspond
to cases where zero is an eigenvalue of Egs. (1.5.4a) and (1.5.4b) and where it
is not.

Let us proceed with the problem of solving the inhomogeneous problem (1.5.1).
Since the set of eigenfunctions ¢, of Eq. (1.5.4a) is assumed to be complete,
both the known function f(x) and the unknown function y(x) in Eq. (1.5.1) can
presumably be expanded in terms of ¢, (x):

fE) =Y anu(x), (1.5.5)
n=0

Y(X) =D Bun(), (1.5.6)
n=0
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where the «,’s are known (since f(x) is known), i.e., according to Eq. (1.4.10)

an = (Yn.f), (1.5.7)

while the B,’s are unknown. Thus, if all the B,’s can be determined, then the
solution y(x) to Eq. (1.5.1) is regarded as having been found.

To try to determine the ,’s, substitute both Egs. (1.5.5) and (1.5.6) into Eq. (1.5.1)
to find

Z)\n/snd)n = Zak¢k- (1.5.8)
n=0 k=0

Here different summation indices have been used on the two sides to remind the
reader that the latter are dummy indices of summation. Next take the inner product
of both sides with ,,,(with an index which has to be different from the above two)
to get

Z)\n/sn(l//m,([’n) = Zak(l//m;(ll’k)v or anﬁnamn = Zakamk,
n=0 k=0 n=0 k=0

ie.,
AmBm = . (1.5.9)

Thus, for any m =0, 1, 2,..., we can solve Eq. (1.5.9) for the unknowns B,
to get

Bo=an/ by (n=0,1,2,..), (1.5.10)

provided that A, is not equal to zero. Obviously the only possible difficulty occurs
if one of the eigenvalues (which we take to be ) is equal to zero. In that case, Eq.
(1.5.9) with m = 0 reads

roBo=0ao (ho=0). (1.5.11)

Now if g # 0, then we cannot solve for By and thus the problem Ly = f has no
solution. On the other hand if ¢g = 0, i.e., if

Vo.f) = (¥n.f) =0, (1.5.12)

meaning that f is orthogonal to the homogeneous solution to the adjoint problem,
then Eq. (1.5.11) is satisfied by any choice of By. All the other B,’s (n=1, 2, ...)
are uniquely determined but there are infinitely many solutions y(x) to Eq. (1.5.1)
corresponding to the infinitely many values possible for y. The reader must make
certain that he or she understands the equivalence of the above with the original
statement of the Fredholm Alternative.

1
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1.6
Self-Adjoint Operators

Operators which are self-adjoint or Hermitian form a very useful class of operators.
They possess a number of special properties, some of which are described in this
section.

The first important property of self-adjoint operators under consideration is that
their eigenvalues are real. To prove this, begin with

Ly, = An®Pn,
{ ? ¢ (1.6.1)

L¢m = )\m¢m7

and take the inner product of both sides of the former with ¢,, from the left, and
the latter with ¢, from the right to obtain

)\n((pmr (pn),
A (@m Pn).-

{ (> Lpn) 163

(Lém, ¢n)

For a self-adjoint operator L = [29, the two left-hand sides of Eq. (1.6.2) are equal
and hence, upon subtraction of the latter from the former, we find

0= (An — A%) (B> n)- (1.6.3)

Now, if m =n, the inner product (¢, ¢n) = ||¢.||> is nonzero and Eq. (1.6.3)
implies

An = Ay, (1.6.4)

proving that all the eigenvalues are real. Thus Eq.(1.6.3) can be rewritten
as

0= (hn — Am) (B, Dn), (1.6.5)

indicating thatif A, # A, then the eigenfunctions ¢, and ¢, are orthogonal. Thus,
upon normalizing each ¢,, we verify a second important property of self-adjoint
operators that (upon normalization) the eigenfunctions of a self-adjoint operator form
an orthonormal set.

The Fredholm Alternative can also be restated for a self-adjoint operator L in
the following form: the inhomogeneous problem Ly = f (with L self-adjoint) is
solvable for y, if f is orthogonal to all eigenfunctions ¢y of L with eigenvalue zero
(if any indeed exist). If zero is not an eigenvalue of L, the solution is unique.
Otherwise, there is no solution if (¢, f) # 0, and an infinite number of solutions
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Diagonalization of Self-Adjoint Operators: Any linear operator can be expanded
in terms of any orthonormal basis set. To elaborate on this, suppose that the
orthonormal system {e;(x)};, with (e;, ;) = 8;;, forms a complete set. Any function
f(x) can be expanded as

@) =D aex), @ =(g.f) (1.6.6)
j:l

Thus the function f(x) can be thought of as an infinite-dimensional vector with
components «;j. Now consider the action of an arbitrary linear operator L on the
function f (x). Obviously

Lf(x) = ) ojLej(x). (1.6.7)
j=1

But L acting on ej(x) is itself a function of x which can be expanded in the
orthonormal basis {e;(x)};. Thus we write

Lej(x) = Y _ lyei(x), (1.6.8)
i=1

wherein the coefficients I;; of the expansion are found to be I;; = (e;, Lej). Substitution
of Eq. (1.6.8) into Eq. (1.6.7) then shows

[.] 9]

If) =y Lo | €i(x). (1.6.9)
1

i=1 \ j=

We discover that just as we can think of f(x) as the infinite-dimensional
vector with components «;, we can consider L to be equivalent to an infinite-
dimensional matrix with components l;, and we can regard Eq.(1.6.9) as a
regular multiplication of the matrix L (components l;;) with the vector f (compo-
nents «j). However, this equivalence of the operator L with the matrix whose
components are lj, i.e., L < Ij depends on the choice of the orthonormal
set.

For a self-adjoint operator L = L9/, the natural choice of the basis set is the set of
eigenfunctions of L. Denoting these by {¢;(x)};, the components of the equivalent
matrix for L take the form

lj = (¢i, L)) = (i, i) = Aj(dir &) = A3 (1.6.10)

13
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1.7
Green’s Functions for Differential Equations

In this section, we describe the conceptual basis of the theory of Green’s functions.
We do this by first outlining the abstract themes involved and then by presenting a
simple example. More complicated examples will appear in later chapters.

Prior to discussing Green'’s functions, recall some of elementary properties of
the so-called Dirac delta function §(x — x’). In particular, remember that if x’ is
inside the domain of integration (a, b), for any well-behaved function f (x), we have

b
/ 8(x — ') f(x)dx = f (%), (1.7.1)
which can be written as

(B(x = ). f(x) = f(x), (1.7.2)

with the inner product taken with respect to x. Also remember that §(x — x/) is
equal to zero for any x # x'.
Suppose now that we wish to solve a differential equation

Lu(x) = f(x), (1.7.3)

on the domain x € (a,b) and subject to given boundary conditions, with L a
differential operator. Consider what happens when a function g(x, x') (which is as
yet unknown but will end up being Green’s function) is multiplied on both sides
of Eq. (1.7.3) followed by integration of both sides with respect to x from a to b.
That is, consider taking the inner product of both sides of Eq. (1.7.3) with g(x, x/)
with respect to x. (We suppose everything is real in this section so that no complex
conjugation is necessary.) This yields

(g%, ), Lu(x) = (glx, %), f (). (1.7.4)

Now by definition of the adjoint 2% of L, the left-hand side of Eq. (1.7.4) can be
written as

(g(x, %), Lu(x)) = (I*Yg(x, x'), u(x)) + boundary terms. (1.7.5)

In this expression, we explicitly recognize the terms involving the boundary points
which arise when L is a differential operator. The boundary terms on the right-hand
side of Eq. (1.7.5) emerge when we integrate by parts. It is difficult to be more
specific than this when we work in the abstract, but our example should clarify
what we mean shortly. If Eq. (1.7.5) is substituted back into Eq. (1.7.4), it provides

(LMig(x, &), u(x)) = (g(x, ¥), f(x)) + boundary terms. (1.7.6)
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So far we have not discussed what function g(x, x') to choose. Suppose we choose
that g(x, x") which satisfies

g (x, x') = 8(x — &), (1.7.7)

subject to appropriately selected boundary conditions which eliminate all the
unknown terms within the boundary terms. This function g(x,x’) is known as
Green’s function. Substituting Eq. (1.7.7) into Eq. (1.7.6) and using property (1.7.2)
then yields

u(x') = (g(x, %), f(x)) + known boundary terms, (1.7.8)

which is the solution to the differential equation since everything on the right-hand
side is known once g(x, x') has been found. More properly, if we change " to x in
the above and use a different dummy variable & of integration in the inner product,
we have

b
u(x) = / g(&,x)f (§)d§ + known boundary terms. (1.7.9)

In summary, to solve the linear inhomogeneous differential equation

using Green’s function, we first solve the equation
g (x, x') = 8(x — )

for Green'’s function g(x, x'), subject to the appropriately selected boundary condi-
tions, and immediately obtain the solution given by Eq. (1.7.9) to our differential
equation.

The above we hope will become more clear in the context of the following simple
example.

O Example 1.1. Consider the problem of finding the displacement u(x) of a taut
string under the distributed load f (x) as in Figure 1.1.

f(x)

u(x)

Fig. 1.1 Displacement u(x) of a taut string under the distributed load f(x) with x € (0, 1).

15
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Solution. The governing ordinary differential equation for the vertical displacement
u(x) has the form

d*u
) =f(x) for xe€(0,1) (1.7.10)
subject to boundary conditions

u(0) =0 and u(l)=0. (1.7.11)

To proceed formally, we multiply both sides of Eq. (1.7.10) by g(x, x) and integrate
from 0 to 1 with respect to x to find

1 Fr) 1
/(;g(x,x')d—x];dxz‘/o g(x, %) f (x)dx.

Integrate the left-hand side by parts twice to obtain

1 d2
| d?g(x,x/)u(x)dx
. d N dg(1, x' dg (0, x’
+[g(1,x)d—z et —800.5) 2 g —u) B 4y g(dxx)]
1
= [ gt fimyi (17.12)
0

The terms contained within the square brackets on the left-hand side of (1.7.12)
are the boundary terms. Because of the boundary conditions (1.7.11), the last two
terms vanish. Hence a prudent choice of boundary conditions for g(x, x') would be
to set

2(0,x)=0 and g(1,%)=0. (1.7.13)

With that choice, all the boundary terms vanish (this does not necessarily happen
for other problems). Now suppose that g(x, x’) satisfies

dg(x, ') /

S =i —¥), (1.7.14)
subject to the boundary conditions (1.7.13). Use of Egs. (1.7.14) and (1.7.13) in
Eq. (1.7.12) yields

1
u(x’) =/0 g(x, %) f (x)dx, (1.7.15)

as our solution, once g(x,x’) has been obtained. Remark that if the original
differential operator d? /dx? is denoted by L, its adjoint L% is also d? /dx? as found
by twice integrating by parts. Hence the latter operator is indeed self-adjoint.
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The last step involves the actual solution of (1.7.14) subject to (1.7.13). The
variable x’ plays the role of a parameter throughout. With x” somewhere between 0
and 1, Eq. (1.7.14) can actually be solved separately in each domain 0 < x < x” and
x' < x < 1. For each of these, we have

d2g(x, x')

TC; =0 for 0<x<«, (1.7.16a)

dZ , /

% =0 for ¥ <x<1. (1.7.16b)
X

The general solution in each subdomain is easily written down as
g(x,x)=Ax+ B for 0<x <, (1.7.17a)
glx,x)=Cx+D for x <x<1. (1.7.17b)

The general solution involves the four unknown constants A, B, C, and D. Two
relations for the constants are found using the two boundary conditions (1.7.13).
In particular, we have

g(0,x)=0—>B=0; g(1,¥)=0-—>C+D=0. (1.7.18)

To provide two more relations which are needed to permit all four of the constants
to be determined, we return to the governing equation (1.7.14). Integrate both sides
of the latter with respect to x from x’ — ¢ to x' + ¢ and take the limit as ¢ — 0 to
find

x+e 32 / ¥ +e
de = lim 8(x — «/)dx,

lim
X —¢ de e—0 X —¢

e—0

from which, we obtain

dg(x, x') dg(x, x')

dx et = dx o=

=1. (1.7.19)

Thus the first derivative of g(x, x’) undergoes a jump discontinuity as x passes
through «’. But we can expect g(x, x') itself to be continuous across ¥/, i.e.,

2%, %) |t = g(%, %) |y - (1.7.20)
In the above, x'* and x'~ denote points infinitesimally to the right and the left of x/,
respectively. Using solutions (1.7.17a) and (1.7.17b) for g(x, ') in each subdomain,

we find that Eqgs. (1.7.19) and (1.7.20), respectively, imply

C—A=1 C¥+D=Ax +B. (1.7.21)

17
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S (x—x")

Fig. 1.2 Displacement u(x) of a taut string under the concentrated load §(x — x) at x = x'.

Equations (1.7.18) and (1.7.21) can be used to solve for the four constants A, B, C,
and D to yield

A=x -1, B=0, C=x, D=-%,

from whence our solution (1.7.17) takes the form

/ f — 1 f /:
gl x) = { Sf(x - )19; fZi i i i’, (1.7.222)
e xo = (x+x)/)—|x—x] 2,
= x.(x> — 1) for v = (x4) 2+ |x—| 2 (1.7.22b)

Physically Green’s function (1.7.22) represents the displacement of the string
subject to a concentrated load §(x — x') at x = x’ as in Figure 1.2. For this reason, it
is also called the influence function.

Since we have the influence function above for a concentrated load, the solution
with any given distributed load f (x) is given by Eq. (1.7.15) as

1
u(x) = /O o(6, X\f (€)d

x 1
- /O (x — 1Ef(E)dE + / x(E — 1 (€)de

x
1

— 1) [ e+ [ € - (1.7.23)

Although this example has been rather elementary, we hope that it has provided
the reader with a basic understanding of what Green’s function is. More complex
and hence more interesting examples are encountered in later chapters.

1.8

Review of Complex Analysis

Let us review some important results from complex analysis.

Cauchy Integral Formula: Let f(z) be analytic on and inside the closed, positively
oriented contour C. Then we have
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fa=sr T

=i (1.8.1)

Differentiate this formula with respect to z to obtain

d. 1 1 f@ d\"c b f S
= i o <E) f(z)_szc(g—z)”“d('
(1.8.2)

Liouville’s theorem: The only entire functions which are bounded (at infinity) are
constants.

Proof: Suppose that f(z) is entire. Then it can be represented by the Taylor series,

1
f@=fO)+fP0)z+ f?0 +-.
Now consider f("(0). By the Cauchy Integral Formula, we have

_n L)

T owi c ol

F(0) de.

Since f(¢) is bounded, we have

f(6)] < m.
Consider C to be a circle of radius R, centered at the origin. Then we have

n! 2mRM M
V(")(QH <————=pnl.——=0 as R— oo.
2T Rn+1 Rn

Thus
fMOy=0 for n=1,2,3,....
Hence

f(2) = constant,

More generally,
(i) Suppose that f(z) is entire and we know |f ()| < |z|* as R — oo, with
0 < a < 1. We still find f(z) = constant.

(ii) Suppose that f(z) is entire and we know |f ()| < |z|* as R — oo, with

n—1 < a < n. Then f(2) is at most a polynomial of degree n — 1.

Discontinuity theorem: Suppose that f(z) has a branch cut on the real axis from a to
b. It has no other singularities and it vanishes at infinity. If we know the difference

19
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Cr
I Iy
£
\/\‘ A4
T, r,

Fig. 1.3 The contours of the integration for f(z). Cg is the
circle of radius R centered at the origin.

between the value of f(z) above and below the cut,
D(x)=f(x+ie) —f(x —ie) (a<x<bh),
with e positive infinitesimal, then

1 b
f@) == (D(x)/(x—z))dx-

2

Proof: By the Cauchy Integral Formula, we know

f©

27i r¢—z

fe) = de,

(1.8.3)

(1.8.4)

where I consists of the following pieces (see Figure 1.3), =1 + Ty + '3 + Ty +

Cr.

The contribution from Cgr vanishes since [f(z)| — 0 as R — oo, while the

contributions from I'; and I'y cancel each other. Hence we have

“5m () 755

On I'1, we have

(=x+ie with x:a—Db, f({)=f(x+1ie),

f(_§)d§ fx—|—1£ /fx—|—18)d

rnt&—z a x—z—f—w X—z

as

e — 0t.
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On I', we have

(=x—ie with x:b—a, [f()=f(x—ie),

@) g - [ Sl fwwu

r,t—z b x—z—w X—z

as ¢— 0",

Thus we obtain

— 1 b
b f(x+ie) — f(x le)dx:—,
= i xX—2z 2mi J,

(D(x),/(x — 2))dx.

O
If, in addition, f(z) is known to have other singularities elsewhere, or may possibly
be nonzero as |z| — oo, then it is of the form

b
! - [ (D(x),/ (% — 2))dx + g(2), (1.8.5)

flz)= i ),
with g(z) free of cut on [a, b]. This is a very important result. Memorizing it will
give a better understanding of the subsequent sections. O

Behavior near the end points: Consider the case when z is in the vicinity of the
end point a. The behavior of f(z) as z — a is related to the form of D(x) as x — a.
Suppose that D(x) is finite at x = a, say D(a). Then we have

b
flo) = i/ D(a) + D(x) — D(a) e

2mi J, x—z

D@, (b—z 1 (b D(x) — D(a)

The second integral above converges as z — a as long as D(x) satisfies a Holder
condition (which is implicitly assumed) requiring

|D(x) — D(a)| < Alx—al", Au=>0. (1.8.7)
Thus the end point behavior of f(z) as z — a is of the form

fz)=0(n@@—2) as z—a, (1.8.8)
if

D(x) finite as x — a. (1.8.9)



22| 1 Function Spaces, Linear Operators, and Green’s Functions

Cr

Nx

Fig. 1.4 The contour I' of the integration for 1,/ (z — a)“.

Another possibility is for D(x) to be of the form
Dix) > 1/(x—a)® with o<1 as x— g, (1.8.10)

since even with such a singularity in D(x), the integral defining f (z) is well defined.
We claim that in that case, f(z) also behaves like

fe=0(1/(z—a)*) as z—a, with a<l, (1.8.11)
that is, f(2) is less singular than a simple pole.

Proof of the claim: Using the Cauchy Integral Formula, we have
1 d¢
Ve-a=— | —2——,
7t L Zﬂl/r(f—ﬂ)a(i—z)

where I' consists of the following paths (see Figure 1.4) I' = I'; 4+ I'; + Cg. The
contribution from Cy vanishes as R — oo.
On I'7, we set

{—a=r and ((—a)*=r1%

LY S N
27 Jr, (C—a)Q(¢ —2) 2miJy r(r4+a-—2)

On I'y, we set

(—a=re¥" and (¢ —a)® =%,
1 dc I i /-0 dr
2w r, (¢ —a)*(¢ — 2) T 2 oo ra(i’-}-a—z)'
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Thus we obtain

1_6—2111'01 +00 dx

2mi )% (x — 2)”

which may be written as

L 1 e b dx too dx
Vie-af=— U <x—a>a(x—z>+/h m}

The second integral above is convergent for z close to a. Obviously then, we have

1 [P dx ( 1 )
: =0 as z— a.
2ni J, (x —a)*(x — 2) (z—a)

A similar analysis can be done as z — b. O

Summary of behavior near the end points

1 b D(x)d
fo= 5o [ 22,

T2

X—2z
{ if D(x — a) = D(a), then f(z) = O(ln(a — 2)),
ifDix—>a)=1/(x—a)* (0<ao<1), then f(z)=0(1/"(z—a)%),
(1.8.12a)
{ if D(x — b) = D(b), then f(z) = O(In(b — 2)),
ifDx —> b =1/(x—hf (0<pB<1), then f(z)=O0(1/(z—Db)P).
(1.8.12b)

Principal Value Integrals: We define the principal value integral by

p [ I gy = tim [ o f(f) dx + L dx] (1.8.13)

e X—Y e—0F x—y pre X =¥

Graphically expressed, the principal value integral contour is as in Figure 1.5. As
such, to evaluate a principal value integral by doing complex integration, we usually
make use of either of the two contours as in Figure 1.6.

Now, the contour integrals on the right of Figure 1.6 usually can be done and
hence the principal value integral can be evaluated. Also, the contributions from
the lower semicircle C_ and the upper semicircle C; take the forms

JO o —iapyy, [ LB

dz = —inf(y),
Czoy ¢ z—y £

as e — 0T, as long as f(2) is not singular at y.



24

1 Function Spaces, Linear Operators, and Green’s Functions

Fig. 1.5 The principal value integral contour.

a y-e yTb=V_U
. _ . MY

Fig. 1.6 Two contours for the principal value integral (1.8.13).

Mathematically expressed, the principal value integral is given by either of the
following formulas, known as the Plemelj formula:

%P ab jf‘)ydx ~ lim % ab x_f;%dx %f(y), (1.8.14)
This is customarily written as

‘gl_iglJr 1/ (x -YF ie) =P/ (x—y) £izd(x —y), (1.8.15a)
or equivalently written as

P(1L/(x —y)) = glir(r)l+ 1/ (x —yFie) Find(x — y). (1.8.15b)

Then we interchange the order of the limit ¢ — 0™ and the integration over x. The
principal value integrand seems to diverge at x = y, but it is actually finite at x = y
as long as f (x) is not singular at x = y. This comes about as follows:

1 _ (x—pEie  (x—Y) .1 &

soyFie o wop e aE— e

B b IS 1.8.16
T oppee Y e
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where §;(x — y) is defined by

1 &

with the following properties:

11

Se(x#y) > 0t as e—> 0% S(x=y)=—-—> +oo as &— 0%,
Te

+o00

/ 8e(x — y)dx = 1.

—00

The first term on the right-hand side of Eq. (1.8.16) vanishes at x = y before we
take the limit ¢ — 0T, while the second term 8, (x — y) approaches the Dirac delta
function, §(x — y), as ¢ — 0*. This is the content of Eq. (1.8.15a).

1.9
Review of Fourier Transform

The Fourier transform of a function f (x), where —oco < x < 00, is defined as

k) = [ " i exp|—ikx] f (x). (1.9.1)

There are two distinct theories of the Fourier transforms.

(I) Fourier transform of square-integrable functions.
It is assumed that

/oo dx | f(%)]* < oc. (1.9.2)

The inverse Fourier transform is given by

< dk -
flx)= /_ I exp[ikx] f (k). (1.9.3)

o0

We note that in this case f(k) is defined for real k. Accordingly, the inver-
sion path in Eq. (1.9.3) coincides with the entire real axis. It should be borne
in mind that Eq.(1.9.1) is meaningful in the sense of the convergence in

the mean, namely, Eq. (1.9.1) means that there exists f(k) for all real k such
that

00 2

lim dk‘ fik) - / ) dx exp[—ikx]f(x)| = 0. (1.9.4)
—R

R— o0 —00

25
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Symbolically we write
. R

f(k) = Rlim / dx exp[—ikx]f (x). (1.9.5)
—00 J_R

Similarly in Eq. (1.9.3), we mean that, given f(k), there exists an f(x) such that

0 R dk B 2
Jim - dx f(f)—/_REexp[ikx]f(k) =0. (1.9.6)

We can then prove that

/_Z ak|F| =2 /_Z x| f ()2 (19.7)

This is Parseval’s identity for the square-integrable functions. We see that the pair

(f (%), f(k)) defined this way consists of two functions with very similar properties.
We shall find that this situation may change drastically if condition (1.9.2) is
relaxed.

(II) Fourier transform of integrable functions.
We relax the condition on the function f(x) as

/ dx | f(x)| < oo. (1.9.8)
Then we can still define f (k) for real k. Indeed, from Eq. (1.9.1), we obtain

’fN(k: real)’ = ’f_oo ds exp[—iksx] f (x)

< / dx |exp[—ikx]f (x)| = f dx | f(x)| < oc. (1.9.9)
We can further show that the function defined by
. 0
fi(k) = / dx exp[—ikx] f (x) (1.9.10)
is analytic in the upper half-plane of the complex k plane, and

fi) >0 as |k —> oo with Imk> 0. (1.9.11)

Similarly, we can show that the function defined by

f(ky = /0 " ax exp[—ikx] f (x) (1.9.12)
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is analytic in the lower half-plane of the complex k plane, and
fok)—0 as |k — oo with Imk<O0. (1.9.13)

Clearly we have

fy=fi(k)+f (k) k:real. (1.9.14)

We can show that

f(k)y— 0 as k— +oo, k:real (1.9.15)

This is a property in common with the Fourier transform of the square-integrable
functions.

U Example 1.2. Find the Fourier transform of the following function:

flx) = Smj(jx), 4>0, —00<x <00, (1.9.16)

Solution. The Fourier transform f (k) is given by

/ dx exp[th] (ax) [ dx explikx] expliax] ;izXP[_i“x]

Ik + a) — I(k — a),

_ /"O dxexp[i(k + a)x] — exp[i(k — a)x] _

S 2ix

where we define the integral I(b) by

1) = / ix explibx] / dxexp['ibx].

2ix 2ix

The contour I extends from x = —oo to x = oo with the infinitesimal indent below
the real x-axis at the pole x = 0. Noting that x = Rex + i Im x for the complex x,
we have

2ix

2mi- Res [M] =m, b>0,
I(b) = 420
0, b <0.

Thus we have

in@x) | 7 for |k <a,
0 for |k|>a,
(1.9.17)

Fly=I(k+a)— I(k—a) = /OO dx explikx]

27
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while at k = £a, we have

Fle=a) ==,

which is equal to

%[f(k =+at) +f(k=+a")]

U Example 1.3. Find the Fourier transform of the following function:

Fl) = sin(ax)

= m, a,b>0, —00<x<o00. (1.9.18)

Solution. The Fourier transform f (k) is given by

2o exp[i(k + a)z] expli(k —a)z] o
fk)= [F dz 22 1 ) —/rdz e 1) I(k 4+ a) — I(k — a),

(1.9.19a)

where we define the integral I(c) by

Y explicz] explicz]
I(c) = [ R dZZiz(zz T /F dZZiz(zz TRy (1.9.19b)

where the contour I' is the same as in Example 1.2. The integrand has the simple
poles at

z=0 and 2z = +ib.

Noting z = Rez + i Im z, we have

o 27i- Res [%Lzo—i—zm-Res [%ﬁﬁz)]z:ib, c>0,
)= ,
—27i- Res I:Zij(fz[f-zgz)]z:qb’ c<0,
or
1) = (r /2b%)(2 — exp[—bc]), ¢ >0,
© = (7w /2b%) exp[bc], c<0.
Thus we have
) (7 /b?) sinh(ab) exp[bk], k<-—a,
fky=1I(k+a)—I(k—a)=1{ (v,/b*){1 — exp[—ab]cosh(bk)}, |k| <a,
(7w /b?) sinh(ab) exp[—bk], k> a.

(1.9.20)
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We note that f (k) is step-discontinuous at k = ia in Example 1.2. We also note that
f(k) and [ (k) are continuous for real k, while f” (k) is step-discontinuous at k = +a in
Example 1.3.

We note that the rate with which

fx) >0 as |x| > +oo

affects the degree of smoothness of f (k). For the square-integrable functions, we
usually have

1 -
flx)=0 (‘) as |x| — 400 = f (k) step-discontinuous,
x

f(k) continuous,
f' (k) step-discontinuous,

f(x):O(%) as |x|—>—|—oo:>{

f(k),f (k) continuous,
F (k) step- dlscontlnuous

f(x)=0<%> as |x|—>+oo:>{

and so on.

Having learned in above the abstract notions relating to linear space, inner
product, operator and its adjoint, eigenvalue and eigenfunction, Green’s function,
and the review of Fourier transform and complex analysis, we are now ready to
embark on our study of integral equations. We encourage the reader to make an
effort to connect the concrete example that will follow with the abstract idea of linear
function space and linear operator. This will not be possible in all circumstances.

The abstract idea of function space is also useful in the discussion of the calculus
of variations where a piecewise continuous but nowhere differentiable function
and a discontinuous function show up as the solution of the problem.

We present the applications of the calculus of variations to theoretical physics,
specifically, classical mechanics, canonical transformation theory, the Hamil-
ton—Jacobi equation, classical electrodynamics, quantum mechanics, quantum
field theory and quantum statistical mechanics.

The mathematically oriented reader is referred to the monographs by R. Kress,
and .M. Gelfand , and S.V. Fomin for details of the theories of integral equations
and calculus of variations.
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2
Integral Equations and Green’s Functions

2.1
Introduction to Integral Equations

An integral equation is the equation in which function to be determined appears
in an integral. There exist several types of integral equations:

Fredholm integral equation of the second kind:
b

o) = F) 3 [ Kooy (s =x <)

Fredholm integral equation of the first kind:
b

R = [ Koy 6 =x <),
Volterra integral equation of the second kind:

o(x) = F(x) + A/ K(x,p)¢(y)dy with K(x,y) =0 for y>x,

0

Volterra integral equation of the first kind:

F(x) = [ K(x,y)p(y)dy with K(x,y)=0 for y> x.

0

In the above, K(x, y) is the kernel of the integral equation and ¢(x) is the unknown
function. If F(x) = 0, the equations are said to be homogeneous, and if F(x) # 0,
they are said to be inhomogeneous.

Now, begin with some simple examples of Fredholm Integral Equations.

U Example 2.1. Inhomogeneous Fredholm Integral Equation of the second kind.

1
b(x) = x+A/1 xyp(y)dy, —-l=x=<1 (2.1.1)

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40936-5



32 | 2 Integral Equations and Green’s Functions

1
Solution. Since / y$(y)dy is some constant, define
-1

1
A= /_ : yo(y)dy- (2.1.2)
Then Eq. (2.1.1) takes the form
B(x) = x(1 + AA). (2.1.3)

Substituting Eq. (2.1.3) into the right-hand side of Eq. (2.1.2), we obtain

! 2
A=/ (14 rA)dy = 3 (1+24).
-1

Solving for A, we obtain

2 2
1—Za)A==.
(=53

Ifa= % no such A exists. Otherwise A is uniquely determined to be

a=2/(1-2 2.14
—g/(_§>' (2.1.4)

Thus, if A = % no solution exists. Otherwise, a unique solution exists and is given

by

o(x) = x/ (1 — %A) . (2.1.5)

We now consider the homogeneous counter part of the inhomogeneous Fredholm
integral equation of the second kind considered in Example 2.1

O Example 2.2. Homogeneous Fredholm Integral Equation of the second kind.
1
b(x) = A/ xypp(y)dy, —1<x<1. (2.1.6)
-1
Solution. As in Example 2.1, define
1
A= /1y¢(y)dy. (2.1.7)

Then

}(x) = AAx. (2.1.8)
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Substituting Eq. (2.1.8) into Eq. (2.1.7), we obtain

! 2
A= / LAY dy = A (2.1.9)
-1

The solution exists only when A = 3. Thus the nontrivial homogeneous solution
exists only for A = % whence ¢(x) is given by ¢(x) = ax with « arbitrary. If A # %

no nontrivial homogeneous solution exists.
We observe the following correspondence in Examples 2.1 and 2.2:

Inhomogeneous case  Homogeneous case
A #3/2  Unique solution Trivial solution (2.1.10)
A =3/2 No solution Infinitely many solutions

We further note the analogy of an integral equation to a system of inhomogeneous
linear algebraic equations (matrix equations):

(K—u)U=F (2.1.11)

where Kisan n x nmatrix, [ is the n x nidentity matrix, U and F are n-dimensional
vectors, and y is a number. Equation (2.1.11) has the unique solution,

U= (K—upl)'F, (2.1.12)
provided that (K — 1I)~! exists, or equivalently that

det(K — 1) # 0. (2.1.13)
The homogeneous equation corresponding to Eq. (2.1.11) is

(K—ul)U=0 or KU=npnU, (2.1.14)
which is the eigenvalue equation for the matrix K. The solutions to the
homogeneous equation (2.1.14) exist for certain values of u = u,,, which are called

the eigenvalues. If u is equal to an eigenvalue u,, (K — nI)~! fails to exist and
Eq. (2.1.11) has generally no finite solution.

U Example 2.3. Change the inhomogeneous term x of Example 2.1 to 1.

1
Px) =1 +Af1xy¢()/)dyy ~l<x<1 (2.1.15)

Solution. As before, define

1
A= /_lyrp(y)dy. (2.1.16)

33
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Then
b(x) = 1+ AAx. (2.1.17)

Substituting Eq. (2.1.17) into Eq. (2.1.16), we obtain A = fjl y(1+ AAy)dy = %AA.
Thus, for A # %, the unique solution exists with A = 0, and ¢ (x) = 1, while for
A= % infinitely many solutions exist with A arbitrary and ¢ (x) = 1 + %Ax.

The above three examples illustrate the Fredholm Alternative:

For A = % the homogeneous problem has a solution, given by

¢n(x) = ax foranya.
For A # % the inhomogeneous problem has a unique solution, given by

o) = x/(1—2%1) when F(x)=x,
1 when F(x)=1.

For A = % the inhomogeneous problem has no solution when F(x) = x, while

it has infinitely many solutions when F(x) = 1. In the former case, (¢u, F) =

f_ll ax - xdx # 0, while in the latter case, (¢n, F) = f_ll ax-1ldx = 0.

It is not surprising that Eq. (2.1.15) has infinitely many solutions when A = 3/2.
Generally, if ¢y is a solution of an inhomogeneous equation, and ¢; is a solution
of the corresponding homogeneous equation, then ¢ + a¢; is also a solution of
the inhomogeneous equation, where a is any constant. Thus, if A is equal to an
eigenvalue, an inhomogeneous equation has infinitely many solutions as long
as it has one solution. The nontrivial question is: Under what condition can we
expect the latter to happen? In the present example, the relevant condition is
fil ydy = 0, which means that the inhomogeneous term (which is 1) multiplied
by y and integrated from —1 to 1, is zero. There is a counterpart of this condition
for matrix equations. It is well known that, under certain circumstances, the
inhomogeneous matrix equation (2.1.11) has solutions even if u is equal to an
eigenvalue. Specifically this happens if the inhomogeneous term F is a linear
superposition of the vectors each of which forms a column of (K — uI). There is
another way to phrase this. Consider all vectors V satisfying

(KT — u)V =0, (2.1.18)

where KT is the transpose of K. The equation above says that V is an eigenvector of
KT with the eigenvalue 4. It also says that V is perpendicular to all row vectors of
(KT — p1y. If Fis a linear superposition of the column vectors of (K — nI) (which
are the row vectors of (KT — pI)), then F is perpendicular to V. Therefore, the
inhomogeneous equation (2.1.11) has solutions when u is an eigenvalue, if and
only if Fis perpendicular to all eigenvectors of KT with eigenvalue j. Similarly
an inhomogeneous integral equation has solutions even when X is equal to an
eigenvalue, as long as the inhomogeneous term is perpendicular to all of the
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eigenfunctions of the transposed kernel (the kernel with x <> y) of that particular
eigenvalue.

As we have seen in Chapter 1, just like a matrix, a kernel and its transpose
have the same eigenvalues. Hence, the homogeneous integral equation with the
transposed kernel has no solution if 2 is not equal to an eigenvalue of the kernel.
Hence, if A is not an eigenvalue, any inhomogeneous term is trivially perpendicular
to all solutions of the homogeneous integral equation with the transposed kernel,
since all of them are trivial. Together with the result in the preceding paragraph,
we arrived at the necessary and sufficient condition for an inhomogeneous integral
equation to have a solution: the inhomogeneous term must be perpendicular to all
solutions of the homogeneous integral equation with the transposed kernel.

There exists another kind of integral equations in which the unknown appears
only in the integrals. Consider one more example of a Fredholm Integral Equation.

U Example 2.4. Fredholm Integral Equation of the first kind.

Case (A)
1
1 =[ xyp(y)dy, 0<x<1. (2.1.19)
0
Case (B)
1
X = / xpp(y)dy, 0<x<1. (2.1.20)
0

Solution. In both the cases, divide both sides of the equations by x to obtain
Case (A)

1
1/x:/0 yb(y)dy. (2.1.21)
Case (B)
1
1= dy. 2.1.22
/0 yo(y)dy ( )

In the case of Eq. (2.1.21), no solution exists, while in the case of Eq. (2.1.22),
infinitely many ¢ (x) are possible. Any function v (x) which satisfies

1
A)WM@#O or o0

can be made a solution to Eq. (2.1.20). Indeed,

1
o) = v/ o (2123)
0
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will do.

Therefore, for the kind of integral equations considered in Example 2.4, we
have no solution for some inhomogeneous terms, while we have infinitely many
solutions for some other inhomogeneous terms.

Next, we shall consider an example of a Volterra Integral Equation of the second
kind with the transformation of an integral equation into an ordinary differential
equation.

U Example 2.5. Volterra Integral Equation of the second kind.

b (x) = ax+kx/ox¢(x/)dx/. (2.1.24)
Solution. Divide both sides of Eq. (2.1.24) by x to obtain

¢ (%) /x = a—l—k/:qﬁ(%) dx’. (2.1.25)

Differentiate both sides of Eq. (2.1.25) with respect to x to obtain

d
7 PX)/X) = 20(x). (2.1.26)
By setting
u(x) = ¢(x)/x,

the following differential equation results:
du(x)/u(x) = rxdx. (2.1.27)
By integrating both sides,
1, 2
Inu(x) = E)Lx + constant.
Hence the solution is given by
Lax 1,2
u(x) = Ae2™ , or ¢(x) = Axez"™" . (2.1.28)

To determine the integration constant A in Eq. (2.1.28), note that as x — 0, based
on the integral equation (2.1.24), ¢(x) above behaves as

P(x) — ax + O(x*) (2.1.29)
while our solution (2.1.28) behaves as

P(x) = Ax + O(x?). (2.1.30)
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Hence, from Egs. (2.1.29) and (2.1.30), we identify
A=a.
Thus the final form of the solution is
lkxz
P(x) = axe2"™” (2.1.31)

which is the unique solution for all A.

We observe three points:

(1) The integral equation (2.1.24) has a unique solution for all values of 1. It
follows that the corresponding homogeneous integral equation, obtained
from Eq. (2.1.24) by setting a = 0, does not have a nontrivial solution.
Indeed, this can be directly verified by setting a = 0 in Eq. (2.1.31). This
means that the kernel for Eq. (2.1.24) has no eigenvalues. This is true for all
square-integrable kernels of the Volterra type.

While the solution to the differential equation (2.1.26) or (2.1.27) contains

an arbitrary constant, the solution to the corresponding integral equation

(2.1.24) does not. More precisely, Eq. (2.1.24) is equivalent to Eq. (2.1.26) or

Eq. (2.1.27) plus an initial condition.

(3) The transformation of Volterra Integral Equation of the second kind to an
ordinary differential equation is possible whenever the kernel of the
Volterra integral equation is a sum of the factored terms.

(2

In the above example, we solved the integral equation by transforming it into
a differential equation. This is not often possible. On the other hand, it is,
in general, easy to transform a differential equation into an integral equation.
However, lest there be any misunderstanding, let me state that we never solve a
differential equation by such a transformation . Indeed, an integral equation is
much more difficult to solve than a differential equation in a closed form. It is
very rare that this can be done. Therefore, whenever it is possible to transform
an integral equation into a differential equation, it is a good idea to do so. On
the other hand, there are advantages in transforming a differential equation into
an integral equation. This transformation may facilitate the discussion of the
existence and uniqueness of the solution, the spectrum of the eigenvalue, and the
analyticity of the solution. It also enables us to obtain the perturbative solution of
the equation.

2.2
Relationship of Integral Equations with Differential Equations and Green’s Functions

To help the sense of bearing of the reader, we shall discuss the transformation of a
differential equation to an integral equation. This transformation is accomplished
with the use of Green’s functions.
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As an example, consider the one-dimensional Schrédinger equation with
potential U(x):

d2
(— + k2> b(x) = U(x)p(x). (2.2.1)

dx?

It is assumed that U(x) vanishes rapidly as |x| — co. Although Eq. (2.2.1) is most
usually thought of as an initial value problem, let us suppose that we are given

$(0)=a and ¢ (0)=bh, (2.2.2)

and are interested in the solution for x > 0.

Green’s function: We first treat the right-hand side of Eq. (2.2.1) as an inhomoge-
neous term f (x). Namely, consider the following inhomogeneous problem:

2

Lp(x) = f(x) with L= % + k2, (2.2.3)

and the boundary conditions specified by Eq. (2.2.2). Multiply both sides of
Eq. (2.2.3) by g(x, ¥') and integrate with respect to x from 0 to co. Then

/0 g(x, X'\ Lp(x) = /0 g(x, x)f (x)dx. (2.2.4)
Integrate by parts twice on the left-hand side of Eq. (2.2.4) to obtain
i / Nl x=00 dg(x, x/) =
||ttt noeas + gixye o - EE g
0 x=l X x=0
= / g(x, X')f (x)de. (2.2.5)
0
In the boundary terms, ¢'(0) and ¢(0) are known. To get rid of unknown terms, we
require
: dg
g(oo,x)=0 and -—Z(o0,x’)=0. (2.2.6)

dx
Also, we choose g(x, ') to satisfy
Lg(x,x') = §(x — x). (2.2.7)
Then we find from Eq. (2.2.5)

d o]
(%) = bg(0,x) — aé(o, x) + / g(x, x')f (x)dx. (2.2.8)
0
Solution for g(x,x'). The governing equation and the boundary conditions are

given by
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dx?
Boundary condition 1:
g(o0,x') =0,
Boundary condition 2:

d
d—g(oo,x/) —0.
x
Forx < &/,
g(x,x') = Asinkx + Bcos kx.

For x > x/,

g(x,x') = Csinkx + Dcos kx.

Applying the boundary conditions, (2.2.10) and (2.2.11) above, results in C =

Thus
g(x,x)=0 for x>«
Now, integrate the differential equation (2.2.9) across x’ to obtain

dg

d / + J
X X
( &%) dx

ﬁ (x —ex)=1,
g(x' +e,x) =gx' —e,%).
Letting ¢ — 0, we obtain the equations for A and B.
{ Asinkx’ + Bcoskx' =0,
—Acoskx’ + Bsinkx’ = 1/k.
Thus A and B are determined to be
A= (—coskx')/k, B= (sinkx)/k,
and Green'’s function is found to be

n | (sink(x' —x))/k for x <«
g(x,x)_{ 0 for x>«

(d—z + k2> g(x,x)=8(x—%) on xe€(0,00) with x € (0,00). (2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)

D=0.

(2.2.14)

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)
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Equation (2.2.8) becomes

inkx' K g !
¢(x’)=bsmkx + acos kx“l—/é Wf(x)dx.

Changing x to & and x’ to x, and recalling that f (x) = U(x)¢(x), we find

sin kx N /"‘ sink(x — &)

¢(x) = acoskx+b p p

U(§)9(8)dé, (2.2.19)

which is a Volterra Integral Equation of the second kind.
Next consider the very important scattering problem for the Schrédinger equation:

d2
(E + kz) $(x) = U(x)¢(x) on —oo<x <00, (2.2.20)

where the potential U(x) — 0 as |x| — oco. As such we might expect that

dlx) — A+ Be ™ a5 x — —oo,
—  Cé* 4 De7** ag  x — +oo.

Now (with an e~ ™" implicitly multiplying ¢(x)), the term ¢** represents a wave
going to the right while e~ is a wave going to the left. In the scattering problem, we
suppose that there is an incident wave with amplitude 1 (i.e., A = 1), the reflected
wave with amplitude R (i.e., B=R) and the transmitted wave with amplitude
T (i.e., C=T). Both R and T are still unknown. Also as x — +oo, there is no
left-going wave (i.e., D = 0). Thus the problem is to solve

d? )
(E +k >¢(x) = U(x)¢(x), (2.2.21)
with the boundary conditions

_ — pikx —ikx
{‘f’(x_’ o0) = ¢ + Re (2.2.22)

B(x — 400) = T,

Green’s function: Multiply both sides of Eq. (2.2.21) by g(x, x’), integrate with
respect to x from —oo to 400, and integrate twice by parts. The result is

400 dZ d d
[ 000 (g + ) s 1+ g100,) 52 00) —gl0,) G ()
dg ’ dg /
~ 00 ¥)9(00) + £ (=00, ¥)9(~o0)
= f - glx, ') U(x)¢(x)dx. (2.2.23)
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We require that Green’s function satisfies

dZ
(@ + k2> glx, %) = 8(x — ). (2.2.24)

Then Eq. (2.2.23) becomes

(p(x/) + g(OO,x,)Tikeik" — g(—oo,x') I:ikeikx _ Rike—ikx:l
dg

_ Y% OO,X/)TEikx + %(—OO,X/) I:eikx + Refikx:l

+00
= f g(x, x')U(x)p(x)dx. (2.2.25)
We require that terms involving the unknowns T and R vanish in Eq. (2.2.25), i.e.,

x 22.26
9 (00, x') = —ikg(—00, %). ( )

dx

{ Z—g(oo,x/) = ikg(oo, '),

These conditions, (2.2.26), are the appropriate boundary conditions for g(x, «').
Hence we obtain

+o0

() = [ikg(—oo,x/) - %(—oo, x')] e 4 /_ g(x, ¥\ U(x)p(x)dx. (2.2.27)

o0

Solution for g(x, x'). the governing equation for g(x, ') is

d? 5
(ﬁ +k )g(x,x/) =§(x — x/),

and the boundary conditions are Eq. (2.2.26). The solution to this problem is found
to be

Ak for x>,

) = .
g(x,x)—{ Be % for x<x.

At x = «/, there exists a discontinuity in the first derivative Z—i of g with respect to x,

d d
d—i(x;,x/) - d—i(x/_,x/) =1, g, ¥) =g x).

From these two conditions, A’ and B’ are determined to be A’ = e‘ik"/ 2ik and
B’ = ¢*92ik. Thus Green’s function g(x, »’) for this problem is given by

1 . /
N = — lklx_x I
g% x) = e
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Now, the first term on the right-hand side of Eq. (2.2.27) assumes the following
form:

d ; i
ikg(—00,x') — 2B (— 00, x') = 2ikBe~ k¥ = gk

dx
Hence Eq. (2.2.27) becomes

p() = " + / +oo(ei’€|’“*’“’| /2ik) U(x) b (x) dx. (2.2.28)
Changing x to &£ and x’ to x in Eq. (2.2.28), we have
+00
s =+ [ @i UEeds. (22.29)

—00

This is the Fredholm Integral Equation of the second kind.

Reflection: As x — —o0, |§ — x| = & — x so that

. . +OO »
px) — e 4 e / (€"92ik) U (&) (£)dé.

From this, the reflection coefficient R is found:
+o0 "
R= [ 2 U0

Transmission: As x — +00, |§ — x| = x — & so that

]

p(x) — [1 + [ (e™™ /2ik) U(S)d)(%‘)d%‘] :

From this, the transmission coefficient T is found:

+00 )

T=1+ [ i UEEds.
—00

These R and T are still unknowns since ¢(£) is not known, but for |U(£)| < 1

(weak potential), we can approximate ¢(x) by ¢**. Then the approximate equations

for Rand T are given by

+o00

+00 )
R:/ (™ /2ik)U(g)de and T~ 1+/ (1/2ik)U(£)de.

o0 —00
Also, by approximating ¢ (&) by ¢*¢ in the integrand of Eq. (2.2.29) on the right-hand
side, we have, as the first approximation,
(o.¢]

p(x) = e + / ' (M )21k U )™ de.

o]

By continuing to iterate, we can generate the Born series for ¢(x).
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23
Sturm-Liouville System

Consider the linear differential operator

d d
L= (1/r(x)) [E (p(x)a> - q(x)] , (2.3.1)

where
r(x),p(x) >0 on 0<x<1, (2.3.2)
together with the inner product defined with r(x) as the weight,

1
(8= [ fisigts)- vy (233

Examine the inner product (g, Lf) by integral by parts twice to obtain

! d d
et = [ - g | - (rer L) < g

= p(1) [f'(Vg(1) - F()g' (V)] = p(0) [f'(0)g(0) — f(0)g'(0)]
+ (Lg. f)- (2.3.4)

Suppose that the boundary conditions on f (x) are

f(0)=0 and f(1)=0, (2.3.5)
and the adjoint boundary conditions on g(x) are

g(0)=0 and g(1)=0. (2.3.6)
(Many other boundary conditions of the type

af (0) + Bf'(0) =0 (2.3.7)
also work.) Then the boundary terms in Eq. (2.3.4) disappear and we have

(6 1f) = (Lg.f), (238)
i.e., Lis self-adjoint with the given weighted inner product.

Now examine the eigenvalue problem. The basic equation and boundary condi-

tions are given by

Lo(x) = Ad(x), with ¢(0)=0 and ¢(1) =0,
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ie,

d d
o [p(X)Ecb(X)} — q(x)9(x) = Ar(x)9(x), (2.3.9)

with the boundary conditions
$0)=0 and ¢(1)=0. (2.3.10)

Suppose that A = 0 is not an eigenvalue (i.e., the homogeneous problem has no
nontrivial solutions) so that Green’s function exists. (Otherwise we have to define
the modified Green’s function.) Suppose that the second-order ordinary differential
equation

d d
o [p(X)EY(X)} —q(x)y(x) =0 (2.3.11)

has two independent solutions y; (x) and y,(x) such that

y1(0)=0 and y,(1)=0. (2.3.12)
In order for A = 0 not to be an eigenvalue, we must make sure that the only C; and
C, for which C1y1(0) + Cay2(0) = 0 and Ciy1(1) + Cay2(1) = 0 are not nontrivial.
This requires

yi(1) #0 and y(0) # 0. (2.3.13)

Now, to find Green’s function, multiply the eigenvalue equation (2.3.9) by G(x, x')
and integrate from 0 to 1. Using the boundary conditions that

G(0,x)=0 and G(1,x) =0, (2.3.14)

we obtain, after integrating by parts twice,

1 d dG , / , 1 ,
[ ow [a (p(x) ;’;x)>—q(x)c(x,x)] s = [ G ) rieyoted

(2.3.15)
Requiring that Green’s function G(x, x') satisfies
d il Glx, %) = 8(x — & 2.3.16
—_— X —q(x X, X)=0(X—X ..
— (== ) — Gl ) = 56 = %) (2316

with the boundary conditions (2.3.14), we arrive at the following equation:

P(x) =2 /01 G(x, x)r(x)p(x)dx. (2.3.17)
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This is a homogeneous Fredholm integral equation of the second kind once G(x, x')
is known.

Solution for G(x,x'). Recalling Eqs. (2.3.12), (2.3.13), and (2.3.14), we have

Ay1(x) + Bya(x) for x </,

Clxx) = Cy1(x) + Dy2(x) for x> x.

From the boundary conditions (2.3.14) of G(x, '), and (2.3.12) and (2.3.13) of y1(x)
and y,(x), we immediately have

B=0 and C=0.
Thus we have

Ay; (x) for x </,
Dy, (x) for x>«

G(x,x') = {
In order to determine A and D, integrate Eq. (2.3.16) across x” with respect to x,
and make use of the continuity of G(x, x) at x = %/, which results in

’ d_G ’ /_d_G ’ N =1
pe) | o K x) — = x) =1

G« ,x') = G(x_,«),

or
Ay (¥) = Dy (x),
Dy, (¥') = Ay} (x)p(x).
Noting that

W(y1(x), y2(%)) = y1(9¥2(%) = y2(x)¥1 (¥) (2.3.18)

is the Wronskian of the differential equation (2.3.11), we obtain A and D as

A = pE)/[pE)Wpi (), y2(x))]
D = yi()/p)Wyi(x), ya(x))-

Now, it can be easily proven that
p(x) W (y1(x), y2(x)) = constant, (2.3.19)

for the differential equation (2.3.11). Denoting this constant by

PE)W (%), y2(%) = C,
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we simplify A and D as

A = yz(x’)/C,,
D = ynE)/C.

Thus Green’s function G(x, x’) for the Sturm-—Liouville system is given by

A @y (¥)/C for x <,
G(X,x) = { " (x/) 2 (X)/C/ for x> x,’ (2.3.203)
= yi(xo)pa(x-)/C for { % = (x4 2)/2) — e =¥ /2 (2.3.20b)

xo = ((x+%)/2) + |x — x| /2.

The Sturm-Liouville eigenvalue problem is equivalent to the homogeneous
Fredholm integral equation of the second kind,

1
o) = [ Gle el 2321)

We remark that the Sturm-Liouville eigenvalue problem turns out to have a
complete set of eigenfunctions in the space L,(0, 1) as long as p(x) and r(x) are
analytic and positive on (0, 1).
The kernel of Eq. (2.3.21) is
K¢, x) =r()G(, x).
This kernel can be symmetrized by defining

V(%) = Vr(x)¢(x).

Then the integral equation (2.3.21) becomes
1
v = [ VFEIGE 1T ). (23.22)
Now, the kernel of Eq. (2.3.22),

r(§)G(§, x)v/r(x),

is symmetric since G(£, x) is symmetric.
Symmetry of Green’s function, called reciprocity, is true in general for any self-adjoint
operator. The proof of this fact is as follows: consider

L.G(x, %) = 8(x — ), (2.3.23)
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LeG(x,x") = §(x — x"). (2.3.24)

Take the inner product of Eq. (2.3.23) with G(x, x”) from the left and Eq. (2.3.24)
with G(x, x) from the right.

(G(x,x"), LyG(x, X)) = (G(x, %), 8(x — X)),

(L G(x, x"), G(x, %)) = (8(x — ), G(x, x)).

Since Ly is assumed to be self-adjoint, subtracting the above two equations results
in

G* (¥, x") = G(x", ). (2.3.25)
Then G is Hermitian. If G is real, we have
G(x',x") = G(x", %),
ie., G(x',x") is symmetric.
24
Green'’s Function for Time-Dependent Scattering Problem

The time-dependent Schrédinger equation assumes the following form after setting
h=1land2m =1:

(i% + 83—;) Yo t) = Vi, (). 24)
Assume
{ fimy oo Vi, 1) = 0, , (2.4.2)
lim;—, o €xp [iwot]¥r (x, 1) = exp [ikox],
from which we find
wo = 2. (2.4.3)

Define Green’s function G(x, t; «/, ') by requiring

¥ (1) = expli(kox — ko)
+0o0 +0o0
+[ dt'[ dx' G(x, t; %', 1) V(X' )¢ (%, 1). (2.4.4)
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In order to satisfy partial differential equation (2.4.1), we require

o Cx F) = S(t— 1S (x — o 2.45
<at+a—2>G(x,t,x,t)_ (t—t)5(x — ). (2:4.5)

We also require that
Glx,t;x,£)=0 for t<t. (2.4.6)

Note that the initial condition at t = —oo is satisfied as well as Causality. Note also
that the set of equations could be obtained by the methods we were employing in
the previous two examples. To solve the above equations, Egs. (2.4.5) and (2.4.6),
we Fourier transform in time and space, i.e., we write

- ;o +00 +00 . . ;o
Gk w;x ,t) = / dx/ die " G(x, 1 x L 1),

+oo +oo (2'4'7)
G(x, t; %, 1) / dkf do e et Gk wr x L t).

Taking the Fourier transform of the original equation (2.4.5), we find

+ + ’ ’
G(x, t; X, t / Tk / "o gkt )glolt=t), (2.4.8)
o+ kz

Where do we use the condition that G(x, t; x,t) =0 for t < t? Consider the
integration in the complex w plane as in Figure 2.1,

+o0 1 X /
/ dww i ewlt=t), (2.4.9)
—00

w2

[«

_k2

w4

Fig. 21 The location of the singularity of the integrand
of Eq. (2.4.9) in the complex w plane.
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We find that there is a singularity right on the path of integration at w = —k%. We
either have to go above or below it. Upon writing @ as w = w; + iw,, we have the
following bound:

golt=t) o1 (=0 | | gmont=1) | — pmen(t—1) (2.4.10)

For t < t, we close the contour in the lower half plane to do the contour integral.
Since we want G to be zero in this case, we want no singularities inside the contour
in that case. This prompts us to take the contour to be as in Figure 2.2. For ¢ > ¢,
when we close the contour in the upper half plane, we get the contribution from
the pole at w = —k2.

The result of calculation is given by

+oo 1 . ke )ik (=t ) /
oo w+k 0, t<t.

We remark that the idea of the deformation of the contour to satisfy causality is
often expressed by taking the singularity to be at —k? + ie (¢ > 0) as in Figure 2.3,
whence we replace the denominator w + k? with  + k? — ie,

+ +
Glx, b, f) = / Tk [T do (;>eik(x*x/)+iw(t*‘/). (2.4.12)

oo 2 ) o 2 N0+ K2 —ie

This shifts the singularity above the real axis and is equivalent, as ¢ — 0T, to our
previous solution. After the w integration in the complex w plane is performed, the
k integral can be done by completing the square in the exponent of Eq. (2.4.12),
but the resulting Gaussian integration is a bit more complicated than the diffusion
equation.

o

_k2

N a”

Fig. 22 The contour of the complex w integration of Eq. (2.4.9).
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W

A
w

—k2+ g

Y

WA

Fig. 2.3 The singularity of the integrand of Eq. (2.4.9) at
o = —k? gets shifted to w = —k? +ie (¢ > 0) in the upper
half plane of the complex w plane.

The result is given by

. [T gt 40—)  for ps f
Glx, t; %, 1) = 41—t (2.4.13)

/

0 for t<t,

where i = 1 and 2m = 1. In the case of the diffusion equation,

Lo ” t) =0 2.4.14

Eq. (2.4.13) reduces to Green’s function for the diffusion equation,

. i — L R
G(x, t;x ,t) = 4mc(t=t) (2.4.15)

/

0 for t<t,

which satisfies the following equation:

10 82 A ’ ’

!/ !’ 7
G, t;x,t)=0 for t<t,
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where the diffusion constant D is given by

K (thermal conductivity)

p= Cp _ (specific heat) x (density)’

These two expressions, Egs. (2.4.13) and (2.4.15), are related by the analytic contin-
uation, t — —it. The diffusion constant D plays the role of the inverse of the Planck
constant h.

We shall devote the next section for the more formal discussion of the scattering
problem.

2.5
Lippmann—Schwinger Equation

In the nonrelativistic scattering problem of quantum mechanics, we have the
macroscopic causality of Stueckelberg: when we regard the potential V(t,r) as a
function of t, we have no scattered wave, Yecar(t, 1) =0, for t < T, if V(t,1) =0
for t < T. We employ the adiabatic switching hypothesis: we can take the limit
T — —oo after the computation of the scattered wave, Vg (t, r). We derive the
Lippmann—Schwinger equation, and prove the orthonormality of the outgoing wave
and the incoming wave and the unitarity of the S matrix. We then discuss optical
theorem and asymptotic wavefunctions. Lastly, we discuss the rearrangement
collision and the final state interaction to get in touch with Born approximation.

Lippmann-Schwinger Equation: We shall begin with the time-dependent
Schrodinger equation with the time-dependent potential V(t, 1),

ih%l//(t, 1) =[Ho + V(t,1)]¥(t 1).

In order to use the macroscopic causality, we assume

V() for t>T,

ik = 0 for t<T.

For t < T, the particle obeys the free equation,

ih%w(t, 1) = Hoy (4, 1). (2.5.1)

We write the solution of Eq. (2.5.1) as ¥inc(t, r). The wavefunction for the general
time ¢ is written as

W(tr I') = 1//inc(“'y l‘) + ')Z’scatt(ty l‘),

51



52 | 2 Integral Equations and Green’s Functions

where we have
(ih% - H0> Veear(t.1) = V(L D)V (L, T). (2.5.2)

We introduce the retarded Green’s function for Eq. (2.5.2) as

(ih(3/9t) — Ho)Keet (b 15, 1) = 8(t — )83 (r — 1), 253)
Kret(t,r;t/,r/) =0 for t<t. o
Formal solution to Eq. (2.5.2) is given by
> ’ ’ ’ ’ ’ ’ ’ ’
Vscare(t, ) = / / Keetlt, st XY V(E ¥ )W (1) dr . (2.5.4)
—00

We note that the integrand of Eq. (2.5.4) survives only for t > t > T. We now take
the limit T — —oo, thus losing the t-dependence of V¢, 1),

Yscatt(t, 1) = / / Keet(t, 158, 1) V(£ )W (£, 7 )di dr .

When Hj has no explicit space—time dependence, we have from the translation
invariance that

Kiet(t, 1; t,: l‘,) = Kiet(t — l‘«,; r— I‘,).
Adding Yinc (t, 1) t0 Vscatt(t, 1), EqQ. (2.5.4), we have
Y (8, 1) = Yinc (b 1) + Pscate(t, T)
= Yinc(t, 1) f / et =t T — 1) V()Y (1 )dt dr . (2.5.5)

This equation is the integral equation determining the total wavefunction, given
the incident wave. We rewrite this equation in a time-independent form. For this
purpose, we set

1abinc(t: 1‘) = eXP[_iEt/h]I/finc(r),
W (t,1) = expl—iBL/ Rl (1),

Then, from Eq. (2.5.5), we obtain
V(1) = Yinc(r) + / Glr—r; E)V({r )y (r )dr . (2.5.6)

Here G(r —r'; E) is given by

G(r— r; E) = / dt exp |:1E(th_ ! )} Kret(t — tir— r,). (2.5.7)
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Setting

, , dEd3 ’ ,
Kot — i1 1) = / P expltip(r — 1) — iE(t — £ )}/ K (E, p),

(2m)*
S(t— 1) (r—r1) = / dEdp

(2m)*

expl{ip(r — ') — iE(t — 1 )}/h],
substituting into Eq. (2.5.3), and writing Hy = p?/2m, we obtain

(E— p—2> K(E,p)=1.

2m

The solution consistent with the retarded boundary condition is

1
K(E,p) = - ,  with ¢ positive infinitesimal.

(p%/2m) + ie

Namely,

Kiet(t — t/; r— r/) =

1 5 expl{ip(r — 1) —iE(t — t)}/h]
(271)4/ 4Edp E — (p2/2m) + is :

Substituting this into Eq. (2.5.7) and setting E = (hk)?/2m, we obtain

L f{f explip(r —1)/h] _ meXP[”‘(f—f’!].

¢ F = - _
Cr—riB) = E—(p/2m+ie 2t |r—1]

In Eq. (2.5.6), since the Fourier transform of G(r — r'; E) is written as

1
E—Ho-i—i&"

Eq. (2.5.6) can be written formally as

1

V=4 —-——
+E—H0+i8

V¥, E>0, (2.5.8)

where we wrote W = (1), ® = Vinc(r), and the incident wave ® satisfies the free
particle equation,

(E — Ho)® = 0.
Operating (E — Hy) on Eq. (2.5.8) from the left, we obtain the Schrédinger equation,
(E— Ho)¥ = V. (2.5.9)

We shall note that Eq. (2.5.9) is the differential equation whereas Eq. (2.5.8) is the
integral equation which embodies the boundary condition.
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For the bound state problem (E < 0), since the operator (E — Hy) is negative
definite and has the unique inverse, we have

1

lIf:
E— Hy

V¥, E<O. (2.5.10)

We call Egs. (2.5.8) and (2.5.10) as the Lippmann—Schwinger equation (the L—S
equation in short). +i¢ in the denominator of Eq. (2.5.8) makes the scattered
wave the outgoing spherical wave. The presence of +ie in Eq. (2.5.8) enforces the
outgoing wave condition. It is convenient mathematically to introduce also —ie into
Eq. (2.5.8), which makes the scattered wave the incoming spherical wave and thus
enforces the incoming wave condition. We construct two kinds of the wavefunctions:

1

uit — o, + E _Hotie vl outgoing wave condition, (2.5.11.4)
vl o, + ; vl incoming wave condition (2.5.11.-)
¢ " E,—Hy—ie ’ ' T

The formal solution to the L-S equation was obtained by G.Chew and
M. Goldberger. By iteration of Eq. (2.5.11.4), we have

1
(+)
v, ' = 1+V )V
¢ u+Ea—Ho+is(+ Ea—H0+is+ ) ¢
1 ~1
=& 1-V Vo
a+Ea—Ho+i8< Ea—H0+i8> 4
1
=® Vo,.

a+Ea—H+i8

Here we used the operator identity A~!B~! = (BA)~! and H = H,, + V represents
the total Hamiltonian.
We write the formal solution for \I/[§+) and \I/‘(l_) together:

(+)
v =0, 4+ ——Vva,, 2.5.12.
‘ R -HtE " ( *)
W = bt — Ve, (2.5.12.—)
‘ “TE,-H—ie °

Orthonormality of Wi we will prove the orthonormality only for gt
1
+) g (+) (+)
v i — (@, w — VU
(W %a™) (b“)+<5b—H+zs b“)
() 1 (+)
= (D, ¥ Oy, V—rorVU
(@b a)+<b E, — H—ie a)

= (@, U (@, VW)

TR E i
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= (®p, D,) + (cb,,, %vw,‘ﬁ)
E, — Hy + ie
+ ﬁ(q’b, vt
= Spu + ( L L ) (@, V)
E,— E,+ie E,—E,—ie
= 8y (2.5.13)

Thus W!" forms a complete and orthonormal basis. The same proof goes through
for w!) also. Frequently, the orthonormality of w!™ is assumed on the outset. We
have proven the orthonormality of g using the L—S equation and the formal
solution due to G. Chew and M. Goldberger.

In passing, we state that, in relativistic quantum field theory in the L.S.Z.
formalism, the outgoing wave WM is called the in-state and is written as W™, and

the incoming wave \II‘(;_) is called the out-state and is written as \Iléout).

Unitarity of the S matrix: We define the S matrix by
S = (W), W) = (\Dé"ut),\lf,?“)). (2.5.14)

This definition states that the S matrix transforms one complete set to the other
complete set. By making use of the formal solution of G. Chew and M. Goldberger
first and then using the L-S equation as before, we obtain

! (+)
Spg =6 oy, VU 2.5.1
ba bu+<Ea—Eb+i€+Eh—Ea+i8>( b a ) ( )
= 8y — 2i8(Ey — Ea)(®p, VL) (2.5.15)
We define the T matrix by
Tha = (05, VW), (2.5.16)
Then we have
Spha = Spg — 27wi8(Ep — Ey) Thy- (2.5.17)
If the S matrix is unitary, it satisfies
§T8 =887 =1. (2.5.18)

These unitarity conditions are equivalent to the following conditions in terms of
the T matrix:

27 Y, T 8(Ep — En) T,

T — Ty =
be T TN i Y, Tond(Ey — En) Tha,

with  Ej, = E,. (2.5.19,20)
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In order to prove the unitarity of the S matrix, Eq. (2.5.18), it suffices to prove Egs.
(2.5.19) and (2.5.20), which are expressed in terms of the T matrix.
We first note

Ty, = Thy = (®a, VO = (v, o) = (), va,).
Then
T — Ty = (W7, Vd,) — (@), VilY).

Inserting the formal solution of G. Chew and M. Goldberger to Wt and \IJ(+
above, we have

T} — The = (@, VD) + ( vV, V<I>,;>

E, — H+ie

1
—(Dp, VB,) — | @), V——"—"—"—-VD
(@ ) ( b E,— H+ie “)

1 1
= (V®y, — — — | VO
( b(Eh—H—IS E;,—H—i—w) 2

= (V®y, 27i8(Ey — H)VD,), (2.5.21)

where, in the one line above the last line of Eq. (2.5. 21) we used the fact that
E, = E,. Inserting the complete orthonormal basis, ¥(7), between the product of
the operators in Eq. (2.5.21), we have

T} = Toa = ) (VO Wi )2mis(Ey — E)(S), Vd,)
n
=27 T} 8(Ep — En) Tha.
n

This is Eq. (2.5.19).
If we insert the complete orthonormal basis, ¥(*), between the product of the
operators in Eq. (2.5.21), we obtain

T = Tha = 3 (VO Ui )27i8 (B, — En)(¥S7, Vg)
n

= 2mi ) Tyu8(Ey — En) Tha-

n

This is Eq. (2.5.20). Thus the S matrix defined by Eq. (2.5.14) is unitary. The
unitarity of the S matrix is equivalent to the fact that the outgoing wave set
{‘Ilt(f)} and the incoming wave set {\I’;(;_)} form the complete orthonormal basis,
respectively.

Actually, the S matrix has to be unitary since the S matrix transforms one
complete orthonormal set to another complete orthonormal set.
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Optical Theorem: The probability per unit time for the transition a — b is given by
Wye = 2718(E — Eo) | Thal® . (2.5.22)
If we sum over the final state b, we have

Wa =Y Whe =2 Y 8(Ey — Eg) | Tpal*. (2.5.23)
b b

We compare the right-hand side of Eq. (2.5.23) with the special case of the unitarity
condition, Eq. (2.5.19),

The — Toa = 2700 Y Tu8(Ea — En) Tna.
n

We immediately obtain
We = —2Tm Tsq. (2.5.24)

The cross section for a — (arbitrary state) is given by

|4
Og = —W,, (2.5.25)
Urel

where V is the normalization volume and v, is the relative velocity. From Egs.
(2.5.24) and (2.5.25), we obtain

2V
0a = — == Im Ty, (2.5.26)
Urel
This relationship is called the optical theorem and holds true under any circum-
stance. We note that the total cross section o, includes the inelastic channels as well as
the elastic channel.

Asymptotic form: We shall consider the asymptotic form of the wavefunction gt

in the L-S equation. We construct the asymptotic form of Wit as the resulting
expression for the S matrix acting upon the free wavefunction ®,,

Ui ~ 80, = ®, — 27i8(E, — Ho) VWi, (2.5.27)

We compare Eq. (2.5.27) with the L-S equation for ot

1

(+)
v, = _
¢ a+Ea—H0+i8

vl

We find that the asymptotic form of Wt is obtained by the replacement,

1

B —2mi8(E, — Hy).
o Horie o D)
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Equivalently, in closed form, we have

Wi ~ @, — 27i8(E, — Ho)[(Ea — Ho)w!™], (2.5.28)

where (E; — Ho) acts on W and then 8(Es — Ho) acts on [(E, — Ho)\ll‘(f)].
We note the following:

(E, — Ho)S®, = 0. (2.5.29)

Namely, the asymptotic form of Wit satisfies the free particle equation. We can
say that the initial state and the final state described by the asymptotic form of
W) are the free particle state. In relativistic quantum field theory, the initial state
and the final state are the interacting system, respectively. Lehmann, Symanzik,
and Zimmermann (L.S.Z.) extended the notion of the asymptotic wavefunction
to the asymptotic condition in relativistic quantum field theory and successfully
constructed relativistic quantum field theory in the L.S.Z. formalism axiomatically,
with the notion of the in-state and the out-state.

The asymptotic condition, roughly speaking, is equivalent to the adiabatic
switching hypothesis of the interaction.

Rearrangement collision: So far, all the computations are formal. The LS equation
shows its utmost power for the rearrangement collision where the splitting of H
into Hy and V is not unique. The typical process is

n+d—-n+n +p. (2.5.30)
In this case, the total Hamiltonian is
H=T,+ Tn+ Ty + Vap + Virp + Viur- (2.5.31)

Here T’s represent the kinetic energies and V’s the two-body potentials.
The decomposition of the total Hamiltonian H in the initial state is

Hionitial — Tp + To+ Tn’ 4 Vn’p’
Vinitial — Vnp + Vnn’~

Here we included V,; in Hy in order to form the deuteron in the initial state. The
decomposition of the total Hamiltonian H in the final state is

Hinl = T, + Ty + Ty,
yhmnal — Vnp + Vo + Vn/p'

In order to discuss the reaction wherein the decomposition of the total Hamilto-
nian is different in the initial and final states, we introduce the two decompositions

H=H,+V,=H,+V,, (2.5.32)

initial state final state
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where H, and Hj are the free Hamiltonians in the initial and final states,
respectively. We introduce the free wavefunctions , &, and &, such that

(Hy — Eg)®, = (Hy — Ey)®, = 0. (2.5.33)

In order that the reaction a — b is possible, from the energy conservation, we must
have E, = E,.

We begin with the general collision problem starting from the initial state
wavefunction, ®,, and construct the asymptotic form of the final state wavefunction.
The formal solution to the L—S equation which satisfies the outgoing wave
condition, starting from ®,, is

1

(+)
\\7 = -
¢ a+Ea—H—|—ia

V, D, (2.5.34)

In order to construct the asymptotic wavefunction corresponding to the final
state, we use the operator identity

1 1 1 1
S =2(B-A)-.
A B B A
Then we have
! ! = ! V ! 2.5.35
E.—H+ie E,—Hy+ie E,— Hy+ie bEa_H“f‘iS' (2:5.33)
Substituting Eq. (2.5.35) into (2.5.34), we have
()
v, = — 14+ Vy— | V,D,. 2.5.36
“ a+Ea—H;,+is< + hE,,—H—l—ie) e ( )

In the second term of Eq. (2.5.36), we now make the replacement for the asymptotic
wavefunction,

1

FR T — —2mi8(E, — Hp) with E; = Ej,. (2.5.37)

The transition matrix element T, is now expressed as

1
Tha=Pp, |1+ Vy=——FF | V@
ba < b( + bE,;—H-}—lS) a a,)

1
=1+ V| D}, V@
<< "B —H—is h) v a)

= w7 v,d,). (2.5.38)
We have two ways of expressing Tj,. Namely,

Tha = (U} ), Va®q) = (0, V0l ). (2.5.39)
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We prove the latter equality with the use of the formal solution of G. Chew and
M. Goldberger. By taking the difference of (“I’lg_)’ Va®,) and (Pp, V), \II‘(;H), on setting
E, = E, = E, we obtain

(W), Va®a) — (@3, Vy i) = (@, Va®a) — (@5, VDo)
1
Oy, Vy———V,; @
(00 Vo )

1
—|® —V,®
< b7VbE—H+l‘8Vﬂ a)
= (Pp, (Vo — Vi) Pa) = (Pp, (Hp — Ha)Pa)
= (Ey — E,)(®p, ,) = 0.

We established Eq. (2.5.39). In the plane wave Born approximation, we replace \I’}J_)

and \pl(;r) with @, and ®,, respectively, and we have
Tégorn) = (Dp, Va®y) = (Pp, Vi Pa).

Final state interaction: In the presence of the final state interaction, we split the
total Hamiltonian into the following form:

H=Hy+ U+V, (2.5.40)
(1) Uis strong and V is weak,
Ul > |V,
(2) we have the exact solution for Hy + U,
(Ho+ U)xd™ = Eaxd™. (2.5.41)
For the electron in interaction with the electromagnetic field, for example, we have
Hj = (free electron) + (free electromagnetic field),
U = (Coulomb potential),
V=

(interaction between electron and electromagnetic field).

We represent the eigenstate of the total Hamiltonian H as W)

HYY = Ew®. (2.5.42)
We have the following relationship between \Il,gi) and X,ii):
& _ ) 1 ()
v, = -V
@ =X YR THxe X
1
= x& + v, (2.5.43)

E,— (Ho+ U) £ ie
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This is the L—S equation relating lIJ,gi) to X;i), with Hy + U as the free Hamiltonian.
We can envision the photoelectric effect for the present treatment:

X (1s electron) x (1 photon state),

x(_) . (electron in scattering state) x (0 photon state),

with (Xlg_), Xf)) =0.

From the S matrix, S, = (lI/H, wﬁ)), we pick up the first-order term in V,
() g () () 1 )
v, W) = , , —V
(¥, %) = xa )+<X E,— (Ho+ U)+ic >
=) )
Vx, ), . 2.5.44
+(m—u%+w—w Al) ¢ (2544

In many applications, we frequently have ( x\ 7, X(§+)) = 0 which we shall assume.

Keeping the first-order term in V in Eq. (2.5.44), we have

Spa = —2mi8(Ea — Ep)(x} ) Vxi™). (2.5.45)
Hence we have the following T matrix:

T = (x} ), Vs, (2.5.46)
The relationship between & and X;S_) is given by
(=)

— U
E, — Hy — ie )

1
=& Udy,. 2.5.47
h+Eb—(H0+U)—ia b ( )

X =+

This is the L—S equation with Hy + U as the total Hamiltonian.
Thus the Born approximation to Eq. (2.5.46) is given by

Born
T = (@, Vi), (2.5.48)

and is frequently called as the distorted wave Born approximation.
We shall consider the following reaction:

p+tp—>p+n+nt.

We represent the potential energy between the two nucleons by U and the

interaction term necessary to produce m+ by V. We assume |U| > |V|. The

wavefunction of the initial state X}(,;) satisfies the L—S equation,

+ _ 1 (+)
Xpp' = Ppp + E,—H, 1 Upp Xpp -
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Here, H, represents the kinetic energy of the two-nucleon system and Up,
represents the potential energy between the two protons, corresponding to V. E,
represents the total energy of the initial state. The wavefunction of the final state

XI();), satisfies the L—S equation,

) ! )
pnrt Q>Pn7'[Jr + 7Vbxpnn+’

X E, — Hy —ie

Here, Hj, represents the sum of the kinetic energies of p, n and 7, and the rest
mass of 7T, and Vj, represents the three-body interaction term. We shall assume
that the interaction between 7+ and the nucleons is weak and we can approximate

Vi by Upn. Then the wavefunction of the final state Xl(;f)r* is separated as

X}(;z)ﬁ ~ gl(;) ho+.

The T matrix Ty, is given by

T = O Vad™) & (ghal b, Viely).

The final proton—neutron wavefunction g}(,;) satisfies the L—S equation,

1
Ep+ Eq — Hy — Hy — i

_ 0 _
g}()n) = gl(m) + c Upngl()n)-
Here, H, and H, represent the kinetic energy operators of the proton and the
neutron, respectively, and E, and E, represent their eigenvalues. This is the
approach followed by K. Watson. We shall not go into any further computational
details.

Inclusion of the spin—spin force and the tensor force,

- (GnF)(@pT) -
V(I‘) = Vo(T) + Vspin-spin(r)(angp) + Vtensor(r) 3',7 - (Unap) ,

is immediate with the use of the spin-singlet and spin-triplet basis for the spin
wavefunction of the two-nucleon system.

For further details on rearrangement collision and final state interaction, we refer
the reader to the advanced textbooks on quantum mechanics and nuclear physics.

2.6
Scalar Field Interacting with Static Source

Consider the quantized real scalar field ¢ (¥, t) interacting with the time-independent
c-number source p(x). Let the equation of motion for the field ¢ (¥, t) be

1) — SV2P(E, 1) + Sl (%, 1) = p(%), with 0. (2.6.1)
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The Hamiltonian of the system is given by
1 - - CRN - o
H=- / dx(I(%, 1) + 2 (Vo (x, 1)? + 2 u?p* (%, 1) — 20(X)p(%, 1)}, (2.6.2)
Imposing the equal-time canonical commutation relations,

[TI(%, 1), (% , t)] = —ihd(% — X ),
(M 1), I, 8)] = [¢(F 1), o , 5] = 0,

the Heisenberg equations of motion become

ihp (%, t) = [p(%, 1), H] = ihTI(%, 1),

ihl;l(?c, ) = [l'[(;c, t), H] = ih{52§2¢(§c, B — Szuij(&’ ) + p(?c)}, (2.6.3a)

which agree with (2.6.1). We can write the g-number operators satisfying (2.6.3a)
in the large box of volume V in Schrédinger picture as

$(%,0) = (%) = VAV Lj(1/ /207 (ag explik - ] + al exp[—ik - H]},
M(%,0) = N(X) = —iv/A/V Y3 o/ 2a; explik - ] — al exp[—ik - X]),

where

i
a,a-] = &y, -
[ a1 ke wp = sy k2 + p2. (2.6.3b)

Tt
[ag, a] [“;7“;] =0

Substituting the expansions of ¢ (x) and I1(x) into (2.6.2), we obtain
=Y hor (afa; + 1) + rca; + 22aT
_Z op | a0+ 3 ) T2+ e -
k
Here, we set

o= = [ do@esti5, == 50 oli.

2wy

We can express the Hamiltonian as

2

Y. A " hoy
1 k k k k
H=) {h(% (aﬁ + Mﬁ) (apL nwﬁ> " op + = } (2.6.4)
k

The last two terms above are the c-number terms which do not cause any
problem. The first term above represents the shift of a; and ak' by the c-

numbers. Since the shifted a; and a% also satisfy the commutation relation
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(2.6.3b), we can express the shift as a result of the unitary transformation. If we
define

v = exp Z ﬁia);; ()‘E“E - AZa%) ,
we have ‘
vlay =ar — }L—E vlal
k E7 hoy
Here we used the Baker—Campbell-Hausdorff formula,

12

exp[—iBJAexp[iB] = A + i[A, B] + %[[A, BBl +---. (2.6.5)

Applying the unitary transformation v to the Hamiltonian H, we obtain

71H _Z i _aTa__ ’)\'ﬂz _’_@ = H,
v V= a)k ; k ha)k 2 == 0

k

We can obtain the eigenvalue of Hy immediately. We set the difference of H and
Hj as

2
int _ py_ _ - * T ﬂ
H™=H HO_Z{Akak—i—AkaE—l— hwﬁ}.

k

In order to understand the meaning of the Interaction Picture, using this Hy, we
compute H"™(t) defined by

: Hot : Hot
H™(t) = exp [i%] H™ exp [—i%] :

We obtain, with the use of (2.6.5),

2
i ) ) A
H"™(f) = Z {)‘E“E exp[—iwjt] + Aiui expliwgt] + hclj)ﬁ } .

k

Connecting the state vector |\Il(t)) in the Interaction Picture and the state vector
|®) in the Heisenberg Picture by

| () = Ut) |),

we have

ih% U(t) = H™5 U(1), (2.6.6)
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with the initial condition, U(0) = 1.
In what follows, we solve (2.6.6) explicitly and show that U(t) and v are related
through

U~ (—o0) = v.
To solve (2.6.6), we set
U(#) = exp[iG(#)] Ux (1), (2.6.7)

where G(t) and U (t) are unknown. Substituting (2.6.7) into (2.6.6), we obtain

. d
ih Ui

= {exp[—iG(1)]H™(t) expliG(t)]

—ih exp[—iG(t)]% expliG(t)]} U (b).

Using the formula

12 i3

d . . .
exp[—iG(t)]% exp[iG(t)] = iG(t) + %[G(t), G(t)] + % [G(t), G(H)], GO +-- -,

we obtain

. o . od
H™(t) = exp[—iG(t)] H™ () exp[iG(t)] — Lhexp[—LG(t)]a exp[iG(t)]
. B .2 .
= H™(t) +i[H™ (1), G(t)] + %[[H‘nt(t): G G+
.2 A3
— infiG(#) + %[G(t), G(1)] + %{[Gm, G(HL GH] +- ).

So we set
1 [t :
Git) = —— / dty H™ ().
o
Since, in this model, we have

[H™(t1), H™ (t2)] = 20 Y |4¢]” sineop(t2 — 1) = c-number,
k

the third terms onward and many others in each infinite series vanish. So we have
/int er 7 yint s
HT(E) = i(HT (1), G1)] + 15 [G(H), G(H)]

i ! ini ini
=T /0 dtn[H™ (), H™ (t1)]
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1 2 .
= E,/(; d“ZW' sin wy(t — 1)
k

= E i 2 wit—1

= COS w7, .
- ha)ﬁ( k )
k

Hence, we immediately obtain Uj (t) as

i )
Ui (t) = exp _ﬁ/o Yy %(cosa);tl —1)
k

il i Ml
= exp _ﬁz ol sinwit | exp ﬁz hw;t
k k k

Substituting this into the decomposition for U(t), we obtain

U(t) = exp ——/dt H™ (1 Z‘ sinw;t—l— Z|h—

k

ﬁ
2
+ Z % sinwEtH
- W=
k k

1 . T .
=exp |:Z [h—%{kﬁaﬁ(exp[—zwﬁt] —1)— Ai‘ak' (expliwgt] — 1)}
A

Since we have chosen u to be nonzero constant, w; never becomes zero. For each
oscillatory term in the exponent, we invoke the following identity and its complex
conjugate:

1 o0
— expliogt] = —i lim / dty expliogti] exp[—e [t1]] — —2mid(w;) = 0.
(2 e—0t J¢ t——00

Thus we finally obtain

U~ (—o0) = exp Z{A ap — A a- =v.
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2.7
Problems for Chapter 2
2.1.  (dueto H. C.). Solve
1
o) =1+ [ G+ 2P0y
(@) Show that this is equivalent to a 2 x 2 matrix equation.
(b) Find the eigenvalues and the corresponding eigenvectors of the
kernel.
(c) Find the solution of the inhomogeneous equation if
) # eigenvalues.
(d) Solve the corresponding Fredholm integral equation of the
first kind.
2.2.  (dueto H. C.). Solve
X
p(x) =1 +k/ Xy (y)dy-
0
Discuss the solution of the homogeneous equation.
2.3, (due to H. C.). Consider the integral equation,

d(x) =f(x) + K/+w 67(x2+yz)¢(y)dy, —00 < X < 00.

—00

(@) Solve this equation for
fx) =0.
For what values of A, does it have nontrivial solutions?
(b) Solve this equation for

flx) =«", with m=0,1,2,....

Does this inhomogeneous equation have any solutions when 1 is equal
to an eigenvalue of the kernel?
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2.4.

2.5.

2.6.

2.7.

Hint: You may express your results in terms of the Gamma function,

[e°]
F(z)=‘/‘ #~le7'dt, Rez > 0.
0
(due to H. C.). Solve the following integral equation,

2
ul®) =1+ A[ sin(¢ — O)u(¢)dp, 0<6 < 2m,
0

where u(0) is periodic with period 2. Does the kernel of this equation have
any real eigenvalues?

Hint: Note
sin(¢ — 0) = sin¢ cosf — cos ¢ sinb.

(due to D. M.) Consider the integral equation

1

1xn_Y
o =1+ [ b
o X—Y

(@) Solve this equation for n = 2. For what values of A, does the equation
have no solutions?

ydy, 0<x<1.

(b) Discuss how you would solve this integral equation for arbitrary
positive integer n.

(due to D. M.) Solve the integral equation,
1
ox)=1 +/ (1+x+y+xp)'dy)dy, 0<x<1, v:real
0
Hint: Note that the kernel

1+x+y+xy)",

can be factorized.

In the Fredholm integral equation of the second kind, if the kernel is given
by

xy):Z& Y (1),

show that the integral equation is equivalent to an N x N matrix equation.



2.8.

2.9.

2.10.

2.7 Problems for Chapter 2

(due to H. C.). Consider the motion of an harmonic oscillator with a
time-dependent spring constant,

dZ

i x4+ o’x = —A(H)x,

where w is a constant and A(t) is a complicated function of t. Transform this
differential equation together with the boundary conditions

*(Ti) =% and x(Ty) = x5,

to an integral equation.

Hint: Construct a Green’s function G(t, t) satisfying

G(Ti,t) = G(Ty,t) = 0.

Generalize the discussion of Section 2.4 to the case of three spatial
dimensions and transform the Schrédinger equation with the initial
condition,

lim ety (%, 1) = ¥,

t——00

to an integral equation.

Hint: Construct a Green’s function G(t, t') satisfying

- L I
(ia + v2> G(x, t; %, 1) =8(t—t)8* (% — &),

Gx, tx,t)y=0 for t<t.

(due to H. C.). Consider the equation
9* 92
[—— toa mz] B(x, 1) = Ulx, ) (x, t).
If the initial and final conditions are

o(x.—T)=f(x) and ¢(xT)=g(),

transform the equation to an integral equation.

Hint: Consider Green’s function

92 92
[_— o "‘2] Gx, b, t) = 8(x — x)5(t — t).
X
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2.11.

2.12.

2.13.

(due to D. M.) The time-independent Schrédinger equation with the
periodic potential, V(x) = —(a? + k? cos? x), reads

2
:?1//(96) + (6* + K cos® %)y (x) = 0.

Show directly that even periodic solutions of this equation, which are even
Mathieu functions, satisfy the homogeneous integral equation,

V(x) = )L/ﬂ exp[k cos x cos y]y (y)dy.

Hint: Show that ¢ (x) defined by
o) = [ explicosxcos v )y

is even and periodic, and satisfies the above time-independent Schrédinger
equation. Thus, ¥ (x) is the constant multiple of ¢(x),

¥ (x) = rp(x).
(due to H. C.). Consider the differential equation,
dz
d?cp(t) =re'P(t), 0<t<oo, A=constant,

together with the initial conditions,

#(0)=0 and ¢'(0)=1.

(a) Find the partial differential equation for Green’s function G(t, t).
Determine the form of G(t, ) when t # ¢ .

(b) Transform the differential equation for ¢(t) together with the initial
conditions to an integral equation. Determine the conditions on G(t, ).

(c) Determine G{t, £ ).

(d) Substitute your answer for G(t, t ) into the integral equation and verify
explicitly that the integral equation is equivalent to the differential
equation together with the initial conditions.

(e) Does the initial value problem have a solution for all A? If so, is the
solution unique?

In the Volterra integral equation of the second kind, if the kernel is given by

N
K(xy) =Y _gn(®)haly),
n=1

show that the integral equation can be reduced to an ordinary differential
equation of the Nth order.
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2.14. Consider the partial differential equation of the form

2.15.

a2 9x? 9x2

L 92 9
( - >¢(xy ) =px.t) —A—=o(x,t) - aqﬁ(x, t),

where

—0<x <00, t>0,
and 4 is a constant, with the initial conditions specified by
$(x,0) = a(x),
and
0 #(x,0) = b
550(%,0) = blx).

This partial differential equation describes the displacement of a vibrating
string under the distributed load p(x, t).
(@) Find Green’s function for this partial differential equation.

(b) Express this initial value problem in terms of an integral equation
using Green’s function found in (a). Explain how you would find an
approximate solution if A were small.

Hint: By applying the Fourier transform in x, find a function ¢y(x, t) which
satisfies the wave equation,

92 92
(ﬁ - ﬁ) Po(x,t) =0,

and the given initial conditions.

Show that Green’s function G(7; 7 ) for the Poisson equation in three spatial
dimensions,

V2G(F:7) = —4ms(F—7),

is given by

/ 1 ad l’l
Gr7)= ——— = —=_Pj(cos 0),
G1) =59 ;rl;l H(cos )

where @ is the angle between 7 and 7, Pj(cos 6) is the Ith-order Legendre
polynomial of the first kind, and r (r..) is the smaller (the larger) of the

lengths, 7| and ’7/,
S T T
_1 R N 1. N
r>—z(|r|+ r )+E“r|— r
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2.16. Show that Green’s function G(F; 7) for the Helmholtz equation in three
spatial dimension,

(V24 )G 7) = —4nd(F —7),
is given by

., explik ’? —7 ’

G(r;r) =

[F—7 = k(@ + L)ji(kr<) b (kr-) Pi(cos 6),
1=0

where jj(kr) is the Ith-order spherical Bessel function and h}l) (kr) is the
Ith-order spherical Hankel function of the first kind. Show that Green’s
function G(7; ¥) which is even in k for the Helmholtz equation is given by

cosk ‘? — ?" 00
. =k (20 + 1)ji(kro)m(kr.) Pi(cos 0),

r—r
1=0

—

G(r;r) =

where ny(kr) is the lth-order spherical Neumann function,

m(kr) = Re h{l)(kr).

2.17. Consider the differential equation for spherical Bessel functions,

{_d_z_gg+l<l+1)_kz}{ B (kr) }ZO,

ar2  rdr r2 Ji(kr)

with the boundary conditions

" (kr) (1/i) (explikr]/kr)
{ e [ 7] siner— bk [ RO

(a) We define

wikr) | | kbl ),
wikr) || (k).

Show that u(kr) and w(kr) satisfy the following differential equation:

a2 i+1) wi(x) | _
{_W+ <2 _1}{uz(x) =0
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with the boundary conditions

wi(x — o0) | _ | exp[ix]
uy(0) - 0

and the normalization determined by

wi() }% { (1/i71)(explix])

1y () sin(x — I/2) } aoxm e

Define the operators Hj, A", and A by

2
HlE{_d__'_l(H—l)},

dx? x2
and
d I d
Af=—— 4+ A =— 4 -
! dx + x ! d + X
Show that
A?—Al_ =H; and Al_Al+ = Hj_;.
If
Hiyn =4,
show that
AFAT Y=y and ATATATY = ATy,
and hence

Hi (A ) = (A7 )
A is a lowering operator which takes v; into ¥;_;. Similarly, since

— 4t
A Al

=H,
show that

ApaAfaVi =11 and ALLAL AL Y= Al v,
and hence

Hi (A v1) = (AL ¥)-

A+

/1 18 a raising operator which takes ¥ into ¥y 1.
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(d) Asx — oo, by observing

At — —i AT — i
dx’ dx’

show that

Atw —  explix]/it?, nd Aty — sin(x— (I+1)7/2),
A"w, —  explix]/i, A"w — sin(x — (I —1)7/2).

Namely, AT and A~ correctly maintain the asymptotic forms of w; and
u; and hence the normalizations of w; and u;.

(e) Starting from the solutions for I = 0,
wo = exp[ix]/i and ug =sinx,

obtain w; and u; and hence h}l) and jj.

2.18. Consider the scattering off a spherically symmetric potential V(r).
(@) Prove that the free Green’s function in the spherical polar coordinate is

given by
h? <q 1 A,>
— (X | ————|%
2m\ |E— Hy+1ie

= —ik > > Vi)Y, (i) b (kr),
1 m

where r_ (r.) stands for the smaller (larger) of r and r'.

(b) The Lippmann-Schwinger equation can be written for spherical waves
as

1
|Elm(+)) = | Elm) + PRI V |Elm(+)).

Using a), show that this equation, written in the X-representation, leads to
an integral equation for the radial function, A;(k; r), as follows:

2mik

) Jilkr ) (kr) V() Aill; 1y 2
0

Ay(k; 1) = ji(kr) — (

where the radial function, A;(k; r), is defined by

(% | Elm(+)) = aAi(k: 1) Yim(?),
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2.7 Problems for Chapter 2

with the normalization constant ¢; given by

it [2mk

By taking r very large, obtain the scattering amplitude for the Ith partial
wave as

SO _ 2 [ ki Ak ) V() dr.
0

filk) = explisi] =, o

Hint for Problem 2.18: The wavefunction for the free wave in the spherical
polar coordinate is given by

(% | Elm) = ciji(kr) Yy m(P).
When r — 00, use the asymptotic formula for jj(kr) and hfl)(kr).

Consider a scattering of nonrelativistic particle off delta-shell potential. The
potential we consider is

U(r) = —A8(r — a), (A)
i.e., a force field that vanishes everywhere except on a sphere of radius a.
The strength parameter A has the dimension (length)~!. One can look upon
(A) as a crude model of the interaction experienced by a neutron when it

interacts with a nucleus of radius a.
(@) Show that the radial integral equation

Ak 1) = ji(kr) + /000 G,(Cl)(r; FYU( ) Ayl 7 )r 2dr
with

G r vy = —ikji(kr-)y(kr-),
reduces to the algebraic equation,

Jikr)hy(ka), r<a,

. . . 2 .
Ay(k; 1) = ji(kr) + ikra”Ay(k; a) x jikayy(kr), > a.

(B)
Obtain, by setting r — a in (B),

o Jilka)
Ay(k: a) = 1 — ikha%ji(ka)h(ka)”
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(b)

Construct the partial wave scattering amplitude from the general
formula

explidy]siné = —k / kU@ A(k: 1 dr,
0
as

kra?[ji(ka)]?
1-— ik)»azjl(ka)hl(ka)'

explid)] sin 8 = kra?jy(ka)A(k; a) = (C)

The tangent of §; is also a convenient quantity for some purposes.
Using hy(z) = ji(z) + im(z), we obtain

kaa(ji(ka)]?
1 + kira2ji(ka)ny(ka)

tand; =

It is natural to express all length in units of 4, and all wave numbers in

units of 1/a. Hence define the dimensionless variables as
p =r/a,§ =ka,g = ra, in terms of which, show that (C) is expressed
as

g6 )

explid)] sin §; = 1—iEgiE)h(E)

The existence of bound states requires the occurrence of poles in the
radial continuum wavefunctions when the latter are treated as
functions of the complex variable k. Hence we must determine the
location of the pure imaginary zeros of the function

Di(g; ¢) =1 — it gi(&)m(¢),

where { = & + in. We call the iterative solution of the radial integral
equation the Born series for A;, and we call the corresponding
expansion,

%exp[i&] siné; = —/ lin(kn)> U(r)rdr
0
- / Jiknum G, r)
0
U(r Yjilkr \r2r 2drdrr’ + -+,

the Born series for the partial wave amplitude. Show that

o]

explidi] sin & = g&[ji(§))* ) _ " [i(E)m ()",

n=0
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and its radius of convergence in the complex g-plane is

1 _ B
8l < ehemey =8 ©

Show that the actual form of the radial wavefunction for a bound state
can be obtained by evaluating the residue of (B) at the bound state
pole. If this poleis at ¢ = ing), say, show that with N the normalization
constant,

1)
Nji(ing p)u(ing), o <1,
(

Ri(p) =
Nhy(in} p)j(in})), o > 1.

Consider the behavior of the S-wave cross section as a function of
energy; this is given by sin? §y(¢). From (D), show that
g?sin*&

.2 _

This function attains its maximum value of unity at the roots of
28 = gsin2&. (F)

Show that the resonances fall into two very different classes, Eén) and
" (a (a) S(") near & =m/2,37/2, 571/2 ., which are broad because
sin* & & 1 at these points, and (b) &s near.f,-‘ =m,2n,3n,. .., which
are very sharp because sin* £ ~ 0 there. Verify these statements. The
location of the sharp resonances follows immediately from (F);

that is,

£~ nx (1+ 1) —Re¢, if
s = = n g>n.
g

Furthermore, sin? £ ~ (n/g)2. Show that we can write (E) in the
Breit—Wigner form

Tm £, |

, G
(€ — Re gn)? + [Im ¢y ? ©

sin? 8o (&) ~

in the immediate vicinity of the sharp resonances. Show that as n
increases, the resonances become broader, and the whole discussion
culminating in (G) are only valid if the width |Im ¢,| is small compared
to the distance between neighboring resonances, i.e.,

|Im §n| < Re §n+1 —Re é‘n- (H)
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Once (H) is violated, the resonances soon disappear.

Hint for Problem 2.19: For the clean-cut general discussion of the
delta-shell potential problem along the line of the present problem, as
well as the analytic properties of physical quantities of our interest as a
function of k and energy, we refer the reader to the following textbook.

Gottfried, K.: Quantum Mechanics, Vol. I: Fundamentals, W.A.
Benjamin, New York. (1966). Chapter III, Section 15.

2.20. Consider the S-wave scattering off a spherically symmetric potential U(r).
The radial Schrédinger equation is given by

dZ
Wu(r) + ku(r) = U(nu(r),

with the boundary conditions

in(kr + 8
u(0) =0 and u(r)'vw as r— o0o.
siné

(@) Consider the rigid sphere potential problem,

oo for r<b,
U(r)_{ 0 for r>bh

Obtain the exact solution for the rigid sphere potential problem.

(b) Consider the spherical box potential problem,

_ ) U0 for r<b,
uin = { 0 for r>b.

For the spherical box potential problem, show that § is given by

(K cot Kb)(k cot kb) + k?

keotd = kcotkb — K cot Kb

from the continuity of the wavefunction at r = b, where K is given by

K=k —U.

(c) Consider the bound state for the spherical box potential problem,

U(<0) for r<b,

uin = 0 for r>b.
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From the continuity of the wavefunction at r = b, show that
y (v* = —k? > 0) is determined by

KcotKb = —y,
K=k —U=|U -2

Consider the S-wave scattering off a spherically symmetric potential U(r).
The radial Schrédinger equation is given by

a2 )
ﬁu(r) + kfu(r) = U(r)u(r),
with the boundary conditions

uw(0) =0 and u(r) ~ %r;—é) as r— oo.
sin

The scattering length a and the effective range r.g are defined by
1 1
kcotd = —= + —regk® +---.
a 2
Potential of range b has a bound state of energy
E=—Fg=—« <0,
(i) Spherical box potential:

U(<0) for r<b,

uin = 0 for r>b.

(@) Set up the equations for binding energy E = —Ep and phase shift
8 (E > 0). Weakly bound means that

Kb>z, K=vVk*-1U,

2

just above /2, but not much. Define an energy A by
WO E =T,

and q by
A= qz.

Then

A LU
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(b) Show that the binding energy Ep is related to A by
1
kgb =~ E(qb)z.

(c) For positive E but E « |U]|, define x by
x = —Kbcot(Kb).
Show that
Yoo 2o 1000
X z(k +q°)b* ~ E(kb) + «gb.

(d) From this, show that the scattering length a is given by

(ii) & shell potential:
U(r) = —kod(r — b).

(e) Set up the equations for binding energy E = — Ep and phase shift
5 (E > 0).

(f) Show that the bound state energy satisfies
1+ «gb =~ kob.

(g) Show that in this case too, the scattering length a is given by

— lim <tan8> :bl‘l'KBb.
KBb

This is the same result as for the spherical box potential of the
same range and the same binding energy.

(h) You are in a position to show, without any effort, that if A is
negative, that is, no bound state exists, the scattering length has an
opposite sign, that is negative.

This problem is not too terribly intellectual, but it is a good
exercise in approximation techniques.

2.22. Consider a time-dependent wave packet. A solution of the time-dependent
Schrédinger equation,
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,, 0
(lﬁﬁ - H) l¥) =0,

can be constructed by superposition of energy eigenfunctions as
e = [Pkl EO) exol— L Eflae — T
[Flutm) = [ @k (F[i) expl— Eitlalk — Fo),

with

where a(% - %0) is an amplitude containing a narrow band of %-zalues only.
It is suggested that you make a packet in the z-direction (along ko) only,

a(k — ko) = Cexp [—%Dz(kz - kO)Z} 5(ks)(ky).

D is the spatial width of the packet in the z-direction.

A narrow packet means that we assume
1 Ak < ko,
D
and
Ak 1y = %0 <1,
where 1y is the range the potential V(r) (thatis V(r) & 0 for r > rg). In

addition, we make a dynamic assumption that kg is not the position of a
narrow resonance. This allows us to assume that, for r < r,

(r [k) = (r[|7) o Vi (r[K69) = v (r 7).

Analogously, with all the assumptions made above, we can construct an
incident wave packet as

(Flow) = fdz'k(?’ié) eXP[_%Ekt]a(ié— ko).
(@) Show that

_ (ko)?
T o2m

<7’ |¢(t)> = exp |:ik02 — %Eot] F(z —vot), Eo

Establish the form of F(z — vot). Show that it is a packet of width D.
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2.23.

2.24.

(b) Show that

exp[ikor — %Eot

v ) = [Flowm) + ) LR = vot)

r

where f(0) is the scattering amplitude.

(c) Show that the scattering occurs only in the time interval

[t < —.
Vo

(d) Show that prior to the scattering,
t < —D/vo,
we have
(Flym) = (Flew) .
and that the scattered wave is present only after the scattering,
t > D/vy.

Hint for Problem 2.22: We cite the following article for the description
of the time-dependent scattering problem.

Low, F.E.: Brandeis Summer School Lectures. (1959).
Correct the error in the following proof:
Tyo = (3, VUT) = (@4, (H — Ho) W) = (E, — Ey) (@, W),
Hence
Tpe =0 when E,=E,.
Hint: Use the LS equation for W™ in the last term of the above expression.
Consider the general properties of the S matrix. The S matrix
(F]s[f) = (ki) = [ (£0[7) 7

for the scattering of a spinless particle by a central force potential has the
following properties:

j;(+)>
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(i) itis unitary,
STs=ssT =1,

(ii) itis diagonal in the energy,
S~ 8(Ex — Ey),

(iii) it is a scalar, that is, a function of k%, k2, and k - k" only.

(@) Show that the general form of a matrix satisfying (i), (ii), and (iii) is
g

For the proof, use the fact that the simplest unitary matrix
satisfying (i), (ii), and (iii) is the unit matrix,

S\ Sk —k) = = .
S‘k): yier Xl:(zl+1)Pl(k - k) exp[2i8y(k)].

/|7 I K —k =
<k ‘k>:6(k - B(Ltnk,k) Z(Zl—l—l)Pl(k )

! o~

k)ZYzmA (k).

(b) Show that S is a symmetric matrix,

5= )

For the proof of this, you need to consider the rotational
invariance and the time reversal relation,

(? *(+)> - <? ?).

2.25. Consider the scattering cross section for spin-1/2 particle. In this problem,
we obtain the differential cross section o (f) and total cross section oy, of
spin-1/2 particle off the spin-dependent potential of the form

_y—>>* - <_y—>

V(r) = Vo(r) + Vis(r)(L - 5).

(a) We first construct the scattering amplitude (m |f(0)| m), where |m) is
the eigenstate of G,p, and Pj(cos 0) is the eigenfunction of (L (L op)?

(fop)zPl(cos 0) = I(l + 1) Py(cos 0).
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Out of Pj(cos 0) |ms) which is the eigenstate of (iop)2 and 6,p, we select
the eigenkets of (L - o) for which the potential is diagonal,

-

> 72 2,3 3
o J =L +Z+(L~a).

HLj=1+1),
—(+1|Lj=1-1).

—_

N[N =
—
I

Show that the projection operators Pj; that project the state of the
definite j and definite [ out of Pj(cos ) |m) are given by

I+1+(L-5) 1—(L-5)

Prjciv12 = A1 Pijmiap = TR

which satisfy the property of the projection operator,
PPy =38,Py ) Pj=1.
J
(b) For the complete set of the basic kets P;;P(cos 0) |ms), ( L-5)is
diagonal now. The matrix element of the S matrix is given by
<E/,m;’ S ’E ms>

sk —k) . :
= Xl:(zu 1);exp[216[ il <ms

iPy(cos 9)‘ ms> .
By definition of the T matrix and the scattering amplitude f (0), we have

(¥,

(S—1) ‘E, ms>

= —2mwid(Ey — By (K, 0| T [k )
5(E, N
- %( | £0)[F.m)

Show that the scattering amplitude f (0) is given by

1 2i5,)—1 |
= Xl:(zl—l— )y SR 1 12;,]] (m,

J
1 /
=7 Z(Zl +1) Z explidy;] sin 8y <ms
l J

£(6) ‘%, ms>

i Py(cos 9)’ ms>

i Pj(cos 9)’ ms>.
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(c) Upon substitution of the explicit form of P;; obtained above, show that

bndd !
<k , M

o), ms>

1 . . . . !
=z Z{(l + 1) exp[id;;] sin 81+ + lexp[id;_] sin §,_} Pi(cos ) (ms
I

)

Ei‘ms>,

1 . . . . 2 !’
+ - Z{exp[tSH] sin 8 — exp[id;—] sin &, }(LP;(cos 6)) <ms
k I

which is the spin-matrix element of the spin-space operator F(f),

FO) =1-fu(6) + 5 - (Lfs(6))

(d) Show that the non-spin-flip amplitude fy(0) and the spin-flip
amplitude fs(6) are, respectively, given by

(@) = % Z{(l + 1) expl[idi4 ] sin 8j4 + lexp[id;_] sin §;_} Py(cos 6),
]

1
fs(0) = % Z{exp[iél+] sin &1 — exp[if;_] sin &} P(cos 0).
]

(e) Show that the final spin-averaged differential cross section o (6) is
given by, for the unpolarized beam of spin-1/2 particle,

o (6) = %Z; (m,
DAL
AEE k) b

1

i 1
=3 2 (mlfT @) 0)| ms) = SuFT(0)F(O),

@) m)

f@)|m) {m

OIEN

£60)|m)

where F(6) and FT(9) with the dagger 1 in spin space are given by

(f) Making use of the identity (¢ - @)(c -b) = d - b+i5 - (@ x b),tr =0,
and tr1= 2, show that

o(6) = S O)F(E) = RO 0) + (L0)" (L 0)
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(g) Plugging in the explicit form of f(f) and fs(0) obtained as above into
o (0), show that

1
o(0) = 1 > {1+ 1) exp[id ] sin ;. + Lexp[i6;_] sin §_}*
i
x {(I' + 1) expli6y , |sind;, + 1 exp[is; ]sind; }P}(cos0)P;

1 . . . . X
(cos 6) + 7 Z{exp[l(SH] sin 84 — exp[id;—]sin &}
W
x {expl[id;  ]sindy, — exp[id; ]sin 61/_}(EPl(cos 0))*
(ip,, (cos 0)).

(h) Identities due to orthonormality of spherical harmonics are given by

" 4
dS2Pf (cos 0) Py (cos 0) = Sy,

T 20+1
- 2 4
/dQ(LPl(cose)) (LP; (cos 6)) = msl,l(u 1).

With the use of identities stated above, show that the total cross section
Otot 1S given by

4
Crot = / dQo () = k—’; > {1+ 1)sin® 8y, + Isin’ 5.
1

(i) Show that the imaginary part of the forward scattering amplitude is
given by

1
Imfu(6 =0) = > {1+ 1)sin® 8y, + Isin” 5_).
1

Show finally the optical theorem for spin-1/2 particle. Namely, show
that

4
Ot = Tﬂ Imfi(6 = 0).

2.26. Consider the polarization and the density matrix of spin-1/2 particle in the
scattering process discussed in Problem 2.25. Two-state spin systems are
represented by |«) and |B). They satisfy

(IB) =0, (ale) =(BIB) =1.
The density matrix p in the «—pB representation is given by

p=la)pa (| +1B) pp (Bl with py+pp=1,
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where p, (pg) is the probability of finding the particle in the state |&) (|8)).
(@) Show Hermiticity of the density matrix p. Show also that

trp =1, tr,o2 <1
(b) Unique parameterization of the density matrix p is given by
1 o -
= E(l—l—s(a'n)), £>0, n-n=1L

Show that the size of ¢ is given by 0 < ¢ < 1.

() We define the average of ¢ by

Show that

() = en.

(d) Consider the scattering where the density matrix p) of the incident
beam is defined by

AN R CHE

(1)

where Py ) is the probability of the incident beam in the state ‘m(sl)>
Show that the density matrix p()(9) for the scattered beam is given by

F(60)o" FT(6)
w(FO)pVFT (0))

p(6) =
(e) For an unpolarized incident beam,
. 1
0 — 21
Pt =51,
show that the average of & of the scattered beam is given by

2 Re{f (0)(Lfs (6)))
FOMO) + (Lfs (0)*(Lfs (0

<a>Scattered = tr(ap(S)(e))

(f) For an unpolarized incident beam, in the first-order Born
approximation, show that
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472 &7
fl\]?orn(e) — _Lm /( eXp[ 1q ]VO(T'):| o o
L =k

h? 27 ) 4=k —k
- Anlm - -
IfPom(g) = —%i(lc x k)

[1 d —/ ﬁexp[—i@?]vw(r)ﬂ .
qdq L) (2m)} Gt 7

Namely, £,2°™ (9) is real and Lf Born9) is pure imaginary. Show also that

~\ Born _ Born __ Born _
(U)Scattered =0, Otot = 7 I f =0.

These results clearly show that the first-order Born approximation is
not good enough in the presence of the spin—orbit coupling.

2.27. Consider the one pion-exchange potential. The one pion-exchange potential
in the static limit has the form

e = L e o e exPlr]
V() = gl(f(l) . 1(2))ﬁ(g(1) . V)(cr(z) . V)f’ (A)

where g? is the coupling constant,
2
g

= =0.08,
he

and p is the inverse pion Compton wavelength,

w=—, or Fhcp=myc.

(a) In carrying out the derivatives on exp[—pur]/r, rewrite V(F) as

- 2 - > > 6 - % exp|—ur
V() = %(mncz)(r(” -7 (o(l) : M) (0(2) : M) %

and introduce the dimensionless variable 5 as

- Vo
P = KT, - = = .
o)’
Recalling the identity
df dp _ pi df

= Gpdo p ')
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and that exp[—p]/p satisfies the Klein—Gordon equation with the
source term, 47783 (p),

(~Vp + 1)@ = 475°(p),
show that, for all p, we have
D = e = €Xp[—
(0(1) . Vp)(g(z) . VP)M

W | =

{(5(1) 50y + 3EY - p)E? - p)— G0 50 (1 . % 4 %)}

— 1 N R -

x expl=p] _ @M. 5. 4783 (p).

P 3

(b) Writing the tensor operator S1; as S12 = 3(M - p)(@? - p) —
(W . 3?3), show that

V(7) = é(mﬂcl)l(;(l) . ;(2)) {(5(1) .5(2)) + S13 (1 + i + i)}
he 3 ur o (ur)?
o expl[L—rur] (B)
— é 210 zeyz0 50 3(uF
h,c(m”C )3(1’ TN (o -y - A8 (). (C)

(c) The scattering amplitude, in the first-order Born approximation, is
given by the Fourier transform

f@) =

fﬂzmred/ o exp[—ig - FI{V(F) — (C)},

h? (2m)3

where § is the momentum transfer given by § = kK — k and myeq is the
reduced mass of the two-nucleon system, m,.q = m/2. Show that the
term (C) is to be subtracted from V(7). Obtain the scattering amplitude as

- 21 7 ~1) =
£ =+ (%) () G- 29

= Thop? me

" {W _Lew .3(2>)},
ne+q 3
Setting
s_lomgzo
SZE(U +0'),
_ _ o = lo_g =
Zn(@) =2((5-9)’ sz~q2]=(a‘” Q)G -4 —3¢E" 6"
1. .
= 2 512(8)9"
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obtain the final form of the scattering amplitude as

2
S g h m 1 =(1) . =)
f(q)_+hc (mnc> (mﬂ>uz+éz(r =

O P
X (2@ — 30 E" -5%).

(d) Consider the isospin factor, (z(!) - 7(2)). By the Pauli principle, we have

Spin-triplet:

S=1 or @W.5@)=1: 0.70)= { —3  forleven,

+1 forlodd,

Spin-singlet:

S=0 or (3(1) .3(2)) = -3 (;(1) . ?(2)) = { _l_—; ff(;;lli)\:crlly

Show that we can split any Born amplitude into even-parity and
odd-parity parts,

1 . = 1
Seven = E(f(q) +f@)), foaa = E(f(q) —f@)):
§=(kK)—k=—(K+5k.

Obtain the spin-triplet state (S = 1) N—N scattering amplitude as

_— 1 - -/ 1 . -/
f5=1(4.9) = foven + foad = i(f(q) +£(@)) + i(f(q) -f(@))

iso-singlet iso-triplet
g ( h m
- () )
(o (20— 300) 4 s () - 502) |
1+ 3 12 +q2 3 ’
and the spin-singlet state (S = 0) N—N scattering amplitude as

L 1. o1 o
fs=0(4,q ) = feven + foda = E(f(q) +£(q)) + E(f(q) -f@))

iso-triplet iso-singlet
_ g2 h m I‘LZ 2 I‘LZ
e \mge) \ma J | 2+ @ w2+4%)"

(e) In order to obtain an expression for the n—p scattering
differential cross section, show first that
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(Cu@) = 5¢' - 3050@. (50@)=0,

- 8 N o/ 4 ’
(C2@?) =36 (Su@Ze@) = —5aq>

Obtain an explicit expression for the n—p scattering differential
cross section,

3 1
Onp = 1 (fz)s:1 + 4 (fz>s:0'

(f) Inthe case of the p—p scattering, show that

fS:l = Zf;)dd: f:S:O = Zﬂzven-

On this basis, obtain an explicit expression for the p—p scattering
differential cross section, op.p.

Hint: To Fourier transform the potential, the form (A) is preferable
to the form (B). The derivation of one pion-exchange potential from
the pseudoscalar meson theory is given as a problem in Chapter 10.

2.28. Consider a scattering of two identical particles.

(@) Consider a scattering between two identical spin 0 bosons in the
center-of-mass frame. Show that a scattering can be described by the
symmetrized scattering amplitude,

fE ) =f(k. ) +f(-k,F),
and hence the differential cross section is given by

Z—; - Lf(%’,%) +f(—%’,%)(2.

In terms of the wave number k and the scattering angle 6, show that

d
d—; = |f(k,6) +f(k, 7 —6)|*

= [fk, )" + |f(k,  — 6)]* + 2Ref(k, 6)f*(k, = —6).  (B-B)

Consider the partial wave expansion of f (k, 0). Show that

2

%:% > Vam(2l+ 1) exp[isi(k)] sin 8(k) Yio(0) | -

d
1=0,24,...

Namely, the symmetry requirement has eliminated all partial waves of
odd angular momentum.
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(b) Consider now the scattering of two identical fermions with spin 1/2.
The scattering amplitude is a matrix in the four-dimensional spin
space of the two identical particles,

MK, §) = M(K, k) + My(K, %),

where s and t refer to singlet and triplet spin states, respectively. Show
that the correctly antisymmetrized amplitude is given by

M(K k) = [My(k , k) + My(—K , )] + [Ma(k , k) — My(—K , k)]
When the initial state has the spin-space density matrix p;, show that

do troMT™M
— = trp; .
o i

If neither the beam nor the target is polarized, p; = 1/4. Show that the
two pieces M, and M; can be obtained by use of the projection
operators Ps and P, that project onto the singlet and triplet states,
respectively,

Ps=(1/4)(1—-61-62), Pr=(1/4)(3+61-062),

with the properties, P;P; = 0, Py + P, = 1; trP; = 1, and trP, = 3. Show
that the triplet and singlet scattering amplitudes are given by

M; = PPMP;,, M; = PMP;.

Consider the simple situation when the potential has the form
V = Vi(r) + 61 - 5, Va(r).

Show that M can be expressed as
M = f;(k, 0)Ps + fi(k,0) Py,

where f;; are scalars in the spin space. Show that the differential cross
section becomes

d
% = [fi(k, 6) + fi(k, ¥ — )| trp; Py

+ [fitk.0) — fitk. T — 0)|” trpi .
For a completely unpolarized initial state (p; = 1/4), show that

do

99 _ {2
aQ '

1 3
. ik, 0) + fitk, w — 0)” + . fi(k, 6) — fi(k, T — 6)
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If the force potentials are completely spin independent, set V, = 0,
and f; = f; = f. Show that the differential cross section is given by

d
% = |f(k0)” + |f (k. 7 — O)]" — Ref*(k,0) f(k,w —6).  (F-F)

(c) Consider the Coulomb scattering of two identical particles. Applying
the differential cross section formulas, (B-B) and (F-F), for the
Coulomb scattering, obtain the differential cross section for each case.

Comment on Problem 2.28: In order to avoid the double counting of
the scattered particles at the detector, restrict the scattering angle 0 to
0<0<m/2

2.29. Consider the Breit—Wigner resonance scattering cross section.

(@) The eigenfunctions for the noninteracting particles will be written as
Xs.; With K as the free Hamiltonian, these are assumed to satisfy the
Schrodinger equation,

KXS,S =& Xse-

The energy ¢ is chosen as one of the quantum variables labeling the
state, the remaining state labels being written as s. We suppose that
the operators whose eigenvalues are the quantities s commute with the
full Hamiltonian H = K + V. Then the scattering eigenfunctions are
written as

H w;; = sw;ra
The initial state wave packet is written as

os(t) = Z A X5 €xp [—iet], (A)

where A, is a suitable wave packet amplitude. The wavefunction ¢ is
normalized to unity,

(Pop) =1, Y Al =1
&

The time-dependent wavefunction for the system W;(#) is chosen to
coincide with ¢s(t) at the time t = —T at which the experiment is
begun. This is

Wi(t) = ) Ao exp [—iet],  (Wi(t), Us(t) = 1. (B)
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Finally, we make the special assumption that the representation s is
such that in it the S-matrix is diagonal. Then our experiment is one in
which the incident wave is an incoming spherical packet collapsing at
a point where the interaction is to occur. The scattered wave will be an
outgoing spherical packet expanding away from the local region of
interaction.

Consider now a large volume Sk in the configuration space, which is
characterized by a radius R and is sufficiently large that the particles
do not interact when lying outside Sg. T is so large that the wave

packets lie outside Sg with arbitrary precision whent < —Tort > T.

Then, the “lifetime” Q of the scattering state is defined by the equation

T
Q= lim lim at | dr W] (E)Ws(t) — @F (t)es(P)]- (@)
R—o0T—oo J_T Sg

Here, dt is a volume element in the configuration space and the
integral is confined to the domain Sg. The limit R — oo is understood
to imply that in the limit the integral extends over the entire
configuration space. Q represents the additional time, over and above
the “free flight time,” that the particles spend in the range of their
interaction. If Q > 0, the particles tend to “‘stick together,” whereas if
Q < 0, the interaction tends to “force them apart.”

Using the wave packet expansions, (A) and (B), show that

Q = lim 2x

R—o00

x {1y |A6|2/ dr Z[w;’ta(s —H), =18 = K]

e Sk
(D)
We have the relations
5 — K) = é[cg(s) = Gole)l, 4(e—H)
= i [GF(e) — G (e)], (E)
Gl = =
When the relations (E) are substituted into (D), show that
Q=i 1Al 4G () - G~(e) = Gf(e) + Gy ()] (F)

By the symbol tr{- - -} here, we mean only a partial trace since the
variables s are held constant and the sum runs over only the energy & .
Simplify (F) to the form
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e d G ()G )
Q=i Al %{mdet[Gﬂe)G‘( )“

0

We write

GG ' =1-G{V, G,[G | '=1-G,V; V=H-K.

Then
Gy [GT! 1
D¢ = det|:9r[7]:| = det [(1 - GgV)ﬁ]
GJIGH! 1-Gyv
Now,
! itev— i
1-GJV °"1-Giv o
where
T(e) =V !
g)=V——rori—
1-G{(e)V

is the scattering matrix. Show that

D¢ = det 1+(G+—G*)V#
©- oIt Gl

=det [1 — 27is(e — K)T(¢)]
= det [58//’5/ — 2.7'[1'58// . TS// ,E/ (8)]

Show further that
D =1—27iTe,(e) = S(e),

where S(¢) is the eigenvalue of the S-matrix for the state (s, ). Show
that

da
— 1 E 2
Q— —1 - |A£| %IHS(E‘)

For a wave packet of sufficiently small energy spread, show that

d
Qle) = —igln S(e). (G)

Show also that, by writing

S = exp [2id(e)],
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()

where §(¢) is a phase shift,

e .. d
Q_Z de = —iS 55

Let us consider the most general conditions under which the
scattering wavefunction v, will have the asymptotic form

5= [Zs.e — Ss()Osel, (H)

5,6

when the interacting systems are separated at great distances. Here Z;
represents an incoming wave and Os, an outgoing wave. We assume
that the S-matrix is diagonal in the (s, ¢) representation. We do not
necessarily suppose that v/, satisfies a Schrédinger equation,
however. The wave packet amplitude A(e — &) will be considered to be
centered about a mean energy ¢ and to extend over only a narrow
range of energy. Then the time-dependent wavefunction is

W(t) = Y Afe — &)Y, exp [—iet].

The asymptotic outgoing wave packet of this is obtained from (H) as

Wour(t) = — Y Ale — 8)S(e) O exp [—iet].

Show that
S(e) = exp [In S(e)]
= 15‘+Ail SE)| = S(E Ail S(e
=exp|In S(E) ng n S(€) | = S(€) exp SdE n S|,
with Ae = ¢ — . We thus have

Wour(t) = —S(E) exp [—igt] Y A(Ae)Oszyac
Aeg

d
—i|t+i—=InSE) ) Ae|.
exp|: 1( +Ldg nS(s)) s]
Show that the interaction between the particles leads to a time delay,
= —ii In Sz I
Q=i Ins@), W

in the appearance of the asymptotic wave packet.

We label S by the channel ¢ and energy ¢ only. Then, the S-matrix has
the usual form
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(¢;¢|s

cg)= 8(ce/)(ce) — 2iB(e" — &) Tere(e)
= 56’,5[55/,0 - ZﬂiTc’c(S)] = 55’,5 Sc/c(e)'

Here T is the element of the T matrix connecting channels ¢ and ¢.
Since S is unitary, it may be diagonalized. Let it then be diagonal in a
representation for which the states are labeled as (s, ). That is,

<S,, g’! S| S, 8) = 88,,585,,5[1 — ZﬂiTs(S)] = 88,,885,,555(8)'

If we write U for the unitary matrix which transforms from the s to
the ¢ representation, then

Sclc(s) = Z Uc’sss(g) US—Cl’ 85’,555(8) = Z Us761, SC,C(S) Uss.
s cc

If the scattering in the state under consideration is sufficiently larger
than that in the other states, the cross section for scattering from
channel ¢ to channel ¢’ is

™ 2/ +1 2

R — — &8
T s s, £ 1) 1) T

Here k. is the momentum of either of the two particles in the incident
channel ¢, whereas S; and S, are their respective spins.

Let us ask what will be the consequence if the lifetime Q in a particular
eigenstate (s, €,J, . . .) has a maximum value at a given energy ¢ = &,
but that strong scattering does not occur except near ¢ = g in this
state. We shall assume that Q(e) is large and positive near ¢ = &, but
decreases to a value of the order of the “free flight time” when ¢ is not
close to &y.

A large value of Q for ¢ ~ gy means, of course, that the “particles stick
together” for an extended time. Show that Q! can be expanded in a
Taylor series of the form

5= et Ble—eof +yle— o)+ 0)
0

where «, 8, y are constants and «, 8 > 0. Normally, we might expect
that

B = Ola/e}), v =O(B/e0),....
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Our assumption of a long lifetime near the energy &, will be
interpreted more precisely to mean that

a <&,y = O(B/e). (K)

The conditions (K) imply that Q™' &~ « + (g — &9)? for a range of
energies such that | — g9| < O(gg). Let us return to (J) and set
Z = ¢ — g9. We then write
1 az
=i = Z* +F(Z), F2Z)y=yZ’+---. L
o =lims = AL AED), FQ)=yZ+ (0
For convenience, we shall drop the state label s on the S-matrix for the

moment. The term F(Z) will be considered as small over the range of
Z used.

Integrate (L) and show that

InS= ﬁtzm_1 ( /P

) + 2iv(e), M

—

o — €&
where

e — [ F(2)dz
v =- [ @1 B+ B2 TR

the lower limit on the integral being chosen in a manner consistent

with (M).
It is convenient to replace o and 8 with two new parameters r and T,
defined by the equations
1 ~1/2
r= E(a'B) , I'=2Ja/p.

Then (M) takes the form

S = exp [Zn‘tan—l < r/2 ) + Ziv(s)] : (N)

o) — €&

The condition (K) implies that I'/gy <« 1, so the term involving

tan~! (8%28) in (N) will be negligible except for ¢ > ¢9. We have
specified that the scattering in the state being considered is small
except (possibly) near the energy &¢. This implies that v(¢) will not give
a very important contribution to S when ¢ >~ g¢. To estimate the
contribution from v(e), we take r = 1, soa = I'/4, 8 = 1/ I". Then for

& — g9 = I'/2, the series (]) is
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1_r+r+r r N o
Q0 4 4 4 \2e ’ ©)

Condition (K) implies that the higher terms in the series (O) are
negligible. The scattering matrix T'(¢) is defined and analytic when ¢
has a sufficiently small positive imaginary part, since T was obtained
as a function of ¢ + in in the limit n — 0(+). From this, we see that
S(¢) is analytic in a domain above and bounded by the real axis. If T is
sufficiently small, the point ¢ = gy + iI'/2 will lie in this domain of
analyticity. In order to understand the implication of this, let us write

tan~! (F—/2> = i [ln (e — &0+ 1£> —1In (s — &0 — 1£>] .
g0 — & 2 2 2
(P)
Now, restricting ¢ to the domain of analyticity of S(¢), let the point ¢
move up from the real axis, describe a circle about the point
g0 + i(['/2), and then return to its initial point on the real axis. Show

that the expression (P) does not return to its initial value, however, but
acquires an additional term,

r/2 r/2
tan~! (—/ ) — tan~! (—/ ) + 7
Ey)— €& £y — &

Then, moving ¢ around the closed contour transforms S according
to S — Sexp [27ir]. This violates the condition that S(¢) be analytic
in the domain in which the contour lies, unless r is an integer.

We therefore must have r = 0,1, 2, .. .. Of principal physical
interest is the case that r = 1.

Let us suppose that r = 1. From (N), writing

r/2
tand(e) = ,
&y — &
show that
. . 1+itand ,
S(e) = exp [2i8(e)] exp [2iv(e)] = 1—itans exp [2iv(g)]
i g0 —e+i(l/2)

:1+80—8—KWD %_g_urﬂ“apmﬂ—ly

Q)

The second term here represents “‘resonance scattering,” whereas the
third term is called “potential scattering.” By hypothesis, it gives only
a small contribution to S for & >~ &g.

To discuss the scattering cross section, it is convenient to reinsert
the state label s on S(e), writing Ss(¢). Let the state for which S has
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the form (Q) be sp. For simplicity, let us neglect the scattering in other
states and the potential scattering in the state sy. Then, we may take
ir

Ss=1 fi ;o S =14+ ——————.
s or S# ) 5 +80—8—1(F/2)

Show that S/ in the channel representation is

Uy, Uz T
S, =8, +i—=20 2
ce T Tee gy —g —i(0)2)

Obtain the Breit—Wigner resonance scattering cross section as

b4 2] +1 LT,
o/ = — ,
CC k2 (281 +1)(2S3+ 1) (80 — )2 +T'2/4

with the channel width defined by

2

Te=|Usg|’T, rC,E‘UC,SO r,

and the full width at half the maximum defined by

FEZFC.
[

2.30. Consider the self-interacting Schrédinger field through the nonlocal
self-interaction:

T R - A
(in5: + 55 ot = [ 65 V50t 0,

V(EX) = —hop(E)p(F),

o >0, p(¥)=agiven c-number real function.
(@) In order to obtain the c-number normal mode, set
(%, 1) ~ u(x, ]) exp [—iwyt],

and convert the differential equation into an integral equation:

u(%, J) = wo(%,J) — Ao f 4% G (% — % : hoy)p(® ) (ou),

N
X ),

K -
(ﬁa)] + ﬂvz) wE)) =0, ()= [ dipEuE.)).

with

1
hoj + (h2/2m)V2 + igh

Gy(¥ — % ; haoy) = <x




2.7 Problems for Chapter 2

Multiplying by p(X) in the integral equation from the left, and
integrating over X, obtain

(ouo),
]
where
Dy (w)) = 1+ %o / dxd% p(R) Gy (% — X 5 haop)p(® ).

Since (pu) is proportional to (puo), the angular frequency of the system
is given by

(b) By setting

-

uo(%,)) = Xp [i% -],

1 1
——=
(27)*2 Jh

show that

1 1 ~/
ux,k)zwﬁ/dk

s o o prRe®)]| o
{5(k ) s Gl A el -3,
where
o6 = o = [ dkexp it 310(0,
Gk wp) = :

hay, — (W2/2m)k2 + ish

A - o -
Di(wp) =1+ ﬁ/dq@(q; ) [p@|" -

() Demonstrate the orthonormality of u(x, E):

>,

h[ dxu* (%, kyu(x, k) = 8(k — k).
(d) In this model, we can have a bound state,

Dfw)

/ Theo - (ﬁz/2 mg
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Show that D(w) is a monotonically decreasing function such that

lo@|*
B2/ 2m)

Ao

D(-o0) =1, D(0)=1-— P /dq(

@ Py = — 2o / ;1@

do ey | Mo = @ 2mz?

If we do not have the bound state pole, D(w) # 0, by direct
computation, we obtain

h/ dku(, kur (% k) = 8(% — % ).

(e) If we have one point (on the negative real axis) w = wj, where D(w)
vanishes, we have an extra contribution to above, which comes from

D(z/h) ~ (% - a)b) D (wy).
Show that

h / dku(®, kyu* (%, k)

s )4 Do p@Wﬂ?) 1
== @2n )3f / — w)(wp — ) D' (wp)

q

x explig - %] exp[—ij - X ].

Define the bound state wavefunction by

L1 o N (@) I
u(x,b) = @)y (——D/ (%)) / dqih(wb — o) exp [ig - x].

Show that the completeness relation becomes

h / dku®, Kyt (%, k) + hu(® byu (%, b) = 8(% — % ).
(f) Show that the bound state wavefunction is normalized:

- 12
/mmxb )= — o /@ e@" _

D' (wp) R (wp — w;)?

Show that the configuration space wavefunction is given by

- A o 1 2
u(x, b) =—ﬂ(— z)h))l/zfdx px) — exp |:— ——mwb

|x — | h?

- -/
X=X

}.
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Show that the bound state wavefunction satisfies the homogeneous
equation:

u(®, b) = —1o / 4% Gy (% — X ; hwp)p (% ) f dx p(® u(® ,b).

Expand the quantum field ¢ (%, #) in terms of u(%, ¥) and u(%, b):

o t) = / dkA™ (kyu(%, k) exp [—iwgf]v/A + Bu(%, b) exp [—iawpt]V/F,

where Ain(E), AT (E’), B and BT are the g-number operators satisfying
the commutation relations:

A (f), AT )] = s(k— k),
(AR (k) AR (k)] = [A"T(, AMT(R). = o,
[B, Bf]+ = 1,
[B, Bl+ = [BT, BT = 0,
[B, AT (k)] = [B, AT (k)] = 0.

Show that ¢(x, t) satisfies the commutation relation with the use of the
completeness relation:

103

[0 1, 0T (%, )]s = h/ d%f dk w(x, Ryu* (%, k)8 (k — k) + hu(%, byu* (%, b)

=8(x—%).

Show that the total Hamiltonian is given by

hz > - o / /
H= /dfcﬂVgo" (%) - Vo (%, 1) — Ao / d?c/ dx o' (X, t)p(X)p(X )p(X ,1).

Using the equation of motion, obtain
o~ - !
H= / d;c{z—w"'(?c, t) - Vo(&, 1) + ihg' (%, ) (%, 1)
m
+ P G 700 ¢
—!(x, X,
g @V Y
=ih / dxgl (%, p(%, 1).
From the normal mode expansion, we obtain

H= / dkhar, A™ (k) A (k) + hieoy, BT B.
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This is the addition of the bound state contribution to
A oL . - L.
Hin — / Boo Vg™ (31 T (1) = / dF T AT (B AT (6.
m

Choose the state where one asymptotic field carries the momentum hk
as the initial state:

AT (| 0) = ‘E) .

Then, the Lippmann-Schwinger equation is

) =)+

;(+)> i
where

H™ = —AO/dx¢‘n' x,0)p /dx oF (% )™ x ,0)

- (2:1 / dkA™ (k) p (K) / dk p* (k) A (k).

Multiplying by (0 |A™(4) in the Lippmann—Schwinger equation from
the left, we obtain

/ dqp*(q ‘k‘+)> D: ((2;) )

(k) =@ -1 - (;ﬂ")} G (G wp)

p(@)p* (k)
Dy (wy)

When k # k', we obtain the transition rate as

Nonvanishing transition rate implies that the scattering takes place in
this model.



3
Integral Equations of the Volterra Type

3.1
Iterative Solution to Volterra Integral Equation of the Second Kind

Consider the inhomogeneous Volterra integral equation of the second kind,

¢ () =f(0)+ A/O K(x y)éy)dy, 0<xy<h, (3.1.1)

with f (x) and K(x, y) square-integrable,

IF|I? = /Oh If @)]* dx < oo, (3.12)

K% = /Ohdxfox dy | K(x,y)|* < oo (3.1.3)
Also, define

Alx) = /Ox |K(x,p)|” dy. (3.1.4)

Note that the upper limit of y integration is x. Note also that the Volterra integral
equation is a special case of the Fredholm integral equation with

K(x,y)=0 for x<y<h. (3.1.5)

We will prove in the following facts for Eq. (3.1.1):
(1) A solution exists for all values of A.
(2) The solution is unique for all values of 1.
(3) The iterative solution is convergent for all values of .

We start our discussion with the construction of an iterative solution. Consider a
series solution of the usual form

B (%) = ¢o (%) + Ad1 (%) + A2y (%) + - -+ + A"y (%) + - - (3.1.6)

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40936-5
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Substituting the series solution (3.1.6) into Eq. (3.1.1), we have

k=0

>t = o+ [ KoY Mty
j=0
Collecting like powers of A, we have

bo(x) = f(x), q»,(x):/o K(x,Y)pn_1(y)dy, n=1,2,3,.... (3.1.7)

We now examine the convergence of the series solution (3.1.6). Applying the
Schwarz inequality to Eq. (3.1.7), we have

$1(x) = /0 K(x, y)f (v)dy

2
’

= l¢1 (9)* < A(x) fo F)|* dy < Aw) || f
b2 (x) = /0 K(x, y)1 (y)dy

= I¢y (0)> < A¥) /0 1) dy < A) /0 dx A) [ £

In general, we have

1

2
o 01" = oy

x n—1 ,
Alx) UO dyA(y)] I£1°, n=123,.... (3.1.8)
Define

B(x) = fo dyA(y). (3.1.9)

Thus, from Egs. (3.1.8) and (3.1.9), we obtain the following bound on ¢, (x):

1 n—
I (x)] < \/ﬁ\/A(x) [Be]" 2|7, n=1,23.... (3.1.10)
We now examine the convergence of the series solution (3.1.6):
_ ISy —,m 1 (n=1),2
|6 () — f(x)| = ;x ¢n (0)] < ;m = 1)!W\(x) [B(x)] I£1

= VAR | £ D1 [Be] " Nl (3-1.11)
n=1 °
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Letting
1

N

and applying the ratio test on the right-hand side of Eq. (3.1.11), we have

ay = |)\'|YL [B(x)](n—l)/z

Onir/ On = {|Mn+1 [B(x)]"/z (n_l)!}/{IMn [B(x)](n—l)/z m}

Y B(x)
= 7
whence we have
lim (ap+1,/a,) =0 forall A. (3.1.12)
n—0o0

Thus the series solution (3.1.6) converges for all A, provided that
B(x) exist and are finite.
We have proven statements (1) and (3) with the condition that the kernel K(x, y)
and the inhomogeneous term f (x) are square-integrable , Egs. (3.1.2) and (3.1.3).
To show that Eq.(3.1.1) has a unique solution which is square-integrable
(Il¢ll < o0), we shall prove that

Ry(x) - 0 as n— oo, (3.1.13)

where
AR, (x ZA Pr(x (3.1.14)
k=0

and
Ra) = [ KGRy, Rofo) = 910
Repeating the same procedure as above, we can establish
[Ru(¥)* < llp1I> A)[BE)]""/(n — 1)\ (3.1.15)

Ry+1(x)/Ry(x) vanishes as n — oco. Returning to Eq. (3.1.14), we see that the
iterative solution ¢(x), Eq. (3.1.6), is unique. The uniqueness of the solution of the
inhomogeneous Volterra integral equation implies that the square-integrable solution
of the homogeneous Volterra integral equation

YH(x) =4 /Ox K(x,y) ¥ (y)dy (3.1.16)

is trivial, Yy (x) = 0. Otherwise, ¢(x) + cyu(x) would also be a solution of the
inhomogeneous Volterra integral equation (3.1.1), in contradiction to our conclu-
sion that the solution of Eq. (3.1.1) is unique.
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3.2
Solvable Cases of the Volterra Integral Equation

We list a few solvable cases of the Volterra integral equation.

Case (1): Kernel is equal to a sum of n factorized terms.
We demonstrated the reduction of such integral equations into an nth-order
ordinary differential equation in Problem 6 in Chapter 2.

Case (2): Kernel is translational.

K(x,y) = K(x —y). (3.2.1)
Consider
¢ (x)=f(x)+ A/ K(x —y)op(y)dy on 0<x < oo. (3.2.2)
0

We shall use the Laplace transform,
L{F(x)} =F(s) = / dxF(x)e™. (3.2.3)
0

Taking the Laplace transform of the integral equation (3.2.2), we obtain
6 =f)+ K. (3.2.4)

Solving Eq. (3.2.4) for ¢ (s), we obtain

d)=f)/(1-1K(). (3.2.5)

Applying the inverse Laplace transform to Eq. (3.2.5), we obtain

y+ioco ds _ -
¢ (x) = / —%f(5) /(1= 1K (), (3.2.6)
Y

—ioo 2w

where the inversion path (y &+ ico) in the complex s plane lies to the right of all
singularities of the integrand as indicated in Figure 3.1.

Definition: Suppose F(t) is defined on [0, c0) with F(t) = 0 for ¢t < 0. Then the
Laplace transform of F(t) is defined by

F(s)=L{F(t)} = / ” F(t)e~*dt. (3.2.7)
0



3.2 Solvable Cases of the Volterra Integral Equation
S2
[s_
Y+ ieo
X
X
X X
X
S4

X X

Y—ieo

Fig. 3.1 The inversion path of the Laplace transform ¢(s)
in the complex s plane from s =y —ico to s = y + ico,
which lies to the right of all singularities of the integrand.

The inversion is given by

Fty= — Hm? Sds = L7 F 3.2.8
()_ﬁ/y_m (s) e'ds = { (s)}. (3.2.8)
Properties:
d _ _
L { aF(t)} =sF(s) — F(0). (3.2.9)

The Laplace transform of convolution

t t
H(t) = / G(t—t)F(t)di = / G(t)F(t — t)dt (3.2.10)
0 0
is given by
H(s)=G(s)F(9), (3.2.11)

which is already used in deriving Eq. (3.2.4).
The Laplace transforms of 1 and t" are, respectively, given by

L{1}=1/5s (3.2.12)
and

L{t"} =T (n+1) /s (3.2.13)

109
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Gamma Function: I" (2) is defined by
I(z)= / e dt. (3.2.14)
0

Properties of Gamma Function:

r)=1, T (%) =7, T(n+1) =nl, (3.2.15a)
Fz+1)=2z'(z), T@A)Ir1—-—z =xn/sin(rz), (3.2.15b)
I (z) issingularatz=0,-1,-2,.... (3.2.15¢)

Derivation of the Abel integral equation: The descent time of a frictionless ball
on the side of a hill is known as a function of its initial height x. Let us find the
shape of the hill. Starting with initial velocity zero, the speed of the ball at height
y is obtained by solving mv? /2 = mg(x — y), from which v = /2g(x — y). Let the
shape of the hill be given by & = f(y). Then the arclength is given by

s — \/(dy)z + (dE)2 = \/1 + (F'(y)? |dy] -

The descent time to height y = 0 is given by

T(x):/dt: %ds: ds _/ds [Y0v1+(f |dy] .

ds,/dt —
Since y is decreasing, dy is negative so that |dy| = —dy. Thus the descent time is
given by
T (x) = 3.2.16
0 VxX—Y i ( )
with

1
= —J1+(f)* 3.2.17
o) Ner (F"(v) (3:2.17)

So, given the descent time T(x) as a function of the initial height x, we solve the
Abel integral equation (3.2.16) for ¢ (x), and then solve (3.2.17) for f’(y) which gives
the shape of the curve § = f(y).

We solve an example of the Volterra integral equation with a translational kernel
derived above, Eq. (3.2.16).
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U Example 3.1. Abel Integral Equation:

/0 ) %dx' =f(x), with f(0)=0. (3.2.18)

Solution. The Laplace transform of Eq. (3.2.18) is

\EE ) =f@.

Solving for ¢ (s), we obtain

_ S —
¢>(S)=J;f(5)-

/s is not the Laplace transform of anything. Thus we rewrite

1 y+ioco _
¢(x)=ﬁf Vs Vs

_ ”’°°1 . f)
_zmdx \/7f() ds = — —f mdx, (3.2.19)

where the convolution theorem, Egs. (3.2.10) and (3.2.11), has been applied.
As an extension of Case (2), we can solve a system of Volterra integral equations
of the second kind with the translational kernels,

= fi(x) + Z/o Kij(x —y)oi(p)dy, i=1,..., n, (3.2.20)
j=1

where Kji(x) and f;(x) are known functions with Laplace transforms Kij;(s) and £(5)
Taking the Laplace transform of (3.2.20), we obtain

fils) + Zﬁ-j(s)aj(s), i=1,...,n (3.2.21)
j=1

Equation (3.2.21) is a system of linear algebraic equations for ¢;(s)’s. We can solve
(3.2.21) for ¢,(s)’s easily and apply the inverse Laplace transform to ¢;(s)’s to obtain
@i(x)’s.

m
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33
Problems for Chapter 3

3.1. Consider the Volterra integral equation of the first kind,

flx) = fo K ppdy, 0<x<h.

Show that by differentiating the above equation with respect to x, we can
transform this integral equation to a Volterra integral equation of the
second kind as long as

K(x,x) # 0.

3.2.  Transform the radial Schrédinger equation

> Ul+1 ,
[ﬁ A > )y - V(r)] Y(r) =0, with ()~
asr— 0,

to a Volterra integral equation of the second kind.

Hint: There are two ways to define the homogeneous equation.

@

krji (kr)
krh{ (kr)

&+
dr? 2

+ kz] Yu(r) =0 =  Yu() =

where ji(kr) is the Ith order spherical Bessel function and h;l)(kr) is the
Ith order spherical Hankel function of the first kind.

(1)

dr? r2

[ & W+ 1)] Yu(r) =0 = yu(r) = 1 and vt

There exist two equivalent Volterra integral equations of the second
kind for this problem.

3.3.  Solve the generalized Abel equation,

ey
/Owdy_f(x), O<a<l.



3.4.

3.5.

3.0.

3.7.

3.8.

3.9.

3.10.

3.11.

3.3 Problems for Chapter 3

Solve

/0 S In(x — Pdp = F(),  with f(0) = 0.

Solve

dlx) =1+ / e Ngy)dy, a > 0.

Hint: Reduce the integral equation to the ordinary differential equation.

Solve
plx) =141 / e () dy.
0

(due to H. C.). Solve

* 1
ot =1+ [ oty =1

Find the asymptotic behavior of ¢(x) as x — oo.

(due to H. C.). Solve the integro-differential equation,
9 +0o0
Gt = <ixple) + 0 [ gholndy, with ¢(x0) = f0)

—00

where f(x) and g(x) are given. Find the asymptotic form of ¢(x, t) as t — oo.

Solve

x 1 1
d 2 dy =1.
/0 x_yd)(y) y+/0 Xy (y)dy

Solve
A ’ 71 (b d + A 1 (b dy =

Solve

1
[ ke oy =1,
where

x—y) V44 for 0<y<x<1,
Koy =] &7 Xy Y
xy for 0<x<y<l.
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3.12. (due to H. C.). Solve

x) =2 /O Jobnd()dy,

where Jo(x) is the Oth-order Bessel function of the first kind.
3.13. Solve

0 for pu

x2¢u(x)_/0 K(M)(x’Y)d)“(Y)dY:{ —x* for wu=0,

where
Ky (%, y) = —x — (x> — p?)(x — y).

Hint: Setting

00
¢M (x) _ Z agt)xny
n=0

find the recursive relation of aﬁf‘) and solve for aﬁf‘).

3.14. Solve a system of the integral equations,
i1 =12 [ expizte — pieridv+ [ oy
i) = 45— [ ondy+ 4 [ - oy
3.15. Solve a system of the integral equations,
010+ )~ [ 5= oty =
4160 = 820~ [ (v Poaldy = b
3.16. (due to D. M.) Consider the Volterra integral equation of the second kind,

) =f(x) + 2 /O expl? — Plo()dy, x> 0.

(@) Sum up the iteration series exactly and find the general solution to this
equation. Verify that the solution is analytic in A.

(b) Solve this integral equation by converting it into a differential equation.

Hint: Multiply both sides by exp[—x?] and differentiate.



3.3 Problems for Chapter 3

3.17. (due to H. C.). The convolution of fi (x), f(%),. . ., fu(%) is defined as

Clx) = /0 dxn~-~/0 dxlgﬁ(xi)(S (x — Ex) .

(@) Verify that for n = 2, this is the convolution defined in the text, and that

Cs) = [ T
i=1

(b) Iffi(x) =f(x) and L(x) = f3(x) = - -- = fu(x) = 1, show that C(x) is the
nth integral of f(x). Show also that

and hence

_ X (x _ Y)n—l
Clx) = /0 Wf (v)dy-

() With the resultin (b), can you define the “one-third integral” of f(x)?
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4
Integral Equations of the Fredholm Type

4.1
Iterative Solution to the Fredholm Integral Equation of the Second Kind

We consider the inhomogeneous Fredholm Integral Equation of the second kind,

h
d(x) =f(x) + k/ dx'K(x,x')p(x), 0=<x<h, (4.1.1)
0
and assume that f(x) and K(x, x') are both square-integrable,

£ < oo, (4.1.2)
h h ,
IK|I? = / dx/ dx" | K(x, x)|" < oo. (4.1.3)
0 0
Suppose that we look for an iterative solution in A,

D) = Go(x) + A1 (x) + A6a(x) + -+ + A" Bu(x) . (.14

We substitute Eq. (4.1.4) into Eq. (4.1.1).
We obtain

Bo(x) = f (%),
h h
=/ dy1K(x, y1)éo(y1) =/ dy1 K(x, y1)f (v1),
0 0
h h h
0 = [ dnkw ot = [ an [ dnKepKewnif e
In general, we have

/dYn (%, Yn)Pn—1(yn) —/ dYn/ dyn—1-- /dY1

x K(x, yn) K(yn, yn-1) - - - K(y2, y1)f (y1)- (4.1.5)

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
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Bounds: First, in order to establish the bound on |¢,(x)

h 2
Alx) = /0 dy | K(x,y)|" . (4.1.6)

Then the square of the norm of the kernel K(x, y) is given by
h
K> = / dxA(x). (4.1.7)
0

Applying the Schwarz inequality, each term in the iteration series (4.1.4) is bounded
as follows:

h
= [ ankepiron = Jol” = aw

h
¢z(x)=/ dp K y)diy) = |6’ < A gl < AE) [F]° 1112,

[¢nl)[* < AG) || 1120
Thus the bound on |¢,(x)| is established as
lon()] < VA [F|IKI™Y, n=1,2,3,.... (4.1.8)
Now examine the whole series (4.1.4):
P(x) = (%) = Ap1(x) + 222 (x) + 13 (%) +

Taking the absolute value of both sides, applying the triangular inequality on the
right-hand side, and using the bound on |¢,(x)| established as in Eq. (4.1.8), we

have
() — f)| < A1 |1(9)] + 111 |$2(x) Z 11" | ()
< Z I VAR - ]I = (a]VAR) - [f] - Z A K" (4..9)
Now, the series on the right-hand side of inequality (4.1.9), Z A" - IK])", con
n=0

verges as long as

Al < 1L7IKI, (4.1.10)
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converging to
L/ = [A]- 1K)

Therefore, in that case (i.e., for Eq. (4.1.10)), the assumed series (4.1.4) is a
convergent series, giving us a solution ¢(x) to the integral equation (4.1.1), which
is analytic inside the disk (4.1.10). Symbolically the integral equation (4.1.1) can be
written as if it is an algebraic equation,

¢=f+1rK¢p = (1-21K)¢p =f

f = (1+AK+22K*+--f,

= =
¢ 1-AK

which converges only for [AK| < 1.

Uniqueness: Inside the disk, Eq. (4.1.10), we can establish the uniqueness of
the solution by showing that the corresponding homogeneous problem has no
nontrivial solutions. Consider the homogeneous problem,

) = [ Kot @111
Applying the Schwarz inequality to Eq. (4.1.11),

[eu@)|” < 1A AW Il
Integrating both sides with respect to x from 0 to h,

h
lprrll> < [2I7 - ||¢H||2/O Alx)dx
= A2 UK - llgul?,

ie.,

sl - (1= [A* - [IKII%) < 0. (4.1.12)
Since |A] - | K|| < 1, inequality (4.1.12) can only be satisfied if and only if

loull =0
or

¢n =0. (4.1.13)

Thus the homogeneous problem has only the trivial solution. Hence the inhomo-
geneous problem has a unique solution.
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4.2
Resolvent Kernel

Returning to the series solution (4.1.4), we find that upon making the following

definitions of the iterated kernels:

Ki(x,y) = K(x.y),

h
Katen) = [ dnKee pIK(a 1)
h h
Ks(x,y)=/o dY3/o dy2 K(x, y3)K(y3, v2) K(y2, y),
h h h
Kn(x,y)=fo dYn/O dyn_1-~/0 dy2 K(%, yn) K(yn, yn—1) - - - K(y2,y),
we may write each term in the series (4.1.4) as
h
$1(x) = /0 dyKi(x, Y)f (y),
h
ba(¥) = /0 dyKa (%, y)f (v),
h
by(x) = /0 )
h
o) = [ vk (),
As such, we have

o h
p() =f(¥)+ 30 f dyKa(6 Y (1)-
n=1 0

Now, define the resolvent kernel H(x, y; 1) to be

9]
—H(x,y: 2) = Ki(%,)) + 2K (%,7) + 2 K3 (6,9) + - = »_ A" K,
n=1

Then solution (4.2.9) can be expressed compactly as

h
P(0) =f(x) — 1 /0 dyH (%, y: 1f (),

(4.2.1)

(4.2.2)

(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

with the resolvent H(x, y; A) defined by Eq. (4.2.10). We have in effect shown that

H(x,y; 1) exists and is analytic for

A < 1/0K]

(4.2.12)
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U Example 4.1. Solve the Fredholm Integral Equation of the second kind,

1
o) =f)+ [ 00y (“2.13)
Solution. We have, for the iterated kernels,

Ki(x,y) = K(x,y) = €7,

1
Ky(x,y) = /0 dEK(x, E)K(E,y) = €77,
Kn(x,y) = €7 for all n. (4.2.14)

Then we have as the resolvent kernel of this problem

o]

—Hx,y: A) = > AV = Y1+ A+ 22+ 00 4. (4.2.15)
n=1
For
Al <1, (4.2.16)
we have
H(x,y; 4) = =7 /(1 — A). (4.2.17)

Thus the solution to this problem is given by

1
o) =f 0+ 7 [ e r (218)

We remark that in this case not only do we know the radius of convergence for
the series solution (or for the resolvent kernel) as in Eq. (4.2.16), we also know the
nature of the singularity (a simple pole at » = 1). In fact, our solution (4.2.18) is
valid for all values of A, even those which have |A| > 1, with the exception of A = 1.

Properties of the resolvent: We now derive some properties of the resolvent
H(x, y; 1). Consider the original integral operator written as

h
K= / dyK(x,y), (4.2.19)
0
and the operator corresponding to the resolvent as

h
H= / dyH(x, y; ). (4.2.20)
0
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We note that the integrals in Eqs. (4.2.19) and (4.2.20) are with respect to the second
argument. The operators, K2, H2, KH, or HK are defined in the usual way:

h h
Q= / dy, f dyr K (%, y2) K (y2, 11)-
0 0

We wish to show that the two operators K and H commute, i.e.,

The original integral equation can be written as
¢ =f+rKp

while the solution by the resolvent takes the form
¢ =f — rHf.

With the identity operator T,

1= [hdyé(x -9),
0
Egs. (4.2.23) and (4.2.24) can be written as
f=0-2K¢, ¢=(-2rAf.
Then, combining Egs. (4.2.26) and (4.2.27), we obtain
f=(0-xrK)(I-rH)f and ¢ = (- rH)I-rK)p.
In other words, we have
(I-AK)I-rH)y=1 and (I-ArH)(I-21K)=1
Thus we obtain
K+H=1KH and K+ H=xiHK.
Hence we have established the identity
KH = HK,

i.e., K and H commute. This can be written explicitly as

h h h h
/ dYZ/ dy1K(x,y2) H(y2, 1) =/ dYZ/ dy1H(x, y2) K(y2, y1)-
0 0 0 0

(4.2.21)

(4.2.22)

(4.2.23)

(4.2.24)

(4.2.25)

(4.2.26,27)

(4.2.28a)
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Let both of these operators act on the function §(y; — y). Then we find

h h
[ dexemerpen = [ et oxe. (6.2.28h)
Similarly, the operator equation
K+ H=1KH (4.2.29a)

may be written as
h
H(x,y; A) = —K(x,y) + A/ K(x,&)H(E,y; A)d§. (4.2.29D)
0

We will find this to be a useful relation later.

4.3
Pincherle—Goursat Kernel

Let us now examine the problem of determining a more explicit formula for the
resolvent which points out more clearly the nature of the singularities of H(x, y; &)
in the complex A plane. We examine two types of kernels in sequence. First, we
look at the case of a kernel which is given by a finite sum of separable terms (the
so-called Pincherle—Goursat kernel). Secondly, we examine the case of a general
kernel which we decompose into a sum of a Pincherle—Goursat kernel and a
remainder which can be made as small as possible.

Pincherle—Goursat kernel: Suppose that we are given the kernel which is a finite
sum of separable terms,

N
K% y) = Y gul®)hn(y), (4.3.1)
n=1

i.e., we are given the following integral equation:

n N
() =f(x) + 4 /0 3 g () ()6 (). (43.2)
n=1
Define B, to be
h
By = f B () dy. (433)
0

Then the integral equation (4.3.2) takes the form

N
$(x) =f(x) + 1) gulx)Be. (4.34)
k=1
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Substituting Eq. (4.3.4) into expression (4.3.3) for B, we have

h h N
By = /0 dyha(y)f () + /0 dyhn(y)w;gkmﬂk. (435)
Hence, we let

y,k—/ dyha (y)ge(y Oln—/ dyhu(y (4.3.6,7)

Equation (4.3.5) takes the form

N
Bn=au + AZAnkﬁky

k=1

or

N
Z(Snk — AAuk)Be = an, (4.3.8a)
k=1

which is equivalent to the N x N matrix equation

(I-rA)B =a, (4.3.8D)

where the o’s are known and the s are unknown. If the determinant of the matrix
(I — 1A) is denoted by D(%),

D(r) = det(I — 1A),
the inverse of (I — L A) can be written as

(I-2A)"" = (L/D())- D
with D a matrix whose ijth element is the cofactor of the jith element of I — AA.
(We recall that the cofactor of a; is given by (—1)"¥/ det Mj;, with detM;; the

minor determinant obtained by deleting the row and column to which a;; belongs.)

Therefore,
Bn = (1/D(x Zanak (4.3.9)
From Egs. (4.3.4) and (4.3.9), we obtain the solution ¢(x) as

$(x) = f(x) + (»/D(r ZZgn Dyycty. (4.3.10)

n=1k=1
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Writing out o, explicitly, we have
(%) =f(x) + (/D) ZZgn x)an/ dym(f (v)- (4.3.11)
n=1k=1

Comparing Eq. (4.3.11) with the definition of the resolvent H(x, y; ),

h
b(x) =f(y)—k/0 dyH(x, y; M (v), (4.3.12)

we obtain the resolvent for the case of the Pincherle—Goursat kernel as

—H(x,y;4) = (L/D( ZZgn Dyichi(y) (4.3.13)

n=1k=1

Note that this is a ratio of two polynomials in 1.

We remark that the cofactors of the matrix (I — AA) are polynomials in A
and hence have no singularities in A. Thus the numerator of H(x,y; ) has
no singularities. Then the only singularities of H(x,y; A) occur at the zeros of
the denominator, D(1) = det(I — AA), which is a polynomial of degree N in A.
Therefore, H(x, y; 1) in this case has at most N singularities which are poles in the
complex A plane.

General kernel: By approximating a general kernel as a sum of a Pincherle—Goursat
kernel, we can now prove that in any finite region of the complex % plane, there
can be at most finitely many singularities. Consider the integral equation

h
P(x) =1 () +A/O K(x, )¢ (v)dy, (4.3.14)
with a general square-integrable kernel K(x,y). Suppose we are interested in
examining the singularities of H(x, y; 1) in the region |A| < 1,¢ in the complex

A plane (with ¢ quite small). We can always find an approximation to the kernel
K(x,y) in the form (with N quite large)

Zgn () + R(x, 7). (4.3.15)

with
IRl <e. (4.3.16)

The integral equation (4.3.14) then becomes

h
— i)+ 1 / Zgnx)h B(3)dy+ 1 f R )0 ()dy.
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Define
=f()+ k/ Zgn(x (V)P() (4.3.17)
Then
h
o9 = Fe + | Res oty
Let Hg(x, y; A) be the resolvent kernel corresponding to R(x, y),

—Hg(x,y: &) = R(x,y) + ARy(x,y) + X*R3(x,y) +

whence we have
h
o(x) = F(x) — )»/0 Hg(x,y; A)F(y)dy. (4.3.18)

Substituting the given expression (4.3.17) for F(x) into Eq. (4.3.18), we have
x)+ A f Zgn ha(y) @ (v)dy

h
_)L/O Hg(x,y; A) |: y)—}-k‘/ Zgy, u z)dz:|

Define

h
- / Hg(x,y; )f (v)dy-
0

Then
o) = / dngn(x (160
—AZ/(; dy/(; dzHg(x,y; A)(;gn(y)hn(z))ﬂz). (4.3.19)

In the above expression (4.3.19), interchange y and z in the last term on the
right-hand side,

d(x) = F(x) +/\/O dy {Zgn X)ha(y / dzHg (%, z; ) Zgn }
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Then we have
~ h N
o) = Fw) 4 [y (Zcm; K)MY)) o)
n=1

where
h
Gu(x; 1) = gal(x) — K/ dzHR(x, z; 1)gn(2).
0

We have thus reduced the integral equation with the general kernel to one with
a Pincherle—Goursat-type kernel. The only difference is that the entries in the new
kernel

N
Y Gl M)ha(y)
n=1

also depend on A through the dependence of G, (x; 1) on . However, we know that
for |A| - |R|| < 1, the resolvent Hg(x, y; A) is analytic in A. Hence G,(x; 1) is also
analytic in A. Therefore, the singularities in the complex A plane are still found by
setting det(I — AA) = 0, where the knth element of A is given by

h
A = fo Ay () Ga(y: 2) = Apn(3)-

Since the entries Ay, depend on A analytically, the function det(I — AA) is an
analytic function of A (but not necessarily a polynomial of degree N), and hence it
has finitely many zeros in the region |A| - |R]| < 1, or

M <1/¢e<1/|R].
This concludes the proof that in any disk |A| < 1€, there are finitely many
singularities of  for the integral equation (4.3.14).
4.4
Fredholm Theory for a Bounded Kernel
We now consider the case of a general kernel as approached by Fredholm. We shall
show that the resolvent kernel can be written as a ratio of the entire functions of 2,

whence the singularities in A occur when the function in the denominator is zero.
Consider

h
o(x) =f(x) + )»/O K(x,p)o(y)dy, 0<x<h. (4.4.1)

127



128 | 4 Integral Equations of the Fredholm Type
Discretize the above equation by letting
e=h/N, xi=is, yj=je, 1,j=0,1,2,...,N.
Also let
$i=9x), fi=f(x), Kj=K(x,y)
The discrete version of the integral equation (4.4.1) takes the form
N
¢ =fi+ AZKWJS,
j=1
ie,
N
(8 — e Kj)dj = fi-
j=1
Define D(A) to be
D(») = det(I — reK).

Writing out D(1) explicitly, we have

1-— )u?Kll, —}LSKlz, . . . _A.SKlN

—1eKy1, 1—2xeKy, - - - —xeKyny
D(A) _ | . .

—)LEKNL —)LSKNz, . . . 1-— A.SKNN

This determinant can be expanded as

~ - B )LZ N }LN .
D(x) = D(0) + 2D/(0) + 7y D"(0) + - + 17 D™ (0),
Using the fact that
ﬁ|al,az,...,aN| = ‘d—kal,az,...,a]\] —+ a1,d7a2,...,aN
+|d1, 0 d i
1, 2,...,d)L NI

(4.4.2)
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we finally obtain (after considerable algebra)

B w22 NN
D=1 —MZKHJr o ZZ
i=1 2 i=1 j=1 ﬂ’

N N N Ku, Ky: Ki

A33
S S 3l A

i=1j=1k=1| Ky;, Kkj, K

In the limit as n — oo, each sum when multiplied by ¢ is approximates a
corresponding integral, i.e.,

ZeKu — / (x, x)dx, ZZ& Ki, ?J
i=1 j=1 g El
K(x,x), K(x,y)
— dx/ d
/ Y ny) K(y,y)
Define
K xli xZ; . . . xn
Yl’ YZ’ . . . Y”
K(x1,y1), K(x1,y2), - - - K(x1,yn)
K(x2,y1), - © o+ K(x2,yn)
K(xn, y1), - K(xn, yn)

Then, in the limit as N — oo, we find (on calling D as D)
D(A) =14 ((=1)"»"/n)D,

n=1

with

h h h
X1, X7, . . . X,
Dnzf dx1/ de-“f dx, K| T2 "),
0 0 0 X1, X2, o X

We expect singularities in the resolvent H(x, y; A) to occur only when the determi-
nant D(A) vanishes. Thus we hope to show that H(x, y; 1) can be expressed as the
ratio
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H(x,y: &) = D(x,y; 1) /D(%). (4.4.3)

So we need to obtain the numerator D(x,y; A) and show that it is entire. We
also show that the power series given above for D(A) has an infinite radius of
convergence and thus represents an analytic function.

To this end, we make use of the fact that K(x, y) is bounded and also invoke the
Hadamard inequality which says

|det[U1, Tz, ..., Uul| < NGl IT2Hl -+ - 1Dl -

This has the interpretation that the volume of the parallelepiped whose edges are
v1 through vy is less than the product of the lengths of those edges. Suppose that
|K(x,y)| is bounded by A on x, y € [0, h]. Then

<x1 xn> Kx1,x1), -+ K(x1, %)
K x’ e X = ’ ’
v " Kixn,x1), - (o, %)
is bounded by
K(xl, Xn> S(«/ﬁA)n:
xll e xn

since the norm of each column is less than /nA. This implies

h h xl e x
|D,| = f dxlu'/ dx, K ’ " < h'n"?A".
0 0 X1, - Xn
Thus
o0 o0
RIEIARS STt win
n=1 n=1
Letting

@ = (A" W02 A") /i,
and applying the ratio test to the right-hand side of inequality (4.4.4), we have
lim a,1,/a, = lim (2" W 4 1)0FD2 400 g o
n—0o0 n—0oo
(IA" B* a2 A" . (n 4 1))

= lim [|/\|hA(1+ 1)"/2L] =0
T n /n+1 -



4.4 Fredholm Theory for a Bounded Kernel

Hence the series converges for all A. We conclude that D() is an entire function
of A.

The last step we need to take is to find the numerator D(x, y; 1) of the resolvent
and show that it too is an entire function of A. For this purpose, we recall that the
resolvent itself H(x, y; 1) satisfies the integral equation

h
H(x,y; M) = —K(x,y) + A/O K(x,2)H(z,y; A)dz. (4.4.5)

Therefore, on multiplying the integral equation (4.4.5) by D() and using definition
(4.4.3) of D(x,y; A), we have

h
D(x,y; A) = —K(x,y)D(A) + A/(; K(x,2)D(z,y; A)dz. (4.4.6)

Recall that D(1) has the expansion

D(A) = ((-A)"/m)D, with Do=1. (4.4.7)

n=0
We seek an expansion for D(x, y; A) of the form

o0

D(x,y: 1) = Y _((—})"/n)Cu(x, ). (4.4.8)

n=0

Substituting Eqs. (4.4.7) and (4.4.8) into the integral equation (4.4.6) for D(x, y; ),
we find

S EM G

n!
n=0

. (_)\')n B 0 /h (_)\')VH»l
= nX:(:) i DyK(x,7) nX:(:) | i K(x,2)Cp(z, y)dz.
Collecting like powers of A, we get

Co(x,y) = —=K(x,y) for n=0,

h
Cu(x,y) = —DnK(x,y) — n/ K(x,2)Cy_1(z,y)dz for n=1,2,....
0

Let us calculate the first few of these:
Co(x,y) = —K(x,y).

h h M
Ci(x,y) = —K(x,y) D1 —I—/(; K(x,2)K(z,y)dz = —/(; dx1 K Y, ,
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h h X1, %
C(x,y) = — | dxq 5 dx; | K(x,y)K N

h h
X, X1, X2
= —/ dxlf dx;) .
0 0 Y, X1, X2

In general, we have

h h h
Cu(x,) =—/ dX1/ dxz.../ dan< X, X1,
0 0 0 Yy X1,

Therefore, we have the numerator D(x, y; A) of H(x, y; 1),

o0 (—A)n
D(?C, Y )L) = Z " Cn(x, Y),
n=0
with
h h
Cu(x,y) = — dx1--'/ dan( X, X1, X2,
0 0 Y, X1, X2,

Co(x,y) = —K(x,y).

X1,

_K(x,xl)K< o >+K(x,x2)1<(
) Y

X2,
X2,

2]

Xn
xn |

(4.4.9)

(4.4.10)
(4.4.11)

We prove that the power series for D(x,y; A) converges for all A. First, by the

Hadamard inequality, we have the following bounds:

k[ © 2
Yy X1, o X

< (Wn+ 14"

since K above is the (n + 1) x (n + 1) determinant with each entry less than A, i.e.,

|K(x, y)! < A
Then the bound on C,(x, y) is given by
|Culx, y)| < W"(Vn + 14)" .

Thus we have the bound on D(x, y; 1) as

o]

REREIEDY

n=0

A"
nl

W+ 1AL

(4.4.12)
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Letting

"
ol

hn( /n_|_ 1A)1’L+1y

On

we apply the ratio test on the right-hand side of inequality (4.4.12):

N 1\"?
lim -2 = lim || ha YT <1+_> —0.
n—00 g, 1 n—00 n n

Hence the power series expansion for D(x, y; ) converges for all A, and D(x, y; A)
is an entire function of 1.

Finally, we can prove that whenever H(x,y; A) exists (i.e., for all A such that
D(%) # 0), the solution to the integral equation (4.4.1) is unique. This is best done
using the operator notation introduced in Section 4.2. Consider the homogeneous
problem

¢u = AK¢u (4.4.13)

and multiply both sides by H to find

H¢y = AHK¢y.
Use the identity
AHK =K+ H

to get
Hen = K¢u + Hopn.
Hence we get
Kou =0,
which implies
ou = LKy = 0. (4.4.14)

Thus the homogeneous problem has no nontrivial solutions (¢y = 0), and the
inhomogeneous problem has a unique solution.

Summary of the Fredholm Theory for a Bounded Kernel

The integral equation

h
%) = Flx) + 7 /O K(x, P (y)dy
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has the solution

h
8 =F10) . [ Hlw i ey
with the resolvent kernel given by
H(x,y; &) = D(x,y; ),/ D(2),

where

o (—)"
Z n! Da

=0

h h
D, =/ dxl--./ d, K| 1. Dy=1
0 0 X1, Xp

D(2)

=

and

|
B n:
h h
Cu(x,7) =—/ dxl.../ dan<x' M x”),
0 0 , X1, Xn
Go(x,y) = —K(x,y),
where
K(zy,w1), K(z1,w2), -+ K(z1,wn)
K(zz,w1), K(zz2,w2), -+ K(zz,wy)
K(Zl' ZZ: ZYL )E
Wl, wz‘ wn
K(zy,w1), K(zn,w2), -+ K(zn, wn)

4.5
Solvable Example

Consider the following homogeneous integral equation:

O Example 4.2. Solve

P(x) = x/x dye= Ve (y) + A /m dyp(y), 0<x < oo. (4.5.1)
0 x
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Solution. This is a Fredholm integral equation of the second kind with the kernel

eV for 0<y<x< oo,

K(x,y) = { 1 (4.5.2)

for 0<x<y<oo.

Note that this kernel (4.5.2) is not square-integrable. Differentiating both sides of
Eq. (4.5.1) once, we find after a little algebra

¢ (x) = —A /O ) dyep(y). (4.5.3)

Differentiate both sides of Eq. (4.5.3) once more to obtain the second-order ordinary
differential equation of the form

¢ () +¢ () +1(x) = 0. (4.5.4)
We try a solution of the form

d(x) = Ce™™. (4.5.5)
Substituting Eq. (4.5.5) into Eq. (4.5.4), we obtain o? + & + A = 0, or

—1+£J/1—4x
0= —"-".
2

In general, we obtain

P(x) = Cre™™ + G, (4.5.6)
with
14 JT=45 Y, ey
G=—— m=—— . (4.5.7)

Now, the expression for ¢ (x) given above, Eq. (4.5.3), indicates that
¢ (0) = 0. (4.5.8)
This requires

a1C1 +0C, =0 or C = —ﬂcl.
a

Hence the solution is

P(x) = C[(e7* /1) — (€72 /)] .
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However, in order for the integral equation to make sense, we must require the
integral

/x N dyo(y)

to converge. This requires
Rea <0,
which in turn requires
A>0. (4.5.9)
Thus, for A < 0, we have no solution, and for A > 0, we have
p(x) = C[(€* /1) — (€7* /)], (4.5.10)
with 7 and «, given by Eq. (4.5.7).
Note that, in this case, we have a continuous spectrum of eigenvalues (A > 0) for

which the homogeneous problem has a solution. The reason why the eigenvalue is
not discrete is that K(x, y) is not square-integrable.

4.6
Fredholm Integral Equation with a Translation Kernel

Suppose x € (—00, +00) and the kernel is translation invariant, i.e.,
K(x.y) = K(x — y). (4.6.1)
Then the inhomogeneous Fredholm integral equation of the second kind is given
by
+00
P(x) =f(x) + K/ K(x —y)o(y)dy. (4.6.2)

Take the Fourier transform of both sides of Eq. (4.6.2) to find
d(k) = f () + 2K () ().

Solve for ¢ (k) to find
, fik
wy= L8

- ) (4.6.3)
1—AK(k)
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Solution ¢(x) is provided by inverting the Fourier transform ¢ (k) obtained above.

It seems so simple, but there are some subtleties involved in the inversion of ¢ (k).

We present some general discussion of the inversion of the Fourier transform.
Suppose that the function F(x) has the asymptotic forms

N as x— 400 (a>0),
Fe) { ™ as x— —oo (b>a>0). (4.6.4)

Namely, F(x) grows exponentially as x — 400 and decays exponentially as x —
—o0. Then the Fourier transform

F(k) = [ " e ® F(x)dx (4.6.5)

o0

exists as long as
—b < Imk < —a. (4.6.6)
This is because the integrand has the magnitude

eR2tax  as x> 400,

—ikx
e "™ F(x ’ ~
’ () { ek b as x5 —oo,

where we set

k=ky +iky, with kjandk, real
With

—b<ky <—a,

the magnitude of the integrand vanishes exponentially at both ends.
The inverse Fourier transformation then becomes

1 +oo—iy .
F(x) / e F(kydk with a <y <b. (4.6.7)

2n co—iy

Now if b = a such that F(x) ~ ¢** for |x| — oo (@ > 0), then the inversion contour
is on y = a and the Fourier transform exists only for k; = —a.

Similarly if the function F(x) decays exponentially as x — 400 and grows as
x — —o0, we are able to continue defining the Fourier transform and its inverse
by going in the upper half plane.

As an example, a function like

F(x) = e ¥ (4.6.8)
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which decays exponentially as x — £00, has a Fourier transform which exists and
is analytic in

—a <k <a. (4.6.9)

With these qualifications, we should be able to invert $(k) to obtain the solution
to the inhomogeneous problem (4.6.2).
Now comes the homogeneous problem,

+00
o) =2 [ Kie= poutay (46.10)

—00

By Fourier transforming Eq. (4.6.10), we obtain

(1 — 2K (k) Bri (k) = 0. (4.6.11)
If 1 — AK(k) has no zeros for all k, then we have

k) =0 = ¢u(x) =0, (4.6.12)

i.e., no nontrivial solution exists for the homogeneous problem. If, on the other
hand, 1 — AK(k) has a zero of order n at k = «, ¢y (k) can be allowed to be of the
form

n—1
du(k) = Ci8(k — ) + CZ%(S(IC —a)+---+C, (%) S(k — a).

On inversion, we find

Pr(x) = Cre™ + Coxe™ + -+ + Cux e = Y "Cid . (4.6.13)
j=1

For the homogeneous problem, we choose the inversion contour of the Fourier
transform based on the asymptotic behavior of the kernel, a point to be discussed
in the following example.

U Example 4.3. Consider the homogeneous integral equation,

+o00
Pr(x) = A / e by (y) dy. (4.6.14)
—00
Solution. Since the kernel vanishes exponentially as e as y — oo and as e*? as
y = —o0, we need not require ¢ (y) to vanish as y — +oo; rather, more generally
we may permit

e=8Y  as y— oo,

Puly) — { 1oy

as y— —oo,
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and the integral equation still makes sense. So in the Fourier transform, we may
allow

1<k <1, (4.6.15)

and we still have a valid solution.
The Fourier transform of =%l is given by

+00
/ e—ikxe—a\xldx =20/ (kZ + aZ) ) (4.6.16)

(o8]

Taking the Fourier transform of the homogeneous equation with « = 1, we find
ulk) = 20/ (K + 1)pu (k)
from which, we obtain

K +1-21,
e M=o

So there exists no nontrivial solution unless k = +i/1 — 21. By the inversion
formula, ¢y (x) is a superposition of et** terms with amplitude @y (k). But ¢y (k) is
zero for all but k = +i4/1 — 2). Hence we may conclude tentatively

¢H(x) — Clefxllfz)nx + Cze+«/172)nx.

However, we can at most allow ¢y (x) to grow as fast as ¥ as x — oo and as e™*

x — —00, as we discussed above. Thus further analysis is in order.

as

Case(1). 1 =21 <0,0rA > 1,2.
¢u(x) is oscillatory and is given by

Pr(x) = Cre WHTIx | ety (4.6.17a)

Case(2).0<1—-2A<1l,or0 <A <12
é1(x) grows less fast than ¢l*! as |x| — oo:

B (x) = Cre VITH¥ 4 Cret VI, (4.6.17b)
Case (3).1—2A>1,0rA <0.
No acceptable solution for ¢y (x) exists, since e*V1=2** grows faster than ¢/*l as
|x| — oo.
Case (4). L =1,2.
q)H(x) = C; + Cyx. (4.6.17C)

Now consider the corresponding inhomogeneous problem.
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U Example 4.4. onsider the inhomogeneous integral equation,

400
¢(X) — ae*‘ﬂx\ + A/ 67|X7Y|¢(Y)dy (4618)

—00

Solution. On taking the Fourier transform of Eq. (4.6.18), we obtain
(k) = Qaa/ (¥ + %) + 22/ (K + 1)d(k).
Solving for ¢(k), we obtain

C 200 (k* + 1)
oK) = (k2 +1—22)(k2 +a?)

To invert the latter transform, we note that depending on whether A is larger or
smaller than 1,72, the poles k = £+/21 — 1 lie on the real or imaginary axis of the
complex k plane. What we can do is to choose any contour for the inversion within
the strip

—min(a, 1) < k; < min(a, 1) (4.6.19)

to get a particular solution to our equation and we may then add any multiple of
the homogeneous solution when the latter exists. The reason for choosing the strip
(4.6.19) instead of

1<k <1

in this case is that, in order for the Fourier transform of the inhomogeneous term
e~ to exist, we must also restrict our attention to

—a <k <a.

Consider the first three cases given in Example 4.3.

Cases (2) and (3). A < 1,72.
In these cases, we have 1 — 24 > 0. Hence ¢ (k) has simple poles at k = =io and
k = £iy/1 — 2A. To find a particular solution, use the real k-axis as the integration
contour for the inverse Fourier transformation. Then ¢p (x) is given by
2000 [T° (k*+1)

_ = ikx
)= R Ty s

For x > 0, we close the contour in the upper half plane to obtain

a 2Aa
5 1 2\ ,—ax —/1-2xx )
P (%) 1-2%—a? |:( )e 4/1_2)\6
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For x < 0, we close the contour in the lower half plane to get an identical result
with x replaced with —x. Our particular solution ¢p (x) is given by

a 2 a
=——— (1 -a?) e - ——e V7|, 4.6.20

() 1—2A—a2|:( @’)e oo (4620
For Case (3), this is the unique solution because there exists no acceptable
homogeneous solution, while for Case (2) we must also add the homogeneous part
given by

¢H (x) — Cle_ 1-2ax + Cze+\/l—2)»x.

Case (1). A > 1,72.

In this case, we have 1 — 2 < 0. Hence ¢ (k) has simple poles at k = +ic and
k =421 — 1. To do the inversion for the particular solution, we can take any
of the contours (1), (2), (3), or (4) as displayed in Figures 4.1-4.4, or Principal
Value contours which are equivalent to half the sum of the first two contours

ko

) |k

ior
—/2x -1 ~er -1
ki
—ia
Fig. 41 The inversion contour (1) for Case (1).
ko
@ LS
ior
ki
—/2r -1 Nea -1
- la

Fig. 4.2 The inversion contour (2) for Case (1).
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ka
@ [«
io
> Jar -1
ky
—2x -1 >
—ia
Fig. 43 The inversion contour (3) for Case (1).
ko
@ [k
o
e >
k
> 2n—1
—ia

Fig. 4.4 The inversion contour (4) for Case (1).

or half the sum of the latter two contours. Any of these differs by a multiple of
the homogeneous solution. Consider a particular choice (4) for the inversion. For
x > 0, we close the contour in the upper half plane. Then our particular solution
¢p (x) is given by

a 2 i ;
= — 1 — o2)e™@* —iv2i-lx |
ép (%) T —a? |:( a’)e” " + —2)\_1@

For x < 0, we close the contour in the lower half plane to get an identical result
with x replaced with —x. So, in general, we can write our particular solution with
the inversion contour (4) as,

a N :
— 1— 2\ ,—alx| —iv2A—1]x| , 4.6.21
S A B e [( @) m= (+.6:21)



4.8 Problems for Chapter 4

to which must be added the homogeneous part for Case (1) which reads

¢H (x) — Cle—wu—lx + Czeﬁ»i«/z)\flx.

4.7
System of Fredholm Integral Equations of the Second Kind

We solve the system of Fredholm integral equations of the second kind,
b n
di(x) — A/ Z Kij(x, y)oi(y)dy = filx), i=1,2,...,n, (4.7.1)
a _}:1

where the kernels Kj;(x, y) are square-integrable. We first extend the basic interval
from [a, b] to [a, a + n(b — a)], and set

x+({i-1)b—a)=X<a+ib—a), y+(-1)(b—a)=Y <a+jb—a),

(4.7.2)
P(X) = ¢i(x), KX, Y)=Kjxy), fX)=Ffi(x). (4.7.3)
We then obtain the Fredholm integral equation of the second kind,
a+n(b—a)
B(X) — 1 / K(X, Y)p(Y)dY = f(X), (4.7.4)

where the kernel K(X,Y) is discontinuous in general but is square-integrable
on account of the square-integrability of Kj;(x,y). The solution ¢(X) to Eq. (4.7.4)
provides the solutions ¢;(x) to Eq. (4.7.1) with Eqs. (4.7.2) and (4.7.3).

4.8
Problems for Chapter 4

4.1. Calculate D(%) for

| oxy y=x,
@ Ky _{ 0, otherwise.

(b) Kxy)=x»p, 0=xy=<l

_ | 8@k, y=x
@ Kby = { 0, otherwise.

(d) K(xy)=gxh(y), 0=xy<1

Find zero of D() for each case.
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4.2.

4.3.

4.4.

4.5.

4.6.

4.7.

(due to H. C.). Solve

_ o v\, [T o)
“”‘A{A i (5) +f @w+uzy a0

Find all eigenvalues and eigenfunctions.

(due to H. C.). Solve the Fredholm integral equation of the second kind,
given that

x, x>0,

Kix—y)=e ", ﬂw={o,x<u

(due to H. C.). Solve the Fredholm integral equation of the second kind,
given that

K(x—y) = e, f(x)=x for —oo<x<+o0.
(due to H. C.). Solve

+1

1_
mw+kﬁ1memw@=L “l=x=1 Kxy)= 1_§'

2

Find all eigenvalues of K(x, y). Calculate also D(A) and D(x, y; A).

(due to H. C.). Solve the Fredholm integral equation of the second kind,

x +o00 1
H(x) =€ 2 +A/_oo meﬁ(y)d%

Hint:

+oo eikx T
/ dx = .
—oo Coshx cosh(rk,2)
(due to H. C. and D. M.). Consider the integral equation,

+00 dy
—00 \/27‘[

ep(y), —oo < x < oo.

P(x) =2

(@) Show that there are only four eigenvalues of the kernel
(1,/+/27) exp[ixy]. What are these?



4.8.

4.9.

4.8 Problems for Chapter 4

(b) Show by an explicit calculation that the functions
9n(x) = expl—x /2] Hy(),

where

n

n 2 d 2
Hy(x) = (=1)" explx"] o= exp[—7],

are Hermite polynomials, are eigenfunctions with the corresponding
eigenvalues (i)", (n = 0,1,2,...). Why should one expect ¢,(x) to be
Fourier transforms of themselves?

Hint: Think of the Schrédinger equation for the harmonic oscillator.

(c) Using the result in (b) and the fact that {¢,(x)}, form a complete set, in
some sense, show that any square-integrable solution is of the form

¢(x) = f(x) + Cf (%),

where f (x) is an arbitrary even or odd, square-integrable function with the
Fourier transform f (k), and C is a suitable constant. Evaluate C and relate
its values to the eigenvalues found in (a).

(d) From (c), construct a solution by taking f (x) = exp[—ax? /2], a > 0.

(due to H. C.). Find an eigenvalue and the corresponding eigenfunction for

K(x,y) = exp[—(ax* + 2bxy + )], —oo <x,y<oo, a+c>0.
Consider the homogeneous integral equation,

mm=A[7memww —00 < x < 00,

o0

where

xZ +Y2

1 exp| _x2 + 9% — 2xpt
V1 —t2 2

K(x)) = -

. tfixed,

Jexp|
0<t<l.

(a) Show directly that ¢ (x) = exp[—x?,/2] is an eigenfunction of K(x,y)
corresponding to the eigenvalue A = 1o = 1,//7.
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(b) Let
Pn() = expl—x/ 2] Hy(x).

Assume that ¢,, = A, K¢,,. Show that ¢, 1 = A1 Kepy 1 with
An = tAny1. This means that the original integral equation has
eigenvalues A, = t7" /7, with the corresponding eigenfunctions

Pn(x).

4.10. (due to H. C.). Find the eigenvalues and eigenfunctions of the integral
equation,

x) =2 /O exp[—*yIb(7)dy.

Hint: Consider the Mellin transform,

X2 D (p)dp.

—00

0 ip—1 . _ 1
@(p):fo xPT2¢(x)dx  with ¢>(x)—g/‘
4.11. (due to H. C.). Solve
x 1
v =+ [ vy 2s [ vy
4.12. Solve

+1 1 +1
#(x) = A[ K(x, y)¢(y)dy — 2/, P(y)dy with ¢(£1) = finite,

1 —

where
1 1+ x-
K(x,y) = -1 ,
(%,7) 2“(1—x>>
! + 1| ] and _! + +1’ ’
Xe=olAY) -5 x—y X =Nt Xy
4.13. Solve

o(x) =2 [+w K(x,y)¢(y)dy with ¢(£oo) = finite,

o0

where

K(x,y) = \/g{exp [%(x2 +y2)]/_x< exp[—arz]dr ./‘+oo EXp[—(th]d‘(},

1 1 1 1
x—|—y)—z|x—y| and x>=—(x+y)+z|x—y|.

< =3 2



4.14.

4.15.

4.16.

4.8 Problems for Chapter 4

Solve

bx) =2 fo " Kix e dy,
with

lp(x)| <00 for 0<x < oo,
where

ey = PP

(due to D. M.) Show that the nontrivial solutions of the homogeneous
integral equation,

P(x) = kf_ [%(x -y’ - % | — Y|] b (y)dy,

are cos(mx) and sin(mx), where A = m? and m is any integer.

Hint for Problems 4.12 through 4.15: The kernels change their forms
continuously as x passes through y. Differentiate the given integral
equations with respect to x and reduce them to the ordinary differential
equations.

(due to D. M.) Solve the inhomogeneous integral equation,
b =S+ [ coslemeinay, x= o0

where A2 #£ 4 /7.

Hint: Multiply both sides of the integral equation by cos(2x&) and integrate
over x. Use the identity

{cos[2x(y + £)] + cos[2x(y — )]} ,

N =

cos(2xy) cos(2x&) =

and observe that

/OO cos(ax)dx = E /oo(exp[iax] + exp[—iox])dx
0 2 Jo

= %/_OO exp[iax]dx

= % <2 é(a) = wo(x)
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4.17.

4.18.

(due to D. M.) In the theoretical search for supergain antennas, maximizing
the directivity in the far field of axially invariant currents j(¢) that flow along
the surface of infinitely long, circular cylinders of radius a leads to the
following Fredholm integral equation for the current density j(¢):

27 ’ o ,
Jj(¢) = explikasin ¢] — a/ ii;[]o (Zka sin -9 )J(¢ ),
0

0<¢ <2m,

where ¢ is the polar angle of the circular cross section, k is a positive wave
number, « is a parameter (Lagrange multiplier) that expresses a constraint
on the current magnitude, « > 0, and Jy(x) is the Oth-order Bessel function of

the first kind.
(a) Determine the eigenvalues of the homogeneous equation.

(b) Solve the given inhomogeneous equation in terms of Fourier series,

j@) = > foexpling].

n=-—00

Hint: Use the formulas,

exp[ika sin ¢] = Z Ju(ka) exp[ing],

n=—00

and

Jo(2ka sin $=9

)= Jm(ka)® explim(® — ¢)),

m=—00

where J,(x) is the nth-order Bessel function of the first kind. Substitution of
Fourier series for j(¢),

j@) = > fuexpling],

n=—0o0
yields the decoupled equation for f,,

_ Jnlka) _
ﬁl—W, n—=-—-0o,...,0Q0.

(due to D. M.) Problem 4.17 corresponds to the circular loop in two
dimensions. For the circular disk in two dimensions, we have the following



4.19.

4.8 Problems for Chapter 4

Fredholm integral equation for the current density j(¢):

2
J(r, ) = explikr sin ¢] — 1_02[/ d¢ / Jar

><]0(k\/r2 + 72— 21 cos(p — ¢))j(r b)),

with

Solve the given inhomogeneous equation in terms of Fourier series,

j(r @) = Z Ja(r) exp[ing)].

n=—00

Hint: By using the addition formula

k\/r2 + 12 — 21 cos(¢p — ¢')) = Z Jm(kr ]m(kr ) exp[im(¢p — ¢ )

m=—00

it is found that f, (r) satisfy the following integral equation:

Substitution of
Jalr) = AnJu(kr)

yields

1 + 2 ¢ /d / k /2 -1
= — rdr [,
= e
2 -1
= [1+ alu(ka)? — Jue(ka)Ju (ka)]]
(due to D. M.) Problem 4.17 corresponds to the circular loop in two

dimensions. For the circular loop in three dimensions, we have the
following Fredholm integral equation for the current density j(¢):

27t
j(¢) = explika sin @] — a/o iIC(d) qb )J (d) ), 0<¢ <2m,
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with
(o) — sinw+cosw sinw
@) = w w2 w3
1 [t , ,
= ¢ [ 0+ e explineri
and

¢

w = w(¢) = 2kasin 5
Solve the given inhomogeneous equation in terms of Fourier series,
n=00
j@)= 3 fiexpling].
n=—00

Hint: Following the step employed in Problem 4.17, substitute the Fourier
series into the integral equation. The decoupled equation for f,,

Jn(ka)

= 1+ aU,(ka)’

results, where

T d
Up(ka) [ %IC(q}) exp[—ing]

1 T
é /;1 dg(1 + &%) B do exp[iw(¢)&] cos(ne)

1 1
3 fo d& (1 + £2) ]2 (2kat).

The integral for U, (ka) can be further simplified by the use of Lommel’s
function S, (x) and Weber’s function E, (x).

Reference for Problems 4.17, 4.18, and 4.19:

We cite the following article for the Fredholm integral equations of the
second kind in the theoretical search for “supergain antennas.”

Margetis, D., Fikioris, G. , Myers, ].M., and Wu, T.T. : Phys. Rev. E58.,
2531, (1998).

We cite the following article for the Fredholm integral equations of the
second kind for the two dimensional, highly directive currents on large
circular loops.
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Margetis, D. and Fikioris, G. : J. Math. Phys. 41, 6130, (2000).

We can derive the above-stated Fredholm integral equations of the second
kind for the localized, monochromatic, and highly directive classical current
distributions in two and three dimensions by maximizing the directivity D
in the far field while constraining C = N /T, where N is the integral of the
square of the magnitude of the current density and T is proportional to the
total radiated power. This derivation is the application of the calculus of
variations. We derive the homogeneous Fredholm integral equations of the
second kind and the inhomogeneous Fredholm integral equations of the
second kind in their general forms in Section 9.6 of Chapter 9.

Consider the S-wave scattering off a spherically symmetric potential U(r).
The governing Schrédinger equation is given by
2

%u(r) + ku(r) = U(r)u(r),

with

in(kr + 8
u(0) =0 and u(r)er;—) as r— o0.
sin

(@) Convert this differential equation into a Fredholm integral equation of
the second kind,

u(r) = exp[—ikr] — explikr] + /0 ” g(r P YUE u(r),

with Green’s function g(r, r') given by

’

g(r,r)= —%C {exp [ik(r + r/)] — exp [k ‘r— r,‘ ]} )
(b) Setting
K(r,r) =g(,r)U(r),
rewrite the integral equation above as

u(r) = exp[—ikr] — explikr] + / ” K(r, 7 )u(r).
0

Apply Fredholm theory for a bounded kernel to this integral equation
to obtain a formal solution,

u(r) = exp[—ikr] — exp[ikr] + ﬁ /00" D(k; r, r’)(exp[—ikr/]

— explikr )dr ,
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where
D(k):1+z(_n')/ drl-/ dry
— - Jo 0
K(r1,n1) K(ri,r2) - K(r1,1)
K(rn, 1) K(ra,12) - K(tn, 1)
and

D(k; , r/) = K{(r, r/) + Z (_nl!) /0 dar -/0 dry

n=1
K(r,¥) K(rr) - K(rr)

K(ri, )  K(r,r1) K(r1, 1)

’

K(rn,7) K(ra,m1) - K(tw, 1)

(c) Obtain the condition on the potential U(r) for this formal solution to

converge.

Reference for Problem 4.20:

We cite the following book for the application of Fredholm theory for a
bounded kernel to potential scattering problem.

Nishijima, K.: Relativistic Quantum Mechanics, Baifuu-kan, Tokyo, (1973),
Chapter 4, Section 4.7 (In Japanese).



5
Hilbert—Schmidt Theory of Symmetric Kernel

5.1
Real and Symmetric Matrix

We now would like to examine the case of a symmetric kernel (self-adjoint integral
operator) which is also square-integrable. Recalling from our earlier discussions in
Chapter 1 that self-adjoint operators can be diagonalized, our principal aim is to
accomplish the same goal for the case of symmetric kernels.

For this purpose, let us first examine the corresponding problem for an n x n real
and symmetric matrix A. Suppose A has eigenvalues A and normalized eigenvectors
Vg, 1.€.,

Al =Mk, k=1,2,...,1 U 0m = Sim- (5.1.1)

We may thus write

M0 -0
0 A
A1, Uy, -, Un] = [A101, X202, -, AnUn] = [V1, -, Un]
0
0 0 XA,
(5.1.2)
Define the matrix S by
S=1[01,7,...,0] (5.1.3a)
and consider ST,
oy
st=1 " . (5.1.3b)
3T

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40936-5
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Then we have

=T
STs=1| "~ [, ...

5T
n

since we have Eq. (5.1.1). Hence we have

st =gt
Define
M 0 0
0o -
D:
-0
0 0 iy

From Eq. (5.1.2), we have
AS = SD.
Hence we have

A= SDS™ ! = sDs".

The above relation can also be written as

n
A= Zkkﬁgﬁk-
k=1

U]

0

=1, (5.1.4a)

(5.1.5)

(5.1.6)

(5.1.7a)

(5.1.7b)

(5.1.8)

This represents the diagonalization of a symmetric matrix. Equation (5.1.7D) is
really convenient for calculation of functions of A. For example, we compute

AZ

1 1
et I+A+EA2+—A3+.--

3!
e 0 0
0
= S . 0
| 0 0 e
[ fa) 0
0
fAy=s .
|0 0

(SDS™!) (sDS™') =sD*s ' =5

0 0
st

(5.1.9)



5.2 Real and Symmetric Kernel

Finally we have
detA = det SDS™! = detSdet Ddet S™' = detD = ]‘[xk, (5.1.10a)

tr(A) = tr (SDS™!) = tr (DS™'S) = tr (D) = Z)‘k (5.1.10b)

5.2
Real and Symmetric Kernel

Symmetric kernels have the property that when transposed they remain the same
as the original kernel. We denote the transposed kernel KT by

KT(x,y) = K(y, ), (5.2.1)

and note that when the kernel K is symmetric, we have

KT(x, y) = K(y, %) = K(x, 7). (5.2.2)

The eigenvalues of K(x, y) and eigenvalues of K (x, y) are the same. This is because
an eigenvalue A, is a zero of D(X). From the definition of D()), we find that, since
a determinant remains the same as we exchange its rows and columns,

D(3) for K(x,y) = D(A) for K¥ (x, y). (5.2.3)

Thus the spectrum of K(x, y) coincides with that of KT (x, y).

We will need to make use of the orthogonality property held by the eigenfunctions
belonging to each eigenvalue. To show this property, we start with the eigenvalue
equations,

h
Bol) = 2o [ KGau0 5.2.4)
0
h
Il = ko [ K001 (5.25)
and from the definition of KT (x, y),
h
il = [ K2ty (526
Multiplying by ¥, (x) in Eq. (5.2.4) and integrating over x, we get
h h h
| ertntera = 2o [ devnto) [ Koty

A [P
- /0 Vo (V) u (V).

155



156 | 5 Hilbert—Schmidt Theory of Symmetric Kernel

Then

(1 - ;:—;) /:L Vi (%) (x)dx = 0. (5.2.7)

If A, # A, then we have

h
/ Ym(X)Pn(x)dx =0 for A, # Am. (5.2.8)
0

In the case of finite matrices, we know that the eigenvalues of a symmetric matrix
are real and that the matrix is diagonalizable. Also, the eigenvectors are orthogonal
to each other. We shall show that the same statements hold true in the case of
square-integrable symmetric kernels.

If K is symmetric, then 1,(x) = ¢n(x). Then, by Eq. (5.2.8), the eigenfunctions
of a symmetric kernel are orthogonal to each other,

h
/ Gu(X)pn(x)dx =0 for Ay # Ay (5.2.9)
0

Furthermore, the eigenvalues of a symmetric kernel must be real. This is seen by
supposing that the eigenvalue %, is complex. Then we have 1, # 1%. The complex
conjugate of Eq. (5.2.4) is given by

h
B0 =3 [ Ky, 5.2.10)

implying that A% and ¢}(x) are an eigenvalue and eigenfunction of the kernel
K(x,y), respectively. But, Eq. (5.2.9) with A, # A} then requires that

h h 5
/ ¢n(x)¢:(x)dx=/ |pn ()| dx = 0, (5.2.11)
0 0

implying then that ¢,(x) = 0, which is a contradiction. Thus the eigenvalue must
be real, A, = A}, to avoid this contradiction. The eigenfunctions of a symmetric kernel
are orthogonal to each other and the eigenvalues are real.

We now rather boldly expand the symmetric kernel K(x, y) in terms of ¢,(x),

K(x,y) = Y tutpu(x). (5.2.12)
n
We then normalize the eigenfunctions such that

h
/ G ()P (%) dx = S (5.2.13)
0
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(even if there is more than one eigenfunction belonging to a certain eigenvalue,
we can choose linear combinations of these eigenfunctions to satisfy Eq. (5.2.13)).
From the orthogonality (5.2.13), we find

an _f dxp(x = —¢n( ), (5.2.14)

and thus obtain

Kxy) =) 2oNOn), (5.2.15)

n

There is a problem though. We do not know if the eigenfunctions {¢,(x)}, are
complete. In fact, we are often sure that the set {¢,(x)}, is surely not complete. An
example is the kernel in the form of a finite sum of factorized terms. However, the
content of the Hilbert—Schmidt theorem (which will be proven shortly) is to claim
that Eq. (5.2.15) for K(x, y) is valid whether {¢,(x)}, is complete or not. The only
conditions are that K(x, y) be symmetric and square-integrable.

We calculate the iterated kernel,

h
Ky (x,y) =/(; K(x,2)K(z,y)dz
_ "5 $0990(2) 5 En(2)9m ()
_/0 Z o ; -
—Zziqbnx)énmdmy) Zd)” Onlt), (5.2.16)

and in general, we obtain

Ki(x,y) =Y % j=23,.... (5.2.17)

Now the definition for the resolvent kernel
H(x,y: &) = —K(x,y) — AKa(x,y) — - - — ¥ Kjya(x,y) —

becomes
0 (X)Pn A Y
H(x, p; 4) = § ¢x)¢ [+++ +,+--}

’

D (%) Pn 1
__y <o;)n w_1_

n An
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ie.,

Hix,p; Z ¢”(x ¢" . (5.2.18)

This elegant expression explicitly shows the analytic properties of H(x, y; 1) in the
complex A plane. We can use this resolvent to solve the inhomogeneous Fredholm
Integral Equation of the second kind with a symmetric and square-integrable kernel.

h h
wm=fm+WL memw@=ﬂm—kﬁ Heop Ofdy (5:2.19)

=) -

Denoting

h
o= /0 Pn(y)f (v)dy (5.2.20)
we have the solution to the inhomogeneous equation (5.2.19),

-2 Zf”‘f’” (5.2.21)

At 1 = Ay, the solution does not exist unless f, = 0, as usual.

As an another application of the eigenfunction expansion (5.2.15), we consider
the Fredholm Integral Equation of the first kind with a symmetric and square-integrable
kernel,

h
flx) = /0 K(x, y)¢(y)dy- (5.2.22)
Denoting
h
on = / D (y)#(y)dy (5.2.23)
0
we have
)= @‘pw (5.2.24)

Immediately we encounter the problem. Equation (5.2.24) states that f(x) is a
linear combination of ¢, (x). In many cases, the set {¢,(x)}, is not complete, and
thus f(x) is not necessarily representable by a linear superposition of {¢,(x)}, and
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Eq. (5.2.22) has no solution. If f(x) is representable by a linear superposition of
{n(x)}n, it is easy to obtain ¢,. From Egs. (5.2.20) and (5.2.24),

h
fo = /0 D (X)f (x)dx = % (5.2.25)

n

Gn = fakn. (5.2.26)

A solution to Eq. (5.2.22) is then given by
B0 =D Puta(¥) = Y Anfadbu(¥). (5.2.27)

If the set {¢(x)}x is not complete, solution (5.2.27) is not unique. We can add to it
any linear combination of {1;(x)}; that is orthogonal to {¢,(x)}n,

Ox) =Y Anfutn(®) + > Civi(x), (5.2.28)
h
/ Vi(x)dn(x)dx = 0 for all i and n. (5.2.29)
0

If the set {¢u(x)}, is complete, solution (5.2.27) is the unique solution. It may,
however, still diverge since we have 4, in the numerator, unless f, vanishes
sufficiently rapidly as n — oo to ensure the convergence of the series (5.2.27).

We will now prove the Hilbert—Schmidt expansion, (5.2.15), to an extent that
everything beautiful about it is exhibited, but to avoid getting too mathematical, we
shall not be completely rigorous.

We will outline a plan of the proof. First, note the following lemma.

Lemma: For a nonzero normed symmetric kernel,

00> Kl >0 and K(x,y)= K'(x,y), (5.2.30)
there exists at least one eigenvalue A1 and one eigenfunction ¢1(x) (which we normalize
to unity).

Once this lemma is established, we can construct a new kernel K(x, y) by

K(x,y) = K(x,y) — %ﬁw (5.2.31)

Now ¢ (x) cannot be an eigenfunction of K(x, y) because we have

h h
[ Koy = [k - 2L g, )0y
0 0 1

ol e, 523
a M A - B
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which leaves us two possibilities,

@ [ =o.
We have an equality
K(x,y) = hulienly) (5.2.33)

M
except over a set of points x whose measure is zero. The proof for this case is done.

(B) |K| #o.

By the lemma, there exist at least one eigenvalue 1, and one eigenfunction ¢, (x) of
a kernel K(x, y),

h p—
A2 /0 K(x, y)2(y)dy = ¢2(x)- (5.2.34)
Namely,
h
Az/O [K(x, Y) — %‘flm] b2(y)dy = $2(x). (5.2.35)

We then show that ¢, (x) and 1, are an eigenfunction and eigenvalue of the original
kernel K(x, y) orthogonal to ¢4 (x), respectively.

To demonstrate the orthogonality of ¢;(x) to ¢1(x), multiply ¢ (x) in Eq. (5.2.35)
and integrate over x:

h h h
[ eraaas =oa [ o [ iy - A0 gy
0 0 0 1
kT 1
o | [71¢1(y> - Fm(y)] $2(y)dy = 0. (5.2.36)
From Eq. (5.2.35), we then have
h
o [ Kemoa)dy = 6200 (5.2.37)
0

Once we find ¢, (x), we construct a new kernel K(x, y) by

K(x,y) = K(x,y) — %;ﬁz(y) = K(xy) - Y Pn()Puy) (5.2.38)

We then repeat the argument for K(x, ).
Ultimately either we find after N steps,

Kxy) =) %‘fm (5.2.39)

n=1
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or we find the infinite series,

Ky~ L(’;)‘f”(”. (5.2.40)

n=1

We can show that the remainder R(x, y) defined by

R(xy) = K(xy) — ) M (5.2.41)
n=1 "
cannot have any eigenfunction. If ¥ (x) is the eigenfunction of R(x, y),
h
o /O R(x,y)¥ (y)dy = ¥ (%), (5.2.42)
we know that
(1): ¥ (x) is distinct from all {¢y, (%)},
Y(x) # du(x) for n=1,2..., (5.2.43)
(2): ¥ (x) is orthogonal to all {¢,(x)}n,
h
/ Y(X)pu(x)dx =0 for n=1,2,.... (5.2.44)
0

Substituting definition (5.2.41) of R(x,y) into Eq. (5.2.42) and noting the orthogo-
nality (5.2.44), we find

h
bo [ Kty = v, (5.2.45)

which is a contradiction to Eq. (5.2.43). Thus we must have

h rh
IRI? = /O /0 R%(x, y)dxdy = 0. (5.2.46)

Formula (5.2.15) holds in the sense of the mean square convergence.

So we only have to prove the Lemma stated with the condition (5.2.30) and the
proof of the Hilbert—Schmidt theorem will be finished. To do so, it is necessary to
work with the iterated kernel K (x, y), which is also symmetric:

h h
Ky(x,y) =/(; K(x,z)K(z,y)clz:/0 K(x,z)K(y, z)dz. (5.2.47)
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This is because the trace of K;(x, y) is always positive,

h h h
/ Kz(x,x)dxzf dx/ dzK?(x,z) = |K|? > 0. (5.2.48)
0 0 0

First, we will prove that if K;(x, y) has an eigenvalue, then K(x, y) has at least one
eigenvalue equaling one of the square roots of the former.
Recall the definition of the resolvent kernel of K(x, y),

H(x,y; 1) =—K(x,y) = AK(x,y) — - — Aj1<j+1(x, y) =, (5.2.49)

H(x,y; —=4) = —K(x,y) + AKa(x,y) = -+ = (=AY Kpa(x,y) =~ (5.2.50)
Taking the difference of Egs. (5.2.49) and (5.2.50), we find
1
SUHE Y 2) = Hxys =) = =2 (x,y) + A2Ky(x,y) + A Ko (%, y) + - -]
= AHy(x,y; A%), (5.2.51)

which is the resolvent for K;(x, y). Equality (5.2.51), which is valid for sufficiently
small A where the series expansion in A is defined, holds for all A by analytic
continuation.

If c is an eigenvalue of K (x, ), Ha(x, y; A%) has a poleat A?> = c. From Eq. (5.2.51),
either H(x,y; A) or H(x,y; —1) must have a pole at > = £./c. This means that at
least one of +./c is an eigenvalue of K(x, y).

Now we prove that K (x, y) has at least one eigenvalue. We have

h h
/ Dy (x, %; s)dx,/ Dy (s) = / H,(x, x; s)dx
0 0
= —(Ay + sAy + SLAg+ -+ (5.2.52)

where
h
Ay = / K, x)dx, m=2,3,.... (5.2.53)
0

If Ky (%, y) has no eigenvalues, then D,(s) has no zeros, and series (5.2.52) must be
convergent for all values of s. To this end, consider

h h h
Apin = / AxKipin(x, %) = / dx / Az K (x, 2) Kn(2, %)
0 0 0

h h
= / dx / dz Ky (x, 2) K (x, 2). (5.2.54)
0 0
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Applying the Schwarz inequality,

AL, < |:/0hdx/0hde3n(x,z)i| |;/0h dx/oh deﬁ(x,z)i|
= |:/0h dxKom(x, x)i| |:/0h dx Ky (2, x)}

= AumAomn,
i.e., we have
AL, < ApmAon. (5.2.55)
Setting

m — n-—1,
n — n+1,

in inequality (5.2.55), we have

A}, < AgnzAonia. (5.2.56)
Recalling that
Az > 0, (5.2.57)

which is precisely the reason why we consider K;(x, y), we have

A - At

< . 5.2.58
A2 A ( )
Successively we have
A Ay Agy
2, n o T Av _ Ry, (5.2.59)
A A2 T As Ay

so that
Ay =RiA;, As > RiA;, Ag> RIA,
and generally

Ay > RITIA. (5.2.60)
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Thus we have
Ay +5As + P Ag + S Ag + - > Ay(1 +sRy + PR+ SR+, (5.2.61)
The right-hand side of inequality (5.2.61) surely diverges for those s such that

1 A
52 o= = (5.2.62)
1

= A

Thus

h
/ H(x, x; s)dx
0

is divergent for those s satisfying inequality (5.2.62). Then K; (x, y) has the eigenvalue
s satisfying

and K(x, y) has the eigenvalue 1; satisfying

Az
A —. 5.2.63
Al = ) ( )

This completes the proof of the Lemma and finishes the proof of the
Hilbert—Schmidt theorem. O

The Hilbert—Schmidt expansion, (5.2.15), can be helpful in many problems
where a symmetric and square-integrable kernel is involved.

U Example 5.1. Solve the integro-differential equation,

a h

St = [ Koty oy, (5.2.64a)
with the initial condition

P(x, 0) =f(x), (5.2.64b)

where K(x, y) is symmetric and square-integrable .

Solution. The Hilbert—Schmidt expansion, (5.2.15), can be applied giving

3 ; h
50001 = Zn: d)k—(:) /0 Pn(Y)9(y, t)dy. (5.2.65)
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Defining A,(t) by

h
anlt) = [ aut1ot. 0y, (5.2.66)

and changing the dummy index of summation from n to m in Eq. (5.2.65), we have

= Ol o . (5.2.67)

Taking the time derivative of Eq. (5.2.66) yields

—An / dydn(y) —o(y. ). (5.2.68)

Substituting Eq. (5.2.67) into Eq. (5.2.68) and, noting that the orthogonality of
{¢m(x)}m means that only the m = n term is left, we get

d Ay
=" (5.2.69)
The solution to Eq. (5.2.69) is then
Au(t) = An(0) exp [%} . (5.2.70)
Here we note that
h
0) = / i (X)f (). (5.2.71)
0

We can now integrate Eq. (5.2.67) from 0 to t, with A, (t) from Eq. (5.2.70),

/dt— P(x, 1) /dt2¢" [tn]. (5.2.72)

The left-hand side of Eq. (5.2.72) is now exact, and we obtain

D, 1) — p(x,0) = Z ¢;(:)A,,(0) (exp [/\i] - 1) % (%) . (5.2.73)

From the initial condition (5.2.64b) and Eq. (5.2.73), we finally get

=f(x)+ Y Ad(0) (exp [i] - 1) Bnl(). (5.2.74)
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As t — o0, the asymptotic form of ¢(x, t) is given either by
B t) =F(x) = D An(O)pu(x) ifall ky <0, (5.2.75)
or by

o(x,t) = A;i(0)¢i(x) exp [%} if 0 < A; < all other A,,. (5.2.76)

1

5.3
Bounds on the Eigenvalues

In the process of proving our lemma in the previous section, we managed to obtain
the upper bound on the lowest eigenvalue,

1Ml < VA2 As.
A Dbetter upper bound can be obtained as follows. If we call
Ry = A Ay,
we note that
Ry > Ry,
or
1/R, <1/R;.
Furthermore, we find

Ay + sAs + P Ag + S Ag + 5 A+ - -
= Ay + sA4[1 + 5(As /As) + sZ(AS/A4) +-]
> A +SA4[1 + sR, —|—52R% + ],

which diverges if
SRy, > 1.
Hence we have singularity for

SSl/Rle/Rl.
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Thus we have an improved upper bound on A,

1Ml < VA As < AL As.

So, we have the successively better upper bounds on |14],

VA2 Ay A/ Ag, \As /A, .,

for the lowest eigenvalue, each better than the previous one, i.e.,

Ml < < VA /A < VAL Ag < Ay Ay (5.3.1a)
Recall also that with a symmetric kernel, we have
Agm = | Kl (5.3.2)

The upper bounds (5.3.1a), in terms of the norm of the iterated kernels, become

51 .51 1 N

M] <--- < < < .
IKall = IK3] K2l

(5.3.1b)

Now consider the question of finding the lower bounds for the lowest eigenvalue 1.
Consider the expansion of the symmetric kernel,

K y) ~ Y n()n (). An. (5.3.3)

This expression is an equation in the mean, and hence there is no guarantee that it
is true at any point as an exact equation. In particular, on the line y = x which has
zero measure in the square 0 < x,y < h, it need not be true. The equality

K(x,%) = ) dn(x)¢n(x)/ An
need not be true. Hence

/h K(x, x)dx = » 1,/ (5.3.4)
0 n

need not be true. The right-hand side of Eq. (5.3.4) may not converge.
However, for

h
Ko (x,y) = [0 K(x,2)K(z Y)dz = Y du(x)bn(y)/ 32,
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since we know K(x, y) to be square-integrable,
h
Ay = / Ky(x, x)dx =Y 1/32
0 n

must converge, and, in general, for m > 2, we have

Am=21/A;”, m=23,...,
n

and we know that the right-hand side of Eq. (5.3.6) converges.
Consider now the expansion for A;, namely

1 1 1 1 m\2 a2 1
A=S+S5+5+ =51+ ) +(5) + =5
PEY Y A2 A2 A3 A2
ie.,
M >1/4,.

Hence we have a lower bound for the eigenvalue 11,

Ml =1/VAs, or [M|=1/[K].

(5.3.5)

(5.3.6)

(5.3.7)

(5.3.8)

This is consistent with our early discussion of the series solution to the Fredholm

integral equation of the second kind for which we concluded that for

Al < 1/0KT,

(5.3.9)

there are no singularities in A, so that the first eigenvalue A = A1 must satisfy

inequality (5.3.8).
We can obtain better lower bounds for the eigenvalue A;. Consider Ay,

VR S I _11+x14+/\14+ 1
IS EVERE: o A2 A3 =

ie.,

1
M| > ———.
= G

(5.3.10)

This is an improvement over the previously established lower bound since we know

from Egs. (5.3.1a) and (5.3.8) that

1/AY? < M) < (A A2,
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so that
Ay < A},
ie.,
1/ (At =1/ (A%

Thus 1,/ (A4)/* is a better lower bound than 1,/ (A,)'/%.

Proceeding in the same way with Aq, Ag,..., we get better and better lower
bounds,
1/ (A <1/ (ApY* <1,/ (A0 <+ < . (5.3.11)

Putting both the upper bounds (5.3.1a) and lower bounds (5.3.11) together, we have
for the smallest eigenvalue A4,

1 1 1
o<
A7 = A = agie =S mls
1/2 1/2 1/2
- (ﬁ) - (ﬁ) - (ﬁ) , (5.3.12)
Ag Ag Ay

Strength permitting, we calculate Ag, Ag,..., to obtain better and better upper
bounds and lower bounds from Eq. (5.3.12).

5.4
Rayleigh Quotient

Another useful technique for finding the upper bounds for eigenvalues of self-

adjoint operators is based on the Rayleigh quotient. Consider the self-adjoint integral
operator,

h
K= / dyK(x,y) with K(x,y) = K(y, %), (5.4.1)
0

with eigenvalues A, and eigenfunctions ¢, (x),

{ K = (1/2n)fn, (5.4.2)

(¢n: ¢m) = 6nm:
where the eigenvalues are ordered such that

Ml < (A2l < (A3l < ---.
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Consider any given function g(x) such that

lg|l # o. (5.4.3)

Consider the series

> hugn (x)  with b, = (én,g). (5.4.4)

This series expansion is the projection of g (x) onto the space spanned by the set
{¢n(x)}n, which may not be complete.
We can easily verify the Bessel inequality, which says

sz e[ (5.4.5)

Proof of the Bessel inequality: Start with

>0,

2
g— an¢n

which implies
(€8) = D bulg $m) — Y bu(dn8) + YD bubm(én, bm) = 0

Thus we have (g, g sz > 0, which states sz 2, completing the proof

of the Bessel 1nequahty (5.4.5).
Now, consider the quadratic form (g, Kg),

(g, Kg) = / dxg(x)Kg(x) = [ dx[ dyg(x) 2(y)- (5.4.6)
Substituting the expansion

A~ Gu(X)n(y), I
into Eq. (5.4.6), we obtain

(g, Kg) = / dx / dyg(x) ()P (y) An)g(y) = Zb e (5.4.7)
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Then, taking the absolute value of the above quadratic form (5.4.7), we obtain

b b B }
< g By
{|)~1| [A2] (23]

. ke)| = ‘Zbﬁ/kn

LI PRI VO PR T PE S WL (U ST SR E S
=5 {b1+ oI5t }5 TR A R
1
<—|gl*. (5.4.8)

Al
Hence, from Eq. (5.4.8), the Rayleigh quotient Q, defined by
Q=g Ke) (g2 (5.4.9)

is bounded above by

- 1
o] =g ka)| / lgl® = —.
[A1]
i.e., the absolute value of the lowest eigenvalue 11 is bounded above by
Ml <1/]Qf. (5.4.10)

To find a good upper bound on ||, choose a trial function g(x) with adjustable
parameters and obtain the minimum of 1,/ |Q|. Namely, we have

1] < min (1,7]Q]), (5.4.11)

with Q given by Eq. (5.4.9). O

O Example 5.2. Find an upper bound on the leading eigenvalue of the symmetric
kernel

_ (I-x)y, 0<y<x<I1,
K(x,y)_{ 1—yx O0<x<y<l,

using the Rayleigh quotient.

Solution. Consider the trial function g(x) = ax which probably is not very good.
We have

1
(g8 = / dxa’x? = a® /3,
0

7
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and

1 1
(¢ Kg) =/0 dx /O dyg(¥)K(x, Ygly)

1 x 1
= /0 dxax |:/0 dy(1 — x)yay—i—/x dy(1 — y)xay]

1
= aZ/ dxx?(1 — x%),/6 = a® /30.
0

So, the Rayleigh quotient Q is given by Q = (g, Kg)/(g,g) = 1,710, and we get
min(1, |Q|) = 10. Thus, from Eq. (5.4.11), we obtain

[A1] < 10,
which is a reasonable upper bound. The exact value of 11 turns out to be
A =m? ~ 9.8696,

so it is not too bad, considering that the eigenfunction for 1, turns out to be
Asin(mx), not well approximated by ax.

5.5
Completeness of Sturm—Liouville Eigenfunctions

Consider the Sturm-Liouville eigenvalue problem,

d d
T PX) S 0(¥)] — (x)$(x) = Ar(x)$(x) on [0,h], (5:5.1)

with ¢(0) = ¢(h) = 0, and p(x) > 0, r(x) > 0, for x € [0, h]. We proved earlier that
using Green’s function G(x, y) defined by

d

d
™ [p(x)—G(x, Y)] —4(¥)G(x,y) = 8(x —y), (5:52)

dx
with G(0,y) = G(h,y) = 0, Eq. (5.5.1) is equivalent to the integral equation
h
s =1 [ Gt (5:53)

Since the Sturm-Liouville operator is self-adjoint and symmetric, we have a
symmetric Green’s function, G(x, y) = G(y, x). Now, define

¥ (%) = Vr)e (), Kxy) = /r®)Gx V). (5.5.4)



5.5 Completeness of Sturm—Liouville Eigenfunctions

Then v (x) satisfies

h
V) =2 /0 K, y) v (1)dy, (5.5.5)

which has a symmetric kernel. Applying the Hilbert—Schmidt theorem, we know
that K(x, y) defined above is decomposable in the form

K@) 2 Y Unl¥n(), n = > V@ r0)n(2)Pn(1) 2n, (5.5.6)

with A, real and discrete, and the set {{,(x)},, orthonormal. Namely,

h h
/ Y (X) Y (%) dx = / 7(%) P (%) P (X)dX = Spm- (5.5.7)
0 0

Note the appearance of the weight function r(x) in the middle equation of Eq. (5.5.7).

To prove the completeness, we will establish that any function f (x) can be expanded
in a series of {{u(x)}n or {¢n(x)}s. Let us do this for the differentiable case (which
is stronger than square-integrable), i.e., assume that f(x) is differentiable. As such,
given any f (x), we can define g(x) by

§(x) = Lf (x), (5.5.8)

d d
L= T [p(x)ﬂ] —q(x). (5.5.9)

Taking the inner product of both sides of Eq.(5.5.8) with G(x,y), we get
(G(x,y). 8(x)) = f(y), Le.,

h h
S = [ Gl gty = [ (Kl VTETIE (5:5.10)
Substituting expression (5.5.6) for K(x, y) into Eq. (5.5.10), we obtain

h
flx) = fo dy S (Ba(3)bn(p), )]
=Y (u(¥) An)(Bn8) = Y (B An)bu(), (5.5.11)

n

where we set

h
Bn = (Pn.8) = /0 Pn(y)g(y)dy- (5.5.12)
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5 Hilbert—Schmidt Theory of Symmetric Kernel

Since the above expansion of f(x) in terms of ¢,(x) is true for any f(x), this
demonstrates that the set {¢,(x)}, is complete.

Actually, in addition, we must require f(x) to satisfy the homogeneous boundary
conditions in order to avoid boundary terms. Also, we must make sure that the
kernel for the Sturm-Liouville eigenvalue problem is square-integrable. Since the
set {¢n(x)}n is complete, we conclude that there must be an infinite number of
eigenvalues for Sturm-Liouville system. Also, it is possible to prove the asymptotic
results, A, = O(n?) as n — oo.

5.6
Generalization of Hilbert—Schmidt Theory

In this section, we consider the generalization of Hilbert—Schmidt theory.

Direction 1: So far in our discussion of Hilbert—Schmidt theory, we assumed that
K(x,y) is real. It is straightforward to extend to the case when K(x, y) is complex.
We define the norm || K|| of the kernel K(x, y) by

h h
IKI? = /O dx /O dy | Ky (5.6.1)

The iteration series solution to the Fredholm integral equation of the second
kind converges for |A| < 1, ||K]||. Also, the Fredholm theory still remains valid. If
K(x,y) is, in addition, self-adjoint, i.e., K(x,y) = K*(y, x), then the Hilbert—Schmidt
expansion holds in the form

K(%,y) ~ Y ¢n(®)5 (1), D, (5.6.2)
where
h
/ OF (%) Pm(x)dx = 8um  and i, =real, ninteger.
0

Direction 2: We note that in all the discussion so far, the variable x is restricted to a
finite basic interval, x € [0, h]. We extend the basic interval [0, h] to [0, 00). We want
to solve the following integral equation:

+o00
() =F () + 2 fo K, Y)b (y)dy, (5.63)
with

+00 +oo +00
/ dx/ dyK2(x,y) < o0, / dxf?(x) < oo. (5.6.4)
0 0 0
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By a change of the independent variable x, it is always possible to transform the
interval [0, 00) of x into [0, h] of t, i.e., x € [0,00) = t € [0, h]. For example, the
following transformation will do:

x=g(t)=t/(h—t). (5.6.5)

Then, writing

we have
~ ~ h ~ ~
& =F®+r / K1) () g/ (¢)d
0
On multiplying by /g’ (t) on both sides of the above equation, we have

VET0 = VR0 +2 [ ' VEERG O EEE R
Defining ¥ (¢) by
v (D) =g (0 (1),
we obtain
ACENEITIUE) fo h [VEWke!)VEW ] v (¢)dr. (5.6.6)

If the original kernel K(x,y) is symmetric, then the transformed kernel is also
symmetric. Furthermore, the transformed kernel /g'(f) K(t, t'),/g’(¥) and the trans-
formed inhomogeneous term \/mf (t) are square-integrable if K(x, y) and f (x) are
square-integrable, since

h h +o00 +o0
! ey o2 INA N 2 <
/0 dt/o ar'g' () K=(t,t)g' () _A dxfo dyK*(x,y) < oo, (5.6.7a)
and
h - +o0
/ dig' ()2 (1) = / dxf?(x) < oo. (5.6.7b)
0 0

Thus, under appropriate conditions, the Fredholm theory and the Hilbert—Schmidt
theory both apply to Eq. (5.6.3). Similarly, we can extend these theories to the case
of infinite range.
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5 Hilbert—Schmidt Theory of Symmetric Kernel

Direction 3: As the third generalization, we consider the case where we have
multidimensional independent variables:

+o00
W@ =S+ [ KGO, (5.6.5)

As long as the kernel K(%, y) is square-integrable, i.e.,

400 p+00
/ / K?(%, y)dxdy < oo, (5.6.9)
0 0

all the arguments for establishing the Fredholm theory and the Hilbert—Schmidt
theory go through.

Direction 4: We will relax the condition on the square-integrability of the kernel.
When a kernel K(x,y) is not square-integrable, the integral equation is said to
be singular. Some singular integral equations can be transformed into one with a
square-integrable kernel. One way that may work is to try to symmetrize them as
much as possible. For example, a kernel of the form H(x, y) with H(x, y) bounded
can be made square-integrable by symmetrizing it into H(x, y) /(xy) 7. Another way
is to iterate the kernel. Suppose the kernel is of the form

K(x,y) = H(x,y)/ |x —y[*, %§a<L (5.6.10)

where H(x, y) is bounded. We have the integral equation of the form

h
o) =f)+ [ Kooy 5.6.11)

Replacing ¢(y) in the integrand by the right-hand side of Eq. (5.6.11) itself, we
obtain

h h
o) = [f(x) [ ke y)f(y)dy} S R (5:6.12)
The kernel in Eq. (5.6.12) is K, (x, y), which may be square-integrable since

Ah—J;fg—LWdz=o<bﬂx—ﬂ“*). (5.6.13)

=2l [z —y|

Indeed, for those o such that % <a< %, K;(x,y) is square-integrable. If « is such
that % <« < 1,then Kz(x, y), Ks(x,y),- . ., etc., may be square-integrable. In general,
when « lies in the interval

1

<a<l—_— (5.6.14)

1- ,
2(n—1) 2n
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Ky, (%, y) will be square-integrable. Thus, for those « such that

<a<l, (5.6.15)

N =

we can transform the kernel into a square-integrable kernel by the appropriate
number of iterations. However, when « > 1, we have no hope whatsoever of
transforming it into a square-integrable kernel in this way.

For a kernel which cannot be made square-integrable, what properties remain
valid? Does the Fredholm theory hold? Is the spectrum of the eigenvalues discrete?
Does the Hilbert—Schmidt expansion hold? The example below gives us some
insight into these questions.

U Example 5.3. Suppose we want to solve the homogeneous equation,

+00
o= [ gpay 5.6.16)

The kernel in the above equation is symmetric, but not square-integrable; yet, this
equation can be solved in the closed form.

Solution. Writing out Eq. (5.6.16) explicitly, we have

+00

Plx) = 1 /0 e D p(y)dy + / e 3 y)dy.

Multiplying both sides by e™*, we have

x +0o0
e p(x) = re / e (y)dy + A / eV (y)dy. (5.6.17)
0 x

Differentiating the above equation with respect to x, we obtain

e (—(x) + ¢ (x)) = —2he > f o (y)dy.

0

Multiplying both sides by e*, we have

e (—p(x) + ¢ () = —21 / ' (y)dy. (5.6.18)

0

Differentiating the above equation with respect to x and canceling the factor e* we
obtain

¢ () + (22 — 1)p(x) = 0.
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The solution to the above equation is given by
@) 1-2x>0,

d)(x) — Cle«/lfz)nx + Cze—«/l—zxx,

and,
(i) 1—2x <0,

d) (x) — C/lei«/zkflx + C’Ze—i«/u—lx.

These solutions satisfy Eq. (5.6.16) only if

’

¢ (0)=9(0),
which follows from the once differentiated equation (5.6.18). Thus we have
VI=ZA(C1 — C) = C + Cy.

In order to satisfy Eq. (5.6.17), we must require that the integral

+00
/ eV (y)dy (5.6.19)

converge. If % > A > 0, ¢ (x) grows exponentially but the integral in Eq. (5.6.19)
converges. If A > 1, ¢ (x) oscillates and the integral in Eq. (5.6.19) converges. If
A < 0, however, the integral in Eq. (5.6.19) diverges and no solution exists.
In summary, the solution exists for A > 0, and no solution exists for A < 0. We
note that
(1) the spectrum is not discrete.
(2) the eigenfunctions for A > 1 alone constitute a complete set (very much like
a Fourier sine or cosine expansion). Thus not all of the eigenfunctions are
necessary to represent an I, function.

Direction 5: As the last generalization of the theorem, we shall retain the square-
integrability of the kernel but consider the case of the nonsymmetric kernel. Since this
generalization is not always possible, we shall illustrate the point by presenting one
example.

U Example 5.4. We consider the following Fredholm integral equation of the
second kind:

1
o9 =f1) -+ [ Klenopiay, (5.6.20)
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where the kernel is nonsymmetric,

2, 0<y<x<l1,
me{l !

0<x<y<l,

but is square-integrable.

Solution. We first consider the homogeneous equation:

X 1 1 X
mw=xﬁzmw@+y/¢mw=xﬁ¢mw+xﬁ¢mw.

Differentiating Eq. (5.6.22) with respect to x, we obtain
¢ (x) = Ao ().

From this, we obtain
¢(x) = Cexp[rx], 0<x<1, C#O0.

From Eq. (5.6.22), we get the boundary conditions

$(0) =2 f d(y)dy

1) = 2¢(0).
o) = 22 [Loydy, PN =200

Hence, we require that

Cexp[A] =2C = exp[A] =2 =exp[ln(2) + i2nr], n integer.

Thus we should have the eigenvalues

A=A, =In@2)+i2nwr, n=0,%1,%2,....
The corresponding eigenfunctions are

¢n(x) = Chexp[rnx], C, real.
Finally,

on(x) = Cyexp[{ln(2) +i2nw}x]), n integer.

(5.6.21)

(5.6.22)

(5.6.23)

(5.6.24)

(5.6.25)

(5.6.26)

(5.6.27)

Clearly, the kernel is nonsymmetric, K(x,y) # K(y, x). The transposed kernel

KT (x,y) is given by

K'(x,y) = K(y,x) =

(5.6.28)
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We next consider the homogeneous equation for the transposed kernel: K'(x, y).
X 1 1 X

v = [ vy 2 [ vy =22 [ wiay = [ vy .629
Differentiating Eq. (5.6.29) with respect to x, we obtain

¥ (%) = —A¥ (). (5.6.30)
From this, we obtain

Y(x) = Fexp[-Ax], 0=<x=<1, F#0. (5.6.31)

From Eq. (5.6.29), we get the boundary conditions

¥ (0) =2 fy v(v)dy, 0= Lty 5.6.32
vy =i v, VT2V e

Hence, we require that
Fexp[—\] = %F = exp[A] =2 =exp[ln(2) +i2nx], ninteger.
Thus we should have the same eigenvalues,
A=A, =In@Q)+i2nw, n=0+1,42,.... (5.6.33)
The corresponding eigenfunctions are ¥,(x) = Fy, exp[—X,x] with F, real. Finally,
Yn(x) = Fpexp[—{In(2) + i2nw}x], n integer. (5.6.34)

These v, (x) are the solution to the transposed problem. For n # m, we have

1 1
/ On(X)Ym(x)dx = CnFm/ exp[i2n(n — m)x]dx =0, n#m.
0 0

The spectral representation of the kernel K(x, y) is given by

_ >\ u(X)Ualy) B >, exp [{In(2) + i2n }(x — y)]
Key) = n;oo e 2 In(2) + i2nx - 5635

n=—00

Cn:Fn:]-:

which follows from the following orthogonality:

/1 ¢n(x)1//m(x)dx = Sum- (5636)
0
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In establishing Eq. (5.6.35), we first write

Rx,p) = K(x,y) — ) == (5.6.37)

P (%) ¥n(y)
A

n=1

and demonstrate the fact that the remainder R(x, y) cannot have any eigenfunction
by exhausting all of the eigenfunctions. By an explicit solution, we know already
that the kernel has at least one eigenvalue.

Crucial to this generalization is that the original integral equation and the
transposed integral equation have the same eigenvalues and that the eigenfunctions
of the transposed kernel are orthogonal to the eigenfunctions of the original kernel.
This last generalization is not always possible for the general nonsymmetric kernel.

5.7
Generalization of the Sturm-—Liouville System

In Section 5.5, we have shown that, if p(x) > 0 and r(x) > 0, the eigenvalue equation

d d
e [p(x)%mx)] — q(x)p(x) = Ar(x)p(x) where x € [0,h], (5.7.1)

with appropriate boundary conditions has the eigenfunctions which form a com-
plete set {¢(x)}, belonging to the discrete eigenvalues A,. In this section, we shall
relax the conditions on p(x) and r(x). In particular, we shall consider the case in
which p(x) has simple or double zeros at the end points, which therefore, may be
regular singular points of the differential equation (5.7.1).
Let L, be a second-order differential operator,
a2 d

Ly = ao(x)ﬁ +m (x)% + ay(x), where x€]0,h], (5.7.2)
which is, in general, non self-adjoint. As a matter of fact, we can always transform
a second-order differential operator L, into a self-adjoint form by multiplying
p(x),ao(x) on Ly, with

p(x) = exp |:/ Z;—g;dy] .

However, it is instructive to see what happens when L, is non-self-adjoint. So, we

shall not transform the differential operator Ly, (5.7.2), into a self-adjoint form. Let

us assume that certain boundary conditions at x = 0 and x = h are given.
Consider Green’s functions G(x, y) and G(x, y; 1) defined by

LyG(x,y) = 8(x —y),
(Lx = 2)G(x,y; 1) = 8(x — y), (5.7.3)
G(x,y; A =0) = G(x, ).
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We would like to find a representation of G(x, y; 1) in a form similar to H(x, y; 1)
given by Eq. (5.2.9). Symbolically we write G(x, y; 1) as

G(x,y; A) = (Ly — A) L (5.7.4)

Since the defining equation of G(x,y; A) depends on A analytically, we expect
G(x,y; A) to be an analytic function of A by the Poincaré theorem. There are two
possible exceptions: (1) at a regular singular point, the indicial equation yields an
exponent which, considered as a function A, may have branch cuts; (2) for some
value of 1, it may be impossible to match the discontinuity at x = y.

To elaborate on the second point (2), let ¢1 and ¢, be the solution of

(Ly — N)i(; 1) =0 (i=1,2). (5.7.5)

We can construct G(x, y; 1) to be

Glx,y: A) d1(x: L)P2(y: A), 0<x<y,
y<x=

5.7.6
$2(x; 1)1 (y: A)s x=<h, 6-7.0)
where ¢ (x; 1) satisfies the boundary condition at x = 0, and ¢, (x; A) satisfies the
boundary condition at x = h. The constant of the proportionality of Eq. (5.7.6) is
given by

C/W(1(ys 1), P2(y: A))- (5.7.7)

When the Wronskian becomes zero as a function of A, G(x,y; A) develops a
singularity. It may be a pole or a branch point in A. However, the vanishing of the
Wronskian W (¢1(y; 1), ¢2(y; A)) implies that ¢, (x; A) is proportional to ¢;(x; A) for
such %; namely we have an eigenfunction of L. Thus the singularities of G(x, y; A)
as a function of A are associated with the eigenfunctions of L. Hence we shall treat
G(x,y; A) as an analytic function of A, except at poles located at A = ; (i = 1,.. ., n,
...) and at a branch point located at A = A, from which a branch cut is extended
to —oo. Assuming that G(x, y; A) behaves as

1
Glx,ys 4) = O(K) as  |A| = oo, (5.7.8a)
we obtain
1 G N ;)\./ ’
lim — 7{ Gloyit) ey, (5.7.8b)
R—oo 271 Cr A=A

where Cp is the circle of radius R, centered at the origin of the complex A plane.
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Invoking the Cauchy’s Residue theorem, we have

. 1 G(x,y; 2 )
lim — 2P = G
Rgr:}oZniﬁR Y +Z)\ _)‘
1 [*B G(x,y: X +ie) — G, y: A — ie) i
271 ) oo A=A ’
(5.7.9)
where
Ru(x,y) = Res G(x,y; 1) o (5.7.10)

Combining Egs. (5.7.8b) and (5.7.9), we obtain

Ry(x, 1 [*B G(x,y; M +ig) — G(x,y; M —ig) _,
G(x,y;/\)z_Z—”(xY)+—/ Coyi bt ie) = Gy w)dx.

—~ p— A 27i ) A=A
(5.7.11)
Let us concentrate on the first term in Eq. (5.7.11). Multiplying the second equation
in Eq. (5.7.3) by (A — 4,) and letting A — A,,
)\lgiln (A —xpn) (Ly — 1) G(x,y; A) = )\lgiln (A —2Xn)8(x —y),

from which, we obtain

(Lx — An) Ru(x,y) = 0. (5.7.12)
Thus we obtain

Ru(x,y) < ¥ (y)Pn (%), (5.7.13a)

where ¢, (x) is the eigenfunction of L, belonging to the eigenvalue A, (by assuming
that the eigenvalue is not degenerate),

(Le — An) () = 0. (5.7.14)

We claim that 1y, (x) is the eigenfunction of LY, belonging to the same eigenvalue
Ans

(LY — 20)¥n(x) = 0, (5.7.15)
where L! is defined by

. d
Ly = J390() = —a1(%) + az(x). (5.7.16)
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Suppose we want to solve the following equation:
(Ly = )h(x) = £ (). (5.7.17)

We construct the following expression:

h h
/ dxG(x, y; A)(LL — A)h(x) = / dxG(x,y; Mf (%), (5.7.18)
0 0

and perform the integral by parts on the left-hand side of Eq. (5.7.18). We obtain

h h
/ dx [(Le — 1)G(x,y; 1)] h(x) = / dxG(x, y; A)f (). (5.7.19)
0 0

The expression in the square bracket on the left-hand side of Eq. (5.7.19) is §(x — y),
and we have (after exchanging the variables x and y)

h
h(x) =/0 dyG(y, x; A)f (y)- (5.7.20)

Operating (LI — ) on both sides of Eq. (5.7.20), recalling Eq. (5.7.17), we have

fe) = (L = M) = /0 (LT~ )Gl AT, (5.7.21)
This is true if and only if

(LY = 2)G(y, % ) = 8(x — y). (5.7.22)
Multiplying by (A — %,) on both sides of Eq. (5.7.22), and letting A — 1,

lim (= 2a)(LY = ) Gly.x: ) = lim (. — &) (x — ), (5.7.23)

from which, we obtain

(LT — %) Ru(y, %) = 0. (5.7.24)
Since we know from Eq. (5.7.13a)

Ru(y: %) o< Y (%) dn(y), (5.7.13b)
Eq. (5.7.24) indeed demonstrates that v, (x) is the eigenfunction of LT, belonging
to the eigenvalue A, as claimed in Eq. (5.7.15). Thus R,(x,y) is a product of the

eigenfunctions of Ly and L], i.e., a product of ¢,(x) and ¥,(y). Incidentally, this
also proves that the eigenvalues of L} are the same as the eigenvalues of L.
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Let us now analyze the second term in Eq. (5.7.11),

1 [*B G(x,y; 2+ ie) — G(x, y; P i€) &
271 o PN '

In the limit ¢ — 0, we have, from Eq. (5.7.3), that

(Ly = 2)G(x,y: A +ig) = 8(x — y), (5.7.25a)

(Ly — M)G(x, y: A — ig) = 8(x — }). (5.7.25b)
Taking the difference of the two expressions above, we have

(Le — A) [G(%,y; A + ie) — G(x, y: A — ig)] = 0. (5.7.26)
Thus we conclude

G(x, ys A +ig) — G(x, y; A — ig) o Yy (Y) P (x)- (5.7.27)

Hence we finally obtain, by choosing proper normalization for v, and ¢y,

)LB ’ ’
G,y 1) = +)_Un(p)bu(x),/ (o — 1) +[ i W)@y (%) (= 4).

5.7.28
The first term in Eq. (5.7.28) represents a discrete contribution to G(x, y; )E) frorri
the poles at » = A,, while the second term represents a continuum contribution
from the branch cut starting at 2 = Ap and extending to —oo along the negative
real axis. Equation (5.7.28) is the generalization of the formula, Eq. (5.2.9), for
the resolvent kernel H(x, y; A). Equation (5.7.28) is consistent with the assumption
(5.7.8a). Setting A = 0 in Eq. (5.7.28), we obtain

AB , ,
Gley) = 3 WnlMdn() A + / Xy ()6, (), (5.7.29)

which is the generalization of the formula, Eq. (5.2.7), for the kernel K(x, y).

We now anticipate that the completeness of the eigenfunctions will hold with
minor modification to take care of the fact that L, is non-self-adjoint. In order to
see this, we operate (L, — 1) on G(x, y; A) in Eq. (5.7.28):

(Le = 2)G(xy ) = (Le = 1)) _¥ulp)bn(x),/ (ks — 1)

]

+ (L — 2) dx U, (06, (%) (0 — ),

S(x—y) = an )n(x / A, (M, (%). (5.7.30)
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This is a statement of the completeness of the eigenfunctions; the discrete eigen-
functions {¢,(x), ¥x(y)} and the continuum eigenfunctions {¢,(x), ¥, (y)} together
form a complete set. We anticipate that the orthogonality of the eigenfunctions will
survive with minor modification.

We first consider the following integral:

h h
/ Y (X) Ly (x)dx = Am/ Y (X) P () dx
0 0
h h
- / (LT () () = / V() o),
0 0

from which, we obtain

h
(An — )»m)/o Y (X)Pm (x)dx = 0
h
:>/ Yn(X)Pm(x)dx =0 when A, # Ap. (5.7.31)
0

The eigenfunctions {¢,(x), ¥n(x)} belonging to the distinct eigenvalues are or-
thogonal to each other. Secondly, we multiply ¥, (x) on the completeness relation
(5.7.30) and integrate over x. Since A, # A’, we have by Eq. (5.7.31)

h h
| st =y = St [ dtne
0 " 0
h
=S V) =) _Ynly) /O Yn (%) m () dx. (5.7.32)
Then we must have

h
/ V(%) m (%) dx = Synn.- (5.7.33)
0

Thirdly, by multiplying v, » (x) on the completeness relation (5.7.30) and integrating
over x, since A” # A,, we have by Eq. (5.7.32)
+B

, h
vom= [ v /O )

Then we must have
h ! "
/0 v, ()¢, (x)dx = 5" —1"). (5.7.34)

Thus the discrete eigenfunctions {¢,(x), ¥, (x)} and the continuum eigenfunctions
{#,(x), ¥, (x)} are normalized, respectively, as Eqgs. (5.7.33) and (5.7.34).



5.8 Problems for Chapter 5

5.8
Problems for Chapter 5

5.1. (due to H. C.). Find an upper bound and a lower bound for the first
eigenvalue of

(I=x)y, 0=sy=x=<1,

Ko y) = — )X, O;x;yfl.

5.2. (dueto H. C.). Consider the Bessel equation
() + Axu =0,
with the boundary conditions

U (0) = u(1) = 0.

Transform this differential equation to an integral equation and find
approximately the lowest eigenvalue.

5.3.  Obtain an upper limit for the lowest eigenvalue of

Viu 4 aru=0,
where, in three dimensions,
O<r<a and u=0 on r=a.
5.4.  (due to H. C.). Consider the Gaussian kernel K(x, y) given by
22
Kx,y)=e* 77, —oo<x,y<-+00.

a) Find the eigenvalues and the eigenfunctions of this kernel.

(

(b) Verify the Hilbert—Schmidt expansion of this kernel.

(c) By calculating A, and A4, we obtain the exact lowest eigenvalue.
(d) Solve the integro-differential equation

9 +o00
ot = [ Kenowndy with ¢(x,0) = flx).

9]
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5.5.

5.6.

5.7.

5.8.

5.9.

Show that the boundary condition of the Sturm-Liouville system can be
replaced with
@16(0) + 020 (0) =0 and  Brg(h) + f29 (h) = 0

where a1, a2, B1, and B, are some constants and the corresponding
boundary condition on G(x, y) is replaced accordingly.

Verify the Hilbert—Schmidt expansion for the case of Direction 1in Section
5.6, when the kernel K(x, y) is self-adjoint and square-integrable.

(due to H. C.). Reproduce all the results of Section 5.7 with Green’s
function G(x, y; A) defined by

(Ly = Ar(x)) G(x,y; ) = 8(x —y),

with the weight function

rix) >0 on x€][0,h].

(due to H. C.). Consider the eigenvalue problem of the fourth-order
ordinary differential equation of the form

dx*

d4
(— + 1> d(x) = —Axp(x), O0<x<1,

with the boundary conditions

o) =9 (1)=0.
Do the eigenfunctions form a complete set?

Hint: Check whether the differential operator L, defined by

d4
L,=— <% + 1)
is self-adjoint or not under the specified boundary conditions.

(due to D. M.) Show that, if 1 is an eigenvalue of the symmetric kernel
K(x,y), the inhomogeneous Fredholm integral equation of the second kind,

b
#0) =0+ [ Kewyotidy, a=x<b

has no solution, unless the inhomogeneous term f (x) is orthogonal to all of
the eigenfunctions ¢(x) corresponding to the eigenvalue A.



5.10.

5.11.

5.8 Problems for Chapter 5

Hint: You may suppose that {1, } is the sequence of the eigenvalues of the
symmetric kernel K(x, y) (ordered by the increasing magnitude), with the
corresponding eigenfunctions {¢,(x)}. You may assume that the eigenvalue
2 has the multiplicity 1. The extension to the higher multiplicity k, k > 2, is
immediate.

(due to D. M.) Consider the integral equation

1
b(x) =f(x) + xf sin® [7(x —y)] ply)dy, 0<x<1.
0
(@) Solve the homogeneous equation by setting
fxy=o.

Determine all the eigenfunctions and eigenvalues. What is the spectral
representation of the kernel?

Hint: Express the kernel

sinz[zr(x -9

which is translationally invariant, periodic, and symmetric, in terms of
the powers of

explr (x —y)}-

(b) Find the resolvent kernel of this equation.

(c) Is there a solution to the given inhomogeneous integral equation when

f(x) = exp[imnx], m integer,
and A = 2?

(due to D. M.) Consider the kernel of the Fredholm integral equation of the
second kind, which is given by

(@) Find the eigenfunctions ¢,(x) and the corresponding eigenvalues %, of
the kernel.

(b) Ts K(x,y) symmetric? Determine the transposed kernel K (x,y), and
find its eigenfunctions v, (x) and the corresponding eigenvalues A,,.
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5.15.

(c) Show by an explicit calculation that any ¢,(x) is orthogonal to any
V() if m # 1.
(d) Derive the spectral representation of K(x, y) in terms of ¢,(x) and

Y (x).

. (due to D. M.) Consider the Fredholm integral equation of the second kind,

1
o =fw -+ [ |03 lx -l oty 0= <1,

(@) Find all nontrivial solutions ¢, (x) and corresponding eigenvalues 1,
for f(x) = 0.

Hint: Obtain a differential equation for ¢(x) with the suitable
conditions for ¢(x) and ¢(x) .

(b) For the original inhomogeneous equation (f (x) # 0), will the iteration
series converge?

(c) Evaluate the series Y, 1,2 by using an appropriate integral.

. If|h| < 1, find the nontrivial solutions of the homogeneous integral

equation,

A /” 1— W J
00 = o | T Zhcospx =y 12 P

Evaluate the corresponding values of the parameter A.

Hint: The kernel of this equation is translationally invariant. Write

cos(x — y) as a sum of two exponentials, express the kernel in terms of the
complex variable ¢ = exp[i(y — x)], use the partial fractions, and then
expand each fraction in powers of ¢.

. If|h| < 1, find the solution of the integral equation,

AT 1—h
i = 2 /,,, 1 —2hcos(x —y) + h2¢(Y)dY’

where f(x) is the periodic and square-integrable known function.

Hint: Write cos(x — y) as a sum of two exponentials and express the kernel
in terms of the complex variable ¢ = exp[i(y — x)].

Find the nontrivial solutions of the homogeneous integral equation,

T 1
p(x) = k[ [E(" -y - 5 lx— y!] (y)dy.



5.16.

5.17.

5.18.

5.19.

5.20.

5.21.

5.22.

5.8 Problems for Chapter 5

Evaluate the corresponding values of the parameter 1. Find the
Hilbert—Schmidt expansion of the symmetric kernel displayed above.

(@) Transform the following integral equation to the integral equation
with the symmetric kernel:

1
P(x) =1 fo Xy’ (y)dy.

G

Solve the derived integral equation with the symmetric kernel.

Transform the following integral equation to the integral equation
with the symmetric kernel:

—
o
=

1
blx) — 1 fo P p(y)dy = x + 3.

G

Solve the derived integral equation with the symmetric kernel.

—
o
=

Transform the following integral equation to the integral equation
with the symmetric kernel.

1
fo Xy (y)dy = 2.

(b) Solve the derived integral equation with the symmetric kernel.

Obtain the eigenfunctions of the following kernel and establish the
Hilbert—Schmidt expansion of the kernel,

K(x,y)=1, 0<xy<l

Obtain the eigenfunctions of the following kernel and establish the
Hilbert—Schmidt expansion of the kernel,

K(x,y) =sinxsiny, 0<x,y < 2.

Obtain the eigenfunctions of the following kernel and establish the
Hilbert—Schmidt expansion of the kernel,

Kx,y9)=x+y, 0<x,y<1l.

Obtain the eigenfunctions of the following kernel and establish the
Hilbert—Schmidt expansion of the kernel,

K(x,y) =explx+y], 0<x,y<In2.
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5.23. Obtain the eigenfunctions of the following kernel and establish the
Hilbert—Schmidt expansion of the kernel,

K(x,y) = xy+x2y2, 0<xy<l



6
Singular Integral Equations of the Cauchy Type

6.1
Hilbert Problem

Suppose that rather than the discontinuity f*(x) — f~ (x) across a branch cut, the
ratio of the values on either side is known. That is, suppose that we wish to find
H(z) which has branch cut on [a, b] with

HY(x) = Rx)H (x) on x € [a,b]. (6.1.1)
Solution. Take the logarithm of both sides of Eq. (6.1.1) to obtain

InH*(x) —InH (x) =InR(x) on x € [a,b]. (6.1.2)
Define

hz) =InH(z) and r(x) =InR(x). (6.1.3)
Then we have

hWt(x) —h™(x) =r(x) on x€l[a,b] (6.1.4)

Hence we can apply the discontinuity formula (1.8.5) to determine h(z):

b
h(z) = i/ de-i—g(z) (6.1.5)

21 x—z

where g(z) is an arbitrary function with no cut on [a, b], i.e.,

b
H(z) = G(z) exp [% / InR(x) dx} . (6.1.6)

xX—2z

We check this result. Supposing G(z) to be continuous across the cut, we have
from this result that

1 ("InR 1
H (x) = G(x) exp [EP[E ;1_(3};) dy + 3 In R(x):| , (6.1.7a)

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40936-5
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b
H™ (x) = G(x) exp |:2me,/ li)l_ii)dy — %ln R(x)i| . (6.1.7b)

Here, we used the Plemelj formulas (1.8.14a) and (1.8.14b) to take the limit as
z — x from above and below. Dividing H™ (x) by H™ (x), we obtain

H*(x)/H™ (x) = exp (In R(x)) = R(x),
as expected.

Thus, in general, G(z) may be of any form as long as it is continuous across the
cut. In particular, we can choose G(z) so as to make H(z) have any desired behavior
as z — a or b, by taking it of the form

G(z)=(a—2)"(b—2)", (6.1.8)
wherein G(z) = exp(g(z)) has no branch points on [a, b]. In particular, we can always
take G(z) of the form above with n and m integers, and choose n and m to obtain a

desired behavior in H(z) as z — a4,z — b, and z — 0.
We now address the inhomogeneous Hilbert problem.

Inhomogeneous Hilbert problem:
Obtain ®(z) which has a branch cut on [a, b] with

Ot (x) = R(x)® (x) +f(x) on x€[a,b]. (6.1.9)

Solution. To solve the inhomogeneous problem, we begin with the solution to the
corresponding homogeneous Hilbert problem,

HY(x) = R(x)H (x) on x¢€Ja,b], (6.1.10)

whose solution, we know, is given by

b
H(@) = G(2) exp [Zim / lnﬂdx] 61.11)

x—z
We then seek for a solution of the form

@ (z) = HR)K(2); (6.1.12)
hence K(z) must satisfy

HT(x)K*(x) = R(x)H (x)K~ (%) +f(x) (6.1.13)
or, from Eq. (6.1.10), H (x) K™ (x) = HT (x)K~ (x) + f (x). Therefore, we have

K*(x) — K™ (x) = f(x),/H" (%). (6.1.14)
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The problem reduces to an ordinary application of the discontinuity theorem
provided that H(z) is chosen so that f (x) / H " (x) is less singular than a pole at both
end points. With such a choice for H(z), we then get

27”/ e (xx) dx + L(2), (6.1.15)

where L(z) has no branch points on [a, b]. We thus find the solution to the original
inhomogeneous problem to be

®(2)=H@K (@, (6.1.16)

ie.,

1 hlnR f(x)
@ (2) = G(2)exp 2—7”/‘1 o 2]”/ () — dx+L(z)

(6.1.17)
with L(z) arbitrary and G(z) chosen such that f(x),/H" (x) is integrable on [a, b].
Neither L(z) nor G(z) can have branch points on [a, b).

O Example 6.1. Find ®(z) satisfying
OH(x) = D (x) +f(x) on xelab] (6.1.18)

Solution.
Step 1. Solve the corresponding homogeneous problem first:

HY(x) = —H (x). (6.1.19)
Taking the logarithm on both sides we obtain

InH"(x) =In H™ (x) + In(—1).

Setting
h(z) = In H(z),
we have
W (x) —h™ (x) = iw. (6.1.20)

Then we can solve for h(z) with the use of the discontinuity formula as

L 1 bin J 11 b—z
z — x+g(z)==-In| — )+ g(z
(2) = 2mi J, x—2z &) 2 a—z g(=).
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hence we obtain the homogeneous solution to be

a—z

H(z) = G(2) exp [Jn(b_z)] G| 222, (6.1.21)

=1,//(b—2)(a— 2). (6.1.22)
Therefore,
1/H(z) = V(b= 2)(a - 2)
does not blow up at z=a or b. So, it is a good choice, since it does not make

f(x),/H" (x) blow up any faster than f (x) itself. Hence we take Eq. (6.1.22) for H(z).
Take that branch of H(z) for which on the upper bank of the cut, we have

H'(x) = 1/1/(b — %)(x — a),
where we have now the usual real square root. To do this, we set
z=a+nre"" and z=b+re?,

so that

(b—2)(z—a) \/rl_rexp(t )

On x € [a, b], we have /i1, = /(b — x)(x — a) which requires on the upper bank,

61+ 6,
exp(i

) =
We take on the upper bank 6; = 0 and 6, = 7. Thus we have

H'x)=1/i/(b—x)(x—a) and H (x) =—1/iy/(b— x)(x — a).

(6.1.23)

Step 2. Now look at the inhomogeneous problem

O (x) = —D (x) + f(x). (6.1.24)
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Seek for the solution of the form

®(2)=H(@)K(2). (6.1.25)
Then we have

H ()K" (x) = —H™ (x)K™ (%) + f(x) = H" (x)K™ (%) +f(x)

where Eq. (6.1.19) has been used. Dividing both sides of the above equation by
H*(x), we have

Kt (x) — K~ (x) = f(x)/H"(x) = iy/(b — x)(x — a)f (). (6.1.26)

By applying the discontinuity formula, we obtain

2m/ Vb2 = a6 o, (6.1.27)

xX—z

where g(z) is an arbitrary function with no cut on [a, b]. Thus the final solution is
given by

_ V(b —x)(x — a)f (x)
B (b—z a—2z) {27'[/ d xte )}

xX—2z

or equivalently

_f)
D(2) = {Zm / HE () — +g(z)} . (6.1.28)

6.2
Cauchy Integral Equation of the First Kind

Consider now the inhomogeneous Cauchy integral equation of the first kind:

1y [t ew

i J, y—x

=f(x), a<x<b. (6.2.1)

Define

EaE

O] =
=) 2ni ), y—z

——dy for zmnoton a,b] (6.2.2)



198

6 Singular Integral Equations of the Cauchy Type

As z approaches the branch cut from above and below, we find

1 b 1
Oty = 5P f?QW+EM”’ (6.2.3a)
b
o= —p [ 20 g Lo, (6.2.3b)

2ni J, y—x 2

Adding (6.2.3a) and (6.2.3b) and subtracting (6.2.3b) from (6.2.3a) results in

1 b
¢+W%+¢’W)=;;PL f?%dy:fwy (6.2.4)
~ (%) = o(x).

dF(x) — D (x (6.2.5)

Our strategy is the following. Solve Eq. (6.2.4) (which is the inhomogeneous Hilbert
problem) to find ®(z). Then use Eq. (6.2.5) to obtain ¢(x). We remark that ®(z)
defined above is analytic in C — [a, b], so it can have no other singularities. Also
note that it behaves as A “z as |z| — oo.

Solution.
Ot (x) = —® (x) +f(x), a<x<bh.
This is the inhomogeneous Hilbert problem that we solved in Section 6.2. We know

_ L fw
q)(Z) = H(Z) {E /a mdx +g(Z) . (626)

However, we can say something about the form of g(z) in this case by examining
the behavior of ®(z) as |z| — oc. By our original definition of ®(z), we have

P(z) ~A/z as |z| = oo, (6.2.7a)
with
1 b
A= _ﬁ./; o(y)dy. (6.2.8)

If we examine the above solution, upon noting that
Hiz)~1/z as |z| = oo,
we find that it has the asymptotic form

d(z) ~ O(1/2%) +g(z)/z as |z| - 0. (6.2.7b)
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Now, since ®(z) is analytic everywhere away from the branch cut [a, b], we conclude
that g(z) H(z) must also be analytic away from the cut [a, b]. Other singularities
of g(z) on [a,b] can also be excluded. Hence g(z) must be entire. Comparing
the asymptotic forms (6.2.7a) and (6.2.7b), we conclude g(z) — A as |z| — oo.
Therefore, by Liouville’s theorem, we must have g(z) = A identically. Therefore,
we have

_ f®)
@(Z) = H(Z) {2—7” g de"‘A} . (629)

Thus we have

f(Y 1 f)
O*(x)=H {27” / -0 T 2 +A}, (6.2.10a)

o 1 f()
) = —H(x {Zm f H+y) —x)dY 2 H (x

Hence ¢(x) is given by

o+ A} . (6.2.10b)

¢ (x) = D7 (x) — @ (x) / H+ dy+2AH+( x).

(6.2.11)
Note that

X)=1,/(b—x)(a—x) =1/i\/(b— x)(x — a). (6.2.12)

The second term on the right-hand side of ¢ (x) turns out to be the solution of the

homogeneous problem. So A is arbitrary. In order to understand this point more

completely, it makes sense to examine the homogeneous problem separately.
Consider the homogeneous Cauchy integral equation of the first kind:

" ()

, —dgy=o. (6.2.13)
m e Y—X

Define

Lt ew
C@=o) T

d(z) is analytic everywhere away from [g, b], and it has the asymptotic behavior
d(z)~A/z as |z| - oo,

with

1 b
- /a S(1)dy. (6.2.14)
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We have
1o rf e 1
+ _ Z
ot (x) = ZEiP_/u y—de+ 2d)(x),
- 1 (" oW 1
P (x)_Z_m'P/u ))Txdy_id)(x)'
From these, we obtain

T (x)+ P (x) =0, (6.2.15a)

Dt (x) — D (x) = P(x). (6.2.15b)
Solve
Ot (x) = —@ (x),

which is the homogeneous Hilbert problem whose solution ®(z) we already know
from Section 6.2. Namely, we have

b—z

a—z

@ (2) = G(2) (6.2.16)

with G(z) having no branch cuts on [a, b]. But in this case, we can determine the

form of G(z).

(i) We know that ®(z) is analytic away from [a, b], so G(z) can only have
singularities on [a, b], but has no branch cuts there.

(ii) We know
d(z)~A/z as |z| > oo,
so G(z) must also behave as

G(z) ~A/z as |z| = oo,

taking that branch of \/(b — 2) /(a4 — z) which goes to +1 as |z| — oo.

(iii) ®(2z) can only be singular at the end points and then not as bad as a pole,
since it is of the form

2ni J, y—z

b
L ew,

So, G(z) may only be singular at the end points a or b.
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The last condition (iii), together with the asymptotic form of G(z) as |z| — oo,
suggests functions of the form

(e —2)" (b—2)"
(b _ Z)n+1 or (a _ Z)n+1 )

The only choice for which the resulting ®(z) does not blow up as bad as a pole at
the two end points is

G(z) =A/(b—2) with A = arbitrary constant. (6.2.17)
Therefore, the form of ®(z) is determined to be

®(z)=A/Y(—2)(a—2). (6.2.18)

Then the homogeneous solution is given by

¢ (x) = DT (x) — D (x) = 20T (x) = 24/ /(b — x)(a — x) = 2AH" (x),
(6.2.19)

where H* (x) is given by Eq. (6.2.12). To verify that any A works, recall Eq. (6.2.14),

1 h
A= —%/; B(y)dy.

Substituting ¢(y) just obtained, Eq. (6.2.19), into the above expression for A, we
have

2A

__/b#zé/b#
tiJe Jb—y)a—y) TJu JE—y)(y—a)

A=

_A/“ dg
= ==

which is true for any A.

6.3
Cauchy Integral Equation of the Second Kind

We now consider the inhomogeneous Cauchy integral equation of the second kind,

A 1
o(x) =f(x)+ ;P/(; Yd)%)))xdy, 0<x<l. (6.3.1)
Define ®(z)
d(z) = L mdy (6.3.2)

= 27 Jo y—=z
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The boundary values of ®(z) as z approaches the cut [0, 1] from above and below
are given, respectively, by

1
ot (x) = %P/; Y¢£Y)xdy+ %qﬁ(x), 0<x<1,

- LY !
P (x)_Z_m'P | y—xdy_id)(x)’ 0<x<l,

so that

O (x)— P (x) =p(x), O0<x<1, (6.3.3)

1
o)+ o) = b [ 204

0<x<l1. (6.3.4)
i Jo y—x

Equation (6.3.1) now reads
¥ (x) — @7 (x) = f(x) + (T (x) + O (¥)),

or

1+ir

W -

P (x) = 1 _1 i)\f(x). (6.3.5)

We recognize this as the inhomogeneous Hilbert problem.
Consider the case A > 0 and set A equal to

1
A=tanmy, O<y < 7 (6.3.6)
Then we have
1+ L:)\ _ iy
1—ix
First, we solve a homogeneous problem:
H*(x) = H (0)e¥™7, 0<x<1. (6.3.7)

In terms of h(z) defined by
H(z) = "),
we have

ht(x) — h™ (x) = 27iy.
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Hence we obtain

197i —
hie) = i 27T1]/dz _ yln(l z)
2ni Jo y—=z -z

and

1—-2z\"
H(z):( ) . 0<y<1/2. (6.3.8)

-z
Since we can add any function with no cut on [0, 1] to h(z), we can multiply any
function with no cut on [0, 1] onto H(z). By multiplying the above equation by
€™ /(1 — z), we choose

Hiz) =1/[1-2)"72"], 0<y<1/2. (6.3.9)
Returning to the inhomogeneous Hilbert problem, Eq. (6.3.5), we write

®(z) = H()G(2). (6.3.10)
Then Eq. (6.3.5) reads

1

H"(x)G"(x) — H ()G~ (x) = -

f ().

Dividing through the above equation by H™ (x), we have

1 1
GT(x)— G (x) = . ikf(x)/H*(x) =1 iAf(x)(l —x) K7, (6.3.11)

Since, for our choice of H(z), Eq. (6.3.9), we have
1,/HT(0)=1/H*"(1) =0,

we did not bring in extra singular behavior at x = 0 and 1; rather we made
f(x),/ H*(x) better behaved than f (x) at x = 0 and 1. By the discontinuity formula,
we have

1 1

Glz) = —
e Y

1
[ rma -0y -2y + gl (63.12)

The integral on the right-hand side of Eq. (6.3.12) takes care of the discontinuity of
G(z) across the cut on [0, 1] so that g(z) does not have any cut on [0, 1]. We know
furthermore that
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(1) G(2) is analytic in the cut z plane.
(2) Asz— 0, G(z) is bounded by

’

1
|G(z)| < ‘z—a 24

and similarly for z — 1.

(3) As|z| = 00, G(z) is bounded by constant. Thus we know from Eq. (6.3.12)
that g(z) is analytic everywhere and

g(z) ~ constant as |z| — oo.

By Liouville’s theorem, we obtain
g(2) = constant = k. (6.3.13)

Hence we obtain

P(z) =

1 r 1 -0ty
— dy+ ———.
(1—z)lrzr Znil—ikfo y—2 F )y + (1—2)t7rz

(6.3.14)

Then by choosing the branch of H(z) as indicated in Figure 6.1, we have from the
Plemelj formula

>F(x) = ZLm 1 _1 i (1 x;lfyxy P /01 . _y)f;yyyf()’)dy + % 1 —1 o )
N ﬁ (6.3.15a)
RSP Wy o S SE A T
N % (6.3.15b)
By Eq. (6.3.3),

Px) = T (x) — O (v)

_ 11— e—27ri)/ 1 /1 (1 _ Y)l—yYy
T2 1—ix (1—x)1rar o y—x

f (v)dy

11427 N c
= x .
21— ) (1—x)l-vxy

(6.3.16)
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Fig. 6.1 The branch of H(z) chosen for Egs. (6.3.15a) and (6.3.15b).

Since we have

1— 672niy — L}‘.7 14+ 672niy — 2 _
14 14
we finally obtain
ooy L7 1 P/Hl—y)“yyf ;
xX) = —
) 714221 —x)l"rxr Jo y—x (e
1 c

e+ TR (6.3.17)

where ¢ is an arbitrary constant. We note that solution (6.3.17) involves one
arbitrary constant and the spectrum of the eigenvalue A of Eq. (6.3.1) with f(x) =0
is continuous. Itis noted that the homogeneous solution of Eq. (6.3.1) with f(x) = 0
comes from the entire function g(z).

6.4
Carleman Integral Equation

Consider the inhomogeneous Carleman integral equation

1
a(x)p(x) = f(x) + AP i mdy, -l<x<1, (6.4.1)

-1 Y=

which has a Cauchy kernel and is a generalization of the Cauchy integral equation
of the second kind. Assume that A is real and that f(x) and a(x) are prescribed real
functions. Without loss of generality, we can take A > 0 (otherwise, we just change
the sign of a(x) and f (x)).
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6 Singular Integral Equations of the Cauchy Type
As usual, define

+1
RN

d(2) =
(=) 2ni ) 4 y—2z

(6.4.2)
Then ®(2) is analytic in C — [—1, 1]. The asymptotic behavior of ®(z) as |z| — oo
is given by ®(z) ~ Az as |z| — oo, with A given by

1 +1

A=—go | oy

2l

The end point behavior of ®(z) is that ®(z) is less singular than a pole as z — +£1.
The boundary values of ®(z) as z approaches the cut from above and below are
given by Plemelj formulas, namely

+1
ot (x) = %P 3 Y¢£Y:cd + ¢( ) for —1<x<1, (6.4.3a)
+1
D (x) = Mdy— 1db(x) for —1<x<1. (6.4.3D)

2mi 1 y—X 2
Adding (6.4.3a) and (6.4.3D), and subtracting (6.4.3b) from (6.4.3.a), we obtain

1 +1
ot (x) 4+ O (x) = —P 3 }%dy, D (x) — O (%) = B(x). (6.4.4)

Using the Carleman integral equation (6.4.1), we rewrite Eq. (6.4.4) as
[a(x) — Ami] DT (%) = [a(x) + Ami] D7 (x) + f(x),

which is an inhomogeneous Hilbert problem,

@t (x) = R(x)D~ (x) + %, (6.4.5a)
with
L R (6:4.5b)
T oa(x) — Ami’ o

Since we need to take In R(x), we represent R(x) in the polar form. Recalling that

x + ly = . /x2 + Yzeitanfl(y/x),

we have

R(x) = exp | 2itan™? AL (6.4.6)
a(x)
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Since the function a(x) + Arwi is always in the upper half plane, tan_l(%) isin the
range (0, 7). Define
AT
O(x)=tan' | — |. 6.4.
o= (45 (647
Then we have
R(x) = Y™ with 0 <6(x) <7,
and we obtain
D+ (x) = 2100 f(x) . 4.
() = 00 + (6:48)

Homogeneous problem: We first solve the homogeneous problem. Namely,
we solve

H*(x) = 2 H™ (x). (6.4.9)
Taking the logarithm of both sides, we have
In H"(x) — In H™ (x) = 2i6(x).

By the now familiar method of solving the homogeneous Hilbert problem, we have

1 (T ox)d
InH(z) = ;,/;1 % +g(2),
or
1
H(z) = G(z) exp [% /: %] . (6.4.10)

Behavior at the end points: Since 6(x) is bounded at the end points, the integral in
the square bracket above has logarithmic singularities as z — +1:

1 /“ O(x)dx _ —6(=1)

In(-1—-2) as z— -1,

TJ), x—2z T
1 [*ox)d

exp [_f (x) x] ~ (12 VT a2 s (6.4.11a)
7)1 x—z

and

+1
l/ M~@ln(1—z) as z— +1,

T )1 x—z b4
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1 [T o(x)d
exp [—/ M} ~(1=200" as z— +1. (6.4.11b)
TJ 1 x—2z

Since 0 < 6(x) < 7, we have 0 < @ <1l,and -1 < # < 0. So, disregarding
G(z), H(z) could be singular as z — —1 so that 1 /H(z) — 0 as z — —1, but H(2)
could be zero as z — 1 so that 1,/H(z) becomes singular as z — +1. Since we
wish to ensure that 1,/ H™ (x) is not singular in order to facilitate the solution of the
inhomogeneous problem, choose G(z) so that 1,/H(z) is not singular as z — +1.
A good choice for G(z) is G(z) = 1,/(1 — 2).

Then we obtain

H 1 1 /+1 6(x)dx 6412
= X — . .
@) =TZP| = [ ( )

With this choice,
0(-1)/m 6(=1)
Hiz)~1/(-1-2) as z— —1 0< 0 <1), (6.4.13a)

Hiz)~1/(1—-2707 as z— 41 (0 <1- ? < 1), (6.4.13b)

so that 1/ H"(x) is not singular as x — +1.

Inhomogeneous problem: We now solve the inhomogeneous problem:

+(a) — L200(2) f®)
) = IO+ (6.4.14)
We seek the solution of the form
®(2) = H(2)K(2). (6.4.15)
We obtain
T f)
HI @K (9 = HY (K™ + —— .
We then have
K*(x) — K~ (x) = f(x),/ [H (x)(a(x) — A7i)], (6.4.16)
from which we immediately obtain, by the discontinuity theorem,
+1
K(z) = - S dx + L(2). (6.4.17)

27i J_1 HY(x)(a(x) — Ami)(x — 2)
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Hence we obtain

o=t [ [ S dx |+ H@z)L 6.4.18
z) = H(z) | — x z)L(2). 4.

(=) (=) 2wi )1 HT(x)(a(x) — Amwi)(x — 2) (=)1(z) ( )
Determination of L(z) from its behavior at infinity: We know that ®(z) is analytic
in C — [—1, 1]. Our choice of H(z) is also analytic in C — [—1, 1]. So, L(2) is analytic
in C —[—1,1]. Furthermore, L(z) can have no branch cut in [-1, 1], so it can at

worst have poles on [—1, 1]. But the poles cannot occur inside (—1, 1) since ®(z) has
no poles there. Hence at worst L(z) has poles at the end points z — +1. However,
we know that ®(z) is less singular than a pole as z — +1. This is true of the first
term in (6.4.18), which can be shown to be as singular as f(x) at the end points
(the contribution from H(z) and 1,/ H™ (x) canceling). Hence H(z)L(z) must be less
singular than a pole as z — +1. This implies that L(z) cannot have poles at £1.
Therefore, L(z) is entire. We know

d(z) ~A/z, H(iz)~-1/2 as |z| - oo.
From our solution above, we have
d(z) ~ O(1/2%) — L(z2)/z as |z| — oo.

Thus we conclude that L(z) ~ —A as |z| — oo. By Liouville’s theorem, we must
have

L(z) = —A. (6.4.19)

Then our solution for ®(z) is given by

_ 1 fx)
®(z) = H(z) [% e e —— dx:| — AH(2), (6.4.20)
with
1 1 [t o(x)d
H(z) = 7— e [; [_1 —x(’ﬁ ﬂ : (6.4.21)

With that choice for H(z), H™ (x) can be chosen as

1 1_ [+ o
H"(x) = T &P [;PL %dy—f—i@(x)]. (6.4.22)

— X

To obtain ¢(x), we use
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From ®(z) obtained above, by the Plemelj formula, we have

¢+(x) _ H+(x) _LP H f(Y)dY 1 f(x) i
- L27i o HEG)al) — Amiy—x) 2 HF (x)(af) — Ari)
—AH™"(x), (6.4.23a)

& (x) = H™ () (1, f(y)dy 1 fx)
B L27i J HE@)(a(y) —Ami)(y =) 2 HF(x)(a(x) — Ai) |

—AH™ (x). (6.4.23D)

Then our solution is given by

d(x) = H" (%) [1 — 20

][LP o fdy ]
2wi Jo HE(y)(a(y) — Ami)(y — %)

—2i0 (x) f(x) —2i0(x!
+[1+e 2ib )]W—AH+(x) [1—e 2t )]. (6.4.24)

Simplification: We set

1 1 (T omdy] :
+ — _ Z\TE | if(x) = i6 (x) 4.
H™(x) 1_xexp[”P‘/;1 Y_x]e B(x)e”™, (6.4.25)
where we define
1_ (Towy)d
B(x) = exp |:—P/ M} . (6.4.206)
1—x ToJ y—x

Also, using the definition of 6(x), Eq. (6.4.7), we note

01 — 720 = 2in /\ [a? (x) + A272,

i) (a(x) — Ami) = \/m,

1+ 200 a(x)
2(a(x) — Ami)  a?(x) + A2m?’

Thus the final form of the solution is given by

$(x) = A b ! Sydy a(x)f (%)
a(x) + 2% Jo1 By)er(y) + A2nt(y—x)  aP(x) + A%w?
B(x)
Ny (6:427)

with B(x) defined by Eq. (6.4.26).



6.5 Dispersion Relations

We remark that when f(x) =0, ie., for the homogeneous Carleman integral
equation,

+1
a(x)p(x) = AP :)E—Y)xdy,

the homogeneous solution is, by setting f (x) = f(y) = 0 in Eq. (6.4.27),

B(x)

Va2 (x) + 2272

being well defined for all A > 0. Thus there is a continuous spectrum of eigenvalues
for the homogeneous Carleman integral equation.

Setting a(x) =1, solution (6.4.27) to the inhomogeneous Carleman integral
equation of the second kind reduces to solution (6.3.17) to the inhomogeneous
Cauchy integral equation of the second kind, because the latter is the special case
(a(x) = 1) of the former.

Pu(x) =C

6.5
Dispersion Relations

Dispersion relations in classical electrodynamics are closely related to the Cauchy
integral equations.
Suppose that the complex function f(z) is analytic in the upper-half plane,

Imz > 0, and that f(z) — 0 as |z| - oco. We let its boundary value on the real
x-axis in the complex z plane to be given by

F(x) = lirr(l)f(x +ig), with & = positive infinitesimal. (6.5.1)
e—
From the Cauchy integral formula,

@) = Jle) 4,

T 2 L §—2

where C is the infinite semicircle in the upper half plane, we immediately obtain

flz) = i/ f(—g)dg. (6.5.2)

27 ealaxis & — Z

From Egs. (6.5.1) and (6.5.2), we obtain

2wiF(x) = lim ” ﬂdx/ = P/OO 6 dx + miF(x).

e=>0 ) o ¥ —x—ig o ¥ —%

21
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Thus we have

Flx) = —p / T EE) G (6.5.3)

o X —%

Equating the real part and the imaginary part of Eq. (6.5.3), we obtain the following
dispersion relations:

ReF(x):lp/ mFE) ImF(x):—lP/ Re/F(’;)dx’. (6.5.4)

b4 o X —x b4 o X —

Suppose that f(z) has an even symmetry,

fl=2) =f*&). (6.5.5)

Then we write

o0 / 0 * / 00 ,
B 0

i 0o ¥ —% i Joo ¥ +% i x —x

=—LP/ ReF(x)—tImF(x)dx,
0

T x +x
—l—i,P/OO ReF(x/)/—I—iImF(x’)dx/
i Jo x —x

_ iP/m <ReF(x’) ~ Re,F(x/))dx,
T Jo x +x X —x
1 ®© /Im F(x Im F(x'
+_P/ (m () , Im (x))dx,
T Jo x4+ x x —x

;Zipf“’ de/+zpf°° ¥ ImF)
T 0 x2—x2 7 Jo x?2—x2

Thus, we obtain the following dispersion relations:

2 [® % ImF(x 5 % xReFlx)
Re F(x) = —P xlmi(x)dx/, ImF(x) = — ~ P x/ei(x)dx.
4 0 X2 — 52 . A Y22

(6.5.6)
Suppose that f(z) has an odd symmetry,

f=2) = =f"(z"). (6:5.7)
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Then we write

00 / 0 (a/ oo /
Flx) = lP/ Fe<) dx/z—i,P/ F (x)dx/+i,P/ FE) g
_ 0

i o X —x% Tl Joo ¥+ x i x —x
_ i.P/OC ReF(x/)—iImF(x/)dx,_l_ i,P/OO ReF(x’)+i1mF(x/)dx,
i Jo x4+ x i Jo x —x
_ip °°<ReF(x/)+Re,F(x’)> dx/_lP/m<ImF(x/)_ImF(x’))dx/
T Jo X' 4+x X —x T Jo X' 4+x X' —x
= _—ZiP/w * ReFix) /Re Ft) dx’ + EP/Oo 7xl/m £ dx’.
T 0o x%2—x2 T Jo @ x2—x2
Thus, we obtain the following dispersion relations:
2 ®© xIm F(x' 2 * x'Re F(x'
Re F(x) = —Pf %dx’, Im F(x) = ——P/ %(xz)dxﬂ
7 Jo x?-x 7 Jo x?-—x
(6.5.8)

These dispersion relations were derived by H.A. Kramers in 1927 and R. de L.
Kronig in 1926 independently for the X-ray dispersion and the optical dispersion.
Kramers—Kronig dispersion relations are of very general validity which only depend
on the assumption of the causality. The analyticity of f(z) assumed at the outset is
identical to the requirement of the causality.

In the mid-1950s, these dispersion relations were derived from quantum field
theory and applied to strong interaction physics, where the requirement of the
causality and the unitarity of the S matrix are mandatory.

The application of the covariant perturbation theory to strong interaction physics
was hopeless due to the large coupling constant, despite the fact that the pseu-
doscalar meson theory is renormalizable by power counting.

For some time, the dispersion theoretic approach to strong interaction physics
was the only realistic approach which provided many sum rules. To cite a few,
we have the Goldberger—Treiman relation, the Goldberger—Miyazawa—Oehme
formula, and the Adler—Weisberger sum rule.

In the dispersion theoretic approach to strong interaction physics, the experi-
mentally observed data were directly used in the sum rules.

The situation changed dramatically in the early 1970s when the quantum field
theory of strong interaction physics (quantum chromodynamics, QCD in short)
was invented with the use of the asymptotically free non-Abelian gauge field theory.

We now present two examples of the integral equation in the dispersion theory
in quantum mechanics.

U Example 6.2. Solve

/ 2 /
Py = L [ IR

: L, (6.5.9)
T X —X—1&
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6 Singular Integral Equations of the Cauchy Type
where h(x) is a given real function.

Solution. We set
f@) == / %(—x,)dx/ with  g(x) = |F(x)|* h(x). (6.5.10)
7)) x—z
Since g(x) is real, it is the imaginary part of F(x),
Im F(x) = |F(x)| h(x). (6.5.11)

Assuming that f (z) never vanishes anywhere, we set

1
= _—. 6.5.12
o) = 1 (65.12)
We compute the discontinuity
d(x+ig) — p(x —ie) = 2ilmp(x + ig) = _Zilmf(xi—{—isz) = —2ih(x).
[f(x + ie)!
(6.5.13)
Thus we have
b(2) = —% / xpf(f)zdx’, (6.5.14)
and
3 11 W)y
F(x) =f(x+ie) = PYPRAY ——[;/mdx} , (6.5.15)

provided that ¢ (z) never vanishes anywhere.

This example originates from the unitarity of the elastic scattering amplitude in the
potential scattering problem in quantum mechanics. The unitarity of the elastic
scattering amplitude often requires F(x) to be of the form

explid(x)] sin 8(x)

T

with §(x) and h(x) real, (6.5.16)

where
Im F(x) = |F(x)|” h(x). (6.5.17)

In the three-dimensional scattering problem in quantum mechanics, we can obtain
the dispersion relations for the scattering amplitude in the forward direction. We
shall now address this problem for the spherically symmetric potential in three
dimensions.
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U Example 6.3. Potential scattering from the spherically symmetric potential in
three dimensions in quantum mechanics.

The Schrédinger equation for the spherically symmetric potential in three dimen-
sions is given by

VY () + Ky () — UF)Y(F) =0, (6.5.18)

where U(F) is the potential V() multiplied by 2m_~h?. Using Green’s function
exp[ikR], 47 R for the Helmholtz equation, we obtain

- | [ik |7 — .
¥ (7) = explikor] — ye / me)wm)d% (6.5.19)

where exp[iﬁo?] is the incident wave with ko along the z-axis in the spherical
polar coordinate. In the region with [F| > 1, the scattering amplitude f (0, k) is
obtained as

f(0.k) = —% / exp[— ki1 | U (F1) Y (F1)dFi, (6.5.20)

where 6 is the polar angle between 7 and the z-axis, and ks is in the direction of
7 with magnitude |k | = k.
Solving Eq. (6.5.18) for y/(F) iteratively for the case of the weak potential, we have

k)= f6.h),

where

ﬁ,(@,k) — (;1))1/ /dS?l "'d37’n _ _’U(?)U(Il)n. [{(T’l) _
4 |r—r1||r1—r2|---|ry,_1—rn|

x expl—iksF1 + ik [t = Fa| 4 - + ik [Fact — Fu| + ikoTal,  (6.5.21)

which has the k-dependence only in the exponent. In the case of the forward
scattering (6 = 0), we have ks = ko. The exponent of Eq. (6.5.21) becomes

i%o(?n—?l)-i—ik‘?l —?2’ —l—lk’?z —73‘ +~~~+ik|7n,1 —7’”’.

, we

Since the sum |r; — | + |7’2 — ?3| 4+ |7’n,1 — 17”| is greater than |7n
have the exponent of Eq. (6.5.21) as

ik x (positive number).
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Thus f,(0, k) is analytic in the upper half plane, Imk > 0. In order to apply the
dispersion relation to f(0, k), we must define f,(0, k) for the real negative k. From
Eq. (6.5.21), we have

fa(0,—k) =£7(0,k) with k real and positive. (6.5.22)

We note that
0,0) = ! U = /(0. k
£10.0)= - [ UG =0k

is a real constant so that we can invoke the dispersion relation,

2 (X ImFK 2 [®xReF(¥)
Re F(x) = —P/ YIME) b m Fp = ——P/ ¥ReFx) 4
m 0 0

%2 — x? b X2 — x2

(6.5.6)

to the present case with minor modification,
F(k) =f(0,k) — f1(0,k) with k real and positive. (6.5.23)

Thus we have
2 [ KImf(O,k)

Re[f(0,k) — f1(0,0)] = —P —— k. 6.5.24
ctf 0.0 —fi0.0) = v [ = (6:5.24

We tacitly assumed the square-integrability of [f(0,k) — f1(0,0)] in the present
discussion. If this assumption fails, we may replace

[F(0.k) = fi(0,0)] with [f(0,k) —£(0,0) /K’

where the latter is assumed to be bounded at k = 0 and square-integrable. We
obtain the dispersion relation,

2K2 [ Imf(0,k)

We shall now replace the incident plane wave in Eq. (6.5.19) with the incident
spherical wave originating from the point on the negative z-axis, ¥ = o,

Vo(F) = 7 io?0| explik [F — To| — ikro],

and consider the scattered wave. The exponent in Eq. (6.5.21) gets replaced with

—iiéi’l + lk{?l —?’2| + ..+ ik |?n—1 _?n{ + lk{?n —?’0| - ik?’o.
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In the case of the forward scattering, we have k; = ko and k; points in the positive
z-direction. Since we have kry = —koFy, the exponent written out above becomes

iko(?() —?1) + lk{’?l —?2! +---+ ’7’”,1 —7’"’ + |7’y, —?0!},
so that we have the exponent as
ik x (positive number).

Since we have 7y on the z-axis, we have

klF—7 %)

w = ik > (21 + 1)Py(cos O)j(kn) k" (kro), 1o > 1. (6.5.26)
r—r [y
The total wave must assume the form

ik > (21 + 1) Py(cos 0)h{") (kro)ro exp|—ikro) ji(kr) + i exp[is ] sin 5k (kr),
l:O

and the corresponding forward scattering amplitude (0, k) becomes

£10.k) =Y (21 + 1)y (kro)ro exp[—ikro] - i explid] sin & - i~
1=0

=0z Z(zl+ 1) (exp[i&i] — 1)qu(kro). (6.5.27)
=0

Here

qi(kro) = kro - h{” (kro) - i~ exp|—ikro] = Z (6.5.28)

We note that (0, k) is a function of ry. Since ry is arbitrary, we can obtain many
relations from the dispersion relation for f'(0, k) by equating the same power of .
Picking up the 1,/7" term, we obtain

1 o +m!
fnll) = Sy ;(21 +1) ] (exp[is)] — 1). (6.5.29)

Using the identity

Im+ 1+ —m) 0, for U >1,

v m—1y
Z (=)™ + m)! 1,/2141), for I'=
m=l ( l) (
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we invert Eq. (6.5.29) for exp[idj] — 1, obtaining

)m lk2m+1

—l (m+1+ 1t

exp [161] l

Mg

(k).

The dispersion relation for the phase shift §; becomes

0 ( )m lk2m+l
Im exp[2idi] = mzl “hlm+ 1+ 1)
/ / | r_ | _ S (k'
y [EP/ Zl/:m[(ZI + 1)+ m).((l m)!|Re(1 — exp[isy (K')]) Y + Cm] ,
T K2 _ k2
(6.5.30)
where
1 dm
Cm = 3 T Im exp[2i8, (k)] .

We refer the reader to the following book for the mathematical details of the dis-
persion relations in classical electrodynamics, quantum mechanics and relativistic
quantum field theory.

Goldberger, M.L. and Watson, K.M.: Collision Theory, John Wiley & Sons, New York,
(1964). Chapter 10 and Appendix G.2.

6.6
Problems for Chapter 6
6.1. Solve

1 19
—P dy=0, —-1<x<1.
2 [ et <xs

6.2. (dueto H. C.). Solve

1
¢>(x)=tanxP/ —¢> ydy +f(x), 0<x<1.

b4 o Y—

6.3.  (dueto H. C.). Solve

3 1 1
P(x) = %P/O Y_—x¢(y)dy+f(x), 0<x<1.

T
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6.4. (dueto H. C.). Solve

x 1
d—i—A/ —1,
[ A =

6.5. (dueto H. C.). Solve

+o00 1
AP _ dy = , 0 .
/0 LAy = 9. 0= <00

Find the eigenvalues and the corresponding eigenfunctions.

6.6. (dueto H. C.). Solve

+1
Pf %gb(y)dy -1<x<1.
—1

6.7. (due to H. C.). Obtain the eigenvalues and the eigenfunctions of

A +1 1
b(x) = fP/ sy, —1<x<1.

T

6.8. (dueto H. C.). Solve

1™ 1
«RWM=APA Y(y)dy, 0<x<oo.

T y—x
6.9. (dueto H. C.). Solve

11) +oo g by B
Loty =S, —so<x<cx.

6.10. (due to H. C.). Solve

Lo [ L gy, o=
<) Y_xmwy—(a = x <00

6.11. (due to H. C.). Solve

1
/ In|x—y|py)dy=1, 0=<x<1.
0
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6.12.

6.13.

6.14.

6.15.

6.16.

6.17.

Solve

Tx) 1 ()
%‘F;P/a x— dy f(x

with I"(x), B(x), and f(x) even and

Hint: The unknown I' (x) is the circulation of the thin wing in the Prandtl’s
thin wing theory.

Kondo, J. : Integral Equations, Kodansha Ltd., Tokyo, (1991), p. 412.
(due to H. C.). Prove that

P/ L:O for x> 0.
0 JYy—%)

(due to H. C.). Prove that

=0, O0<x<l1.

P/l I B
0 VYL =y —%)

(due to H. C.). Prove that

vy — 1
—P/ Ydy_——x, 0<x<l1.
(due to H. C.). Prove that
lP ! Iny b4 /"o 1 i
- e N 4
o VY= —x) I R N T
0<x<1.

Solve the integral equation of the Cauchy type,

F(x) = %/Md%l

X —x—1ie
where h(x) is given by

h(x) = exp[id(x)] sin §(x),

and §(x) is a given real function.



6.6 Problems for Chapter 6

Hint: Consider f(z) defined by

1 F / h* /
flo =5 [ e,

b
and compute the discontinuity across the real x-axis. Also use the identity
1 — 2ik* (x) = exp[—2i(x)].

The function h(x) originates from the phase shift analysis of the potential
scattering problem in quantum mechanics.
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7
Wiener—Hopf Method and Wiener—Hopf Integral Equation

7.1
The Wiener—Hopf Method for Partial Differential Equations

In Sections 6.3, 6.4, and 6.5, we reduced the singular integral equations of
Cauchy type and their variants to the inhomogeneous Hilbert problem through the
introduction of the function ®(z) appropriately defined.

Suppose now we are given one linear equation involving two unknown functions,
¢_(k) and ¢ (k), in the complex k plane,

¢ (k) = v () + F(k), (7.1.1)

where ¢_ (k) is analytic in the lower half plane (Imk < t_) and v (k) is analytic
in the upper half plane (Imk > 7). Can we solve Eq. (7.1.1) for ¢_ (k) and v, (k)?
As long as ¢_(k) and (k) have a common region of analyticity as in Figure 7.1,
namely

T <1, (7.1.2)

we can solve for ¢_ (k) and 4 (k). In the most stringent case, the common region
of analyticity can be an arc below which (excluding the arc) ¢_ (k) is analytic and
above which (including the arc) ¥4 (k) is analytic.

We proceed to split F(k) into a sum of two functions, one analytic in the upper
half plane and the other analytic in the lower half plane,

F(k) = Fy. (k) + F_(k). (7.1.3)

This sum splitting can be carried out either by inspection or by the general method
utilizing the Cauchy integral formula to be discussed in Section 7.3. Once the sum
splitting is accomplished, we write Eq. (7.1.1) in the following form:

- — F-(k) = v+ (1) + F1. (k) = G(R). (7.1.4)

We immediately note that G(k) is entire in k. If the asymptotic behaviors of F. (k) as
|k| — oo are such that

Fi(k) >0 as |k| —> oo, (7.1.5)

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40936-5
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Fig. 7.1 The common region of analyticity for ¢_ (k) and
Y4 (k) in the complex k plane. ¥4 (k) and Fy (k) are ana-
lytic in the upper half plane, Imk > 7. ¢_(k) and F_(k) are
analytic in the lower half plane, Imk < 7_. The common re-
gion of analyticity for ¢_ (k) and v (k) is inside the strip,
74 < Imk < 7_ in the complex k plane.

and on some physical ground,
¢—(k), ¥i(k) > 0 as [k| > oo, (7.1.6)

then the entire function G(k) must vanish by Liouville’s theorem. Thus we obtain
o_(k) = F_(k), (7.1.7a)

Vi (k) = —F (k). (7.1.7b)

We call this method the Wiener—Hopf method.
In the following examples, we apply this method to the mixed boundary value
problem of the partial differential equation.

U Example 7.1. Find the solution to the Laplace equation in the half-plane.

97
(ﬁ + W) $(x,y)=0, y=0, —00<x<00, (7.1.8)
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y
X
v
9% (x [0) = ceb* T
ay #(x,0) = e*

Fig. 7.2 Boundary conditions of ¢(x,y) for the Laplace
equation (7.1.8) in the half plane, y > 0 and —c0 < x < oo.

subject to the boundary condition on y = 0, as displayed in Figure 7.2,
o(x,00=¢" x>0, (7.1.9a)
dy(x,0) =ce™, b>0, x<O0. (7.1.9b)

We further assume
B(x,y) = 0 as x4y — oo. (7.1.9¢)

Solution. Since —oo < x < 0o, we may take the Fourier transform with respect to x,
ie.,

. “+o00 . 1 +o00 o
d(k,y) = [ dxe " (x,y), P(x,y) = — / dke™* ¢ (k, y). (7.1.10)

00 2 J o

So, if we can obtain ¢(k, y), we will be done. Taking the Fourier transform of the
partial differential equation (7.1.8) with respect to x, we have

, 9t

ie.,

9 L
@d)(k,y) =k¢(ky), (7.1.11)

from which we obtain

b(k.y) = Ci(k)e + Ca(k)e™.
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The boundary condition at infinity, (k,y) — 0 asy — +oo, implies

Ci(k)=0 for k>0,
Cyk)=0 for k<O.

We can write more generally
bk, y) = A(kje™ ¥l (7.1.12)

To obtain A(k), we need to apply the boundary conditions at y = 0.
Take the Fourier transform of ¢ (x, 0) to find

+00 .
bk, 0) = f dxe~ ¢ (x, 0)
o o
- / dxe™ ¢ (x, 0) + / dxe™ ¥, (7.1.13)
—00 0

Here the first term is unknown for x < 0, while the second term is equal to
1/(1 + ik). Recall that

‘e_ik" =2 with k=k +iky,

_ ‘e—i(kl +iky)x

which vanishes in the upper half plane (k; > 0) for x < 0. So, define

0 .
by (k) = /7 dxe " p(x,0), (7.1.14)

which is a + function. (Assuming that ¢(x,0) ~ O(?) as x — —o0, ¢ (k) is
analytic for k; > —b.) So, we have from Egs. (7.1.12) and (7.1.13)

Bk 0) =g () + —— or A(k) =g (k) +

1+ ik 1+ ik’ (7:1.13)
Also, take the Fourier transform of d¢(x, 0)/dy to find
2 +00 .
% (k,0) = / e 0215 0)
ay —o0 ay
0 . +00 .
= / dxe™ ¥ ceb* 4 / e 0P 0), (7.1.16)
—00 0 aY

where the first term is equal to ¢/(b — ik), and the second term is unknown for
x > 0. So, define

+00
v_(k) = /0 dxe_ikx%j;o), (7.1.17)
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which is a — function. Assuming that 3¢ (x,0)/dy ~ O(e™*) as x — oo, Y_(k) is
analytic for k; < 1. Thus we obtain

c
— [k AK) = 5=+ V- (),
or we have
Ak i V-0 (7.1.18)

=W e-w [

Equating the two expressions (7.1.15) and (7.1.18) for A(k) (assuming that they are
both valid in some common region, say k, = 0), we get

| O ()
T+ik  [k[(b—ik) |k

b (k) + (7.1.19)

Now, the function |k| is not analytic and so we cannot proceed with the
Wiener—Hopf method unless we express |k| in a suitable form. One such form,
often suitable for application, is

k| = lim (K + &%)/ = lim (k + ie)'/*(k — ie)"/?, (7.1.20)

e—071 e—0t

where, in the last expression, (k + ie)¥/? is a + function and (k — ie)"/? is a —
function, as displayed in Figure 7.3.
We can verify that on the real axis,

Vi +e2=|k| as &— 0. (7.1.21)

Fig. 7.3 Factorization of |k| into a + function and a —
function. The points, k = %ig, are the branch points of
VK2 + €2, from which the branch cuts are extended to +ioco
along the imaginary k-axis in the complex k plane.
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We thus have

i —ci - v_ (k)

k—i  (k+ib)(k+ie)/2(k —ie) /2 (k+ie)/2(k —ie)/2"
(7.1.22)

¢+ (k) —

Since (k + ig)'/? is a + function (i.e., is analytic in the upper half plane), we multiply
the whole Eq. (7.1.22) by (k + ie)'/? to get

i(k + ie)1/2 —ci W (k)

. \1/2 _ = -
(k+ig) "“ P (k) r—i (k+ ib)(k — i)z (k—ig)l/2’

(7.1.23)

where the first term on the left-hand side is a + function and the second term
on the right-hand side is a — function. We shall decompose the remaining terms
into a sum of the + function and the — function. Consider the second term of the
left-hand side of Eq. (7.1.23). The numerator is a + function but the denominator
is a — function. We rewrite

i(k 4 ig)'/?

—i(k+ie)/? +i(i + i)V i(i+ ig)'/?
k—i k—i k—i '

where in the first term on the right-hand side, we removed the singularity at k = i
by making the numerator vanish at k = i so that it is a 4 function. The second term
on the right-hand side has a pole at k = i so that it is a — function. Similarly, the
first term on the right-hand side of Eq. (7.1.23) is rewritten in the following form:

—ci —ci 1 1
(k+ib)(k — i)/2 ~ k+ib [(k— ie)l/2 ~ (—ib— ig)l/l}
ci
(k- ib)(—ib — ig)/2’

where the first term on the right-hand side is no longer singular at k = —ib, but has
a branch point at k = ig, so it is a — function. The second term on the right-hand
side has a pole at k = —ib, so it is a + function.

Collecting all this, we have the following equation:

—i(k +ie)V/2 +i(i + ie)/? N ci
k—i (k + ib)(—ib — ig)1/2

(k+ie) 2 (k) +

. v (k) ci 1 1
T (k—ig)l2  (k+ib) [(k— ig)l/2 (—ib— is)l/Z]
i(i + ig) /2

- (7.1.24)

Here each term on the left-hand side is a + function while each term on the
right-hand side is a — function. Applying the Wiener—Hopf method, and noting
that the left-hand side and the right-hand side both go to 0 as k| — oo, we have
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i 1— (i +ie)/? _ ci
(k+ ig)1/2 (k + ib)(—ib — ig)V/2(k + ie)1/2"

We can simplify a bit:
(i+ie)/2 = (1 +¢)2™* = ¢™/* as & — 0F.
Similarly,

(—ib—ig)/? = Vb +ee ™t = Vbe ™t as & — OF.

Hence we have

i ¢/t (c/~/b)ie™/*

o+ = [1 okt ie)l/Z]  (k+ ib)(k + ie)1/? (7:1.23)
So finally, we obtain A(k) from Egs. (7.1.15) and (7.1.25) as

Alk) = —iet A (7.1.26)

(ki) | Ubk+ib)  k—i]|’ o

where we note

. for k>0,

(k+ie)’ \/7‘”/2—1\/7 for k<0O.

As such,

$lky) = ARy IHY

can be inverted with respect to k to obtain ¢(x, y).
In this example, we carried out the sum splitting by inspection (or by brute
force). We now discuss another example.

O Example 7.2. Sommerfeld diffraction problem.
Solve the wave equation in two space dimension:

2

SE U = AV2u(x,y, 1) (7.1.27)

with the boundary condition

bl
—Yu(x, »t)=0 at y=0 for x<0O. (7.1.28)
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Reflected waves Incident waves

W
T X
Semi-infinite Diffracted/y
obstacle waves

Fig. 7.4 Incident wave, reflected wave, and diffracted wave
in the Sommerfeld diffraction problem.

The incident, reflected, and diffracted waves are drawn in Figure 7.4.
Solution. We look for the solution of the form
u(x,y,t) = ¢(x, Y)e_i“”.
Setting
p=o/c,
the wave equation assumes the following form:

V2¢ 4+ p’¢ = 0.

Letting the forcing increase exponentially in time (so it is absent as t — —

must have Imw > 0, which requires
p=p1+is, &— 0"
So, ¢(x, y) satisfies

Vi +p*p =0,
¢ /0y =0 at y=0 for x<0O.

Consider the incident waves,

Uinc = ei@'iiwt) = d’inceiiwl with |?J| =p

(7.1.29)

(7.1.30)

(7.1.31)

), we

(7.1.32)

(7.1.33)

so that uiy also satisfies the wave equation. The uiy is a plane wave moving in the

direction of p. We take

p=—pcosh - e —psinb - ¢,
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and assume 0 < 0 < 7/2. Then ¢inc(x, y) is given by

inc(x, y) = e~ PlEcostFysing) (7.1.34)
We seek a disturbance solution

V(%) = (%) — binc(%,y)- (7.1.35)
Thus the governing equation and the boundary condition for v (x, y) become

VY +py =0, (7.1.36)

subject to

0Y(x,0) _ 9¢inc(x,0)

= =ipsing - e PFO9  for x<0 at y=0.
dy dy
(7.1.37)
Asymptotic behavior: We replace p by p1 + is,
p=p+ie (7.1.38)

In the reflection region, we have
Y(x,y) ~ g PlEeosO=ysind) - for 350, x— —oo0.

We note the change of sign in front of y. Near y = 0%, we have ¥ (x,0") ~
e #¥0s a5 x — —o0, or |Y(x,01)| ~ ¥ as x — —o0. In the shadow region
(y <0,x— —00),¢(—00,y) =0 = ¥ = —@inc, so that Y/ (x,07) ~ —e #¥cos,
or |1//(x, O_)| ~ %00 a5 x — —o0.

In summary,

[¥(x, )] ~ ¥ as x— —oo, y=0%. (7.1.39)

Although v (x, y) might be discontinuous across the obstacle, its normal derivative
is continuous as given by the boundary condition. On the other side, as x — +o0,
both v (x, 0) and 8/ (x, 0)/9x are continuous, but the asymptotic behavior at infinity
is obtained by approximating the effect of the leading edge of the obstacle as a delta
function,

VA + Py = —4m8(x)8(y). (7.1.40)

From Eq. (7.1.40), we obtain

V(x,y) =miH (pr), r= m (7.1.41)
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where H(()l) (pr) is the Oth order Hankel function of the first kind. It behaves as
HY (pr) ~ 1 exp(ipr) as r— o0
0 «/7 ’
which implies that

1
|¢(x,0)|~76_8” as x— oo near y=0. (7.1.42)
x

Now, we try to solve the equation for ¥ (x, y) using the Fourier transforms,

+00 )

P(k,y) = / dxe” " (x,y), (7.1.43a)
1 +o00 e

vy = /_ dke™ 4 (k, y). (7.1.43b)

We take the Fourier transform of the partial differential equation,
VY +p’y =0,

resulting in the form

9% .
gl = (k* = ") (k,y)- (7.1.44)
Consider the branch
(k* = p")"? = lim [(k— p1 — ie)(k + p1 + ie)]"/%, (7.1.45)
e—0

where the branch cuts are drawn in Figure 7.5.
Then we have

[kl — (1 + i8)2]1/2 — r1rzei(¢1+¢2)/z,

so that

Re[kz =+ is)z]l/z = /T2 COS (¢1 —; ¢2> .

On the real axis above, —7 < ¢1 + ¢, < 0, so that

0<cos(¢1;¢2> < 1.
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Fig. 7.5 Branch cuts of (k2 — p?)"/2 in the complex k
plane. The points, k = &(p; + i¢), are the branch points
of \/k? — p?, from which the branch cuts are extended to

Thus the branch chosen has
Re[k? — (p1 +i8)4]Y2 > 0 (7.1.46)

on the whole real axis. We can then write the solution as
2

gl b0 = = iV (k) (7.1.47)

as

Hy) A(k)exp(—/ — (p1 +ie)%y), y >0,
V=) Bl exp+y/R2 — (o1 +i8)y), v <.

But since v (x, y) is not continuous across y = 0 for x < 0, the amplitudes A(k) and
B(k) need not be identical. However, we know that dv(x, y)/9y is continuous across
y = 0 for all x. We must therefore have

0 D
3—”0(’%0 )= ayl//(k’o )

from which we obtain

Thus we have

A(k) exp(—v/k* — (p+ie)’y), ¥ >0,

Yky) = —A(k) exp(+y/k* — (p + ie)?y), y <O. (7.1.48)
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If we can determine A(k), we will be done.
Let us recall everything we know. We know that ¥ (x, y) is continuous for x > 0
when y = 0, but is discontinuous for x < 0. So, consider the function

0 for x>0,

unknown for x <O. (7.1.49)

Y(x,07) — (x,07) = {

But we know the asymptotic form of the latter unknown function to be like ¢°*°s?
as x — —oo from our earlier discussion. Take the Fourier transform of the above
discontinuity (7.1.49) to obtain

0 o
J(k,0%) = P (k,07) = / e (x,07) — ¥ (x,07)),

the right-hand side of which is a 4 function, analytic for k; > —¢ cos 6. We define

Uy (k) = ¥r(k,07) — 4 (k,07), analytic for k, > —&cos6. (7.1.50)

Now consider the derivative 9y (x, y)/dy. This function is continuous at y = 0 for
all x (—oo < x < 00). Furthermore, we know what it is for x < 0. Namely,

ipsing - e ¥ for x <0,

d
8_})1/,(95,0) = { (7.1.51)

unknown for x> 0.

But we know the asymptotic form of the latter unknown function to be like e~** as
x — oo. Taking the Fourier transform of Eq. (7.1.51), we obtain

0 0 B . +00 L9
— i (k,0) = / dxe™ ™ . ipsing .Tipreosd | / dxe™ ™ (%, 0).
dy —o0 0 dy

Thus we have

%l/}(k,O) = —psinf/(k+ pcosb) + L_(k), (7.1.52)
where in the first term of the right-hand side,

p=p+ie

and the second term represented as L_ (k) is defined by

L_(k) = /:oo dxe’ik"a%w(x, 0).

L_(k) is a — function, analytic for k; < e.
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We shall now use Eqs. (7.1.50) and (7.1.52), where U, (k) and L_(k) are defined,
together with the Wiener—Hopf method to solve for A(k). We know that

. . 3 A(k) eXp(—\/WY) for Y > 0,
‘/f( rY) - —A(k) exp(my) for Yy < 0.

Plugging these equations into Eq. (7.1.50), we have 2A(k) = U, (k). Plugging these
equations into Eq. (7.1.52), we have

_\/ﬂA(k) = —psin6/(k+ pcos6) + L_(k).

Eliminating A(k) from the last two equations, we obtain the Wiener—Hopf problem,

—/k?* —p?Ui(k)/2 = —psin0/(k + pcos6) + L_(k), (7.1.53)

(7.1.54)

L_(k) analyticfor k; <e,
Ui (k) analytic for k; > —ecosé.

We divide both sides of Eq. (7.1.53) by \/k — p to obtain

Vet pUs(k)/2 = L_(k)/Vk—p— psin6/ [(k—f-pcos@)\/k —p] .

The term involving U, (k) is a 4+ function, while the term involving L_ (k) is a —
function. We decompose the last term on the right-hand side as

psiné _ psiné 1 1
(k+pcos)/k—p  k+pcosd |:\/k—p B /—pcoso —pi|
psiné
~ (k+ pcos6)/—pcosd —p’

where the first term on the right-hand side is a — function and the second term
a + function.

Collecting the + functions and the — functions, we obtain by the Wiener—Hopf
method

Ui (k)/2 =psin®/[yk+ p(k+ pcos6),/—pcosf — p], (7.1.55)

and hence we finally obtain

A(k) = psin6/ [(k + pcosb)yk+ py/—pcos —p] . (7.1.56)
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ks

LS

Inversion contour

Fig. 7.6 Singularities of A(k) in the complex k plane. A(k)
has a simple pole at k = —pcos# and a branch point at
k = —p, from which the branch cut is extended to —p — ico.

LS

ka

o]

—rp - pcosf

Fig. 7.7 The contour of the complex k integration in

Eq. (7.1.57) for ¥ (x,y). The integrand has a simple pole at
k = —pcosf and the branch points at k = £p. The branch
cuts are extended from k = +p to +oo along the real k-axis.

Singularities of A(k) in the complex k plane are drawn in Figure 7.6.
The final solution for the disturbance function v (x, y) is given by, in the limit as
e — 0t

Vixy) = %ﬂ(y) /CdkA(k) exp(—/ K — p? [y| + ikx), (7.1.57)

where C is the contour specified in Figure 7.7.
We remark that the choice of

p=p1+ie, €>0,
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based on the requirement that
Uinc(%,t) > 0 as t— —oo,

but it grows exponentially in time, i.e.,
Uine = P Ime > 0,

is known as turning on the perturbation adiabatically.

7.2
Homogeneous Wiener—Hopf Integral Equation of the Second Kind

The Wiener—Hopf integral equations are characterized by translation kernels,

K(x,y) = K(x —y), and the integral is on the semi-infinite range, 0 < x,y < oo.
We list the Wiener—Hopf integral equations of several types.

Wiener—Hopf integral equation of the first kind:
+00
R = [ K- pedn 0x <.
0
Homogeneous Wiener—Hopfintegral equation of the second kind:
+00
o(x) = kf K(x —y)o(y)dy, 0<x < oo.
0
Inhomogeneous Wiener—Hopf integral equation of the second kind:
+00
P(x) =f(x) + /\/ Kx —y)éy)dy, 0=<x<oo.
0
Let us begin with the homogeneous Wiener—Hopf integral equation of the second kind:
+00
P(x) = A/ K(x —y)o(y)dy, 0<x < oo. (7.2.1)
0

Here, the translation kernel K(x — y) is defined for its argument both positive and
negative. Suppose that

e as  x — +00,
K(x) — { o as v oo ®DZ0 (7.2.2)
so that the Fourier transform of K(x), defined by
. +00 .
K(k) = / dxe ™ K (x), (7.2.3)
—00
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L

Fig. 7.8 Region of analyticity of K(k) in the complex k
plane. K(k) is defined and analytic inside the strip, —a <
Imk < b.

is analytic for

—a <Imk < b. (7.2.4)

The region of analyticity of K(k) in the complex k plane is displayed in Figure 7.8.
Now define

| #(x) givenfor x>0,
o) = { 0 for x < 0. (7:2:3)

But then, although ¢ (x) is only known for positive x, since K(x — y) is defined even
for negative x, we can certainly define v (x) for negative x,

+o00
Y(x) = )\/0 K(x —y)op(y)dy for x <O. (7.2.6)

Take the Fourier transforms of Egs. (7.2.1) and (7.2.6). Adding up the results, and
using the convolution property, we have

+o00 . 0 )
/ dxe™ "¢ (x) + / dxe™ "y (x) = AK(k)d_ (k).
0 —00

Namely, we have

or we have

[1— 3k (k) = =V (), (7.2.7)
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where we define
+o0 0
d_(k) = / dxe ™ p(x), P (k) = / dxe™® (). (7.2.8,9)
0 —00

Since we have

—ikx

=¥ =k +iky,

e
we know that ¢_(k) is analytic in the lower half plane and v (k) is analytic in
the upper half plane. Thus, once again, we have one equation involving two
unknown functions, ¢_ (k) and 1/, (k), one analytic in the lower half plane and the
other analytic in the upper half plane. The precise regions of analyticity for ¢_ (k)
and v, (k) are each determined by the asymptotic behavior of the kernel K(x) as
X = —00.

In the original equation, Eq. (7.2.1), at the upper limit of the integral, we have
y — oo so that x —y — —oo as y — oo. By Eq. (7.2.2), we have

K(x —y) ~ e~ e a5 y— oo0.

To ensure that the integral in Eq. (7.2.1) converges, we conclude that ¢(x) can
grow as fast as

d(x) ~ e with £>0 as x— ooc.

By definition of $_(k), the region of the analyticity of ¢_ (k) is determined by the
requirement that

’e’ik"q}(x)‘ ~gf2ta=a¥ 0 as x — oo.

Thus ¢_ (k) is analytic in the lower half plane, Imk =k, < —a + &, & > 0, which
includes

Imk < —a.

Asdfor the behavior of ¥ (x) as x — —o0, we observe thatx — y — —ooasx — —o0,
an

Kx—y) ~ e as x— —oo.
By definition of v (x), we have
+00 +00
v = [ K= yotdy ~ e [ oy as x— —oa,

where the integral is convergent due to the asymptotic behavior of ¢(x) as x — oo.
The region of analyticity of ¥, (k) is determined by the requirement that

‘e‘ik"w(x)‘ ~ell2*a% 0 a5 x — —oo.
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ks

Fig. 7.9 Region of analyticity of ¢_(k), ¥ (k), and

R(Kk). ¢_ (k) is analytic in the lower half plane,

Imk < —a+¢. ¥ (k) is analytic in the upper half plane,
Imk > —a. R(k) is analytic inside the strip, —a < Imk < b.

Thus ¥ (k) is analytic in the upper half plane,
Imk =k > —a.

To summarize, we know

d(x) > €% as  x — oo,
{ Y(x) > e as  x — —oo. (7.2.10)
Hence we have
. +00 .
o_(k) = / dxe ™ p(x) analyticfor Imk=k;, < —a+s, (7.2.11a)
0
O .
Vo (k) = dxe ™y (x) analyticfor Imk=k, > —a. (7.2.11b)

Various regions of the analyticity are drawn in Figure 7.9.
Recalling Eq. (7.2.7), we write 1 — AK(k) as the ratio of the — function and
the + function,
1—2K(k) = Y_(k)/ Y+ (K). (7.2.12)
From Egs. (7.2.7) and (7.2.12), we have
Y- (K- (k) = = Yo (k) (B) = F(R), (7.2.13)

where F(k) is an entire function. The asymptotic behavior of F(k) as |k| — oo will
determine F(k) completely.
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We know that
d-(k)—>0 as |k|] > oo,
V() >0 as |k] — oo, (7.2.14)
K(ky—0 as [k| > oo.

By Eq. (7.2.12), we know then
Y_(k)/Yi(k) > 1, as [k| > oc. (7.2.15)

We only need to know the asymptotic behavior of Y_(k) or Y, (k) as |k| - oo in
order to determine the entire function F(k). Once F(k) is determined, we have from
Eq. (7.2.13)

b_(k) = F(k)/Y_(k) (7.2.16)

and we are done.

We remark that it is convenient to choose a function Y_ (k) which is not only
analytic in the lower half plane but also has no zeros in the lower half plane, so that
F(k)/Y_(k) is itself a — function for all entire F(k). Otherwise, we need to choose
F(k) so as to have zeros exactly at zeros of Y_(k) to cancel the possible poles in
F(k)/Y_ (k) and yield the — function ¢_ (k).

The factorization of 1 — LK (k) is essential in solving the Wiener—Hopf integral
equation of the second kind. As noted earlier, it can be done either by inspection
or by the general method based on the Cauchy integral formula. As a general rule,
we assign

Any pole in the lower half plane (k = p))  to  Yi(k),

Any zero in the lower half plane (k = z;)  to  Yi(k), 7.2.17)
Any pole in the upper half plane (k = p,) to Y_(k), -
Any zero in the upper half plane (k = z,) to  Y_(k).

We first solve the following simple example where the factorization is carried out
by inspection and illustrate the rational of this general rule for the assignment.

U Example 7.3. Solve

+00
p(x) = k/ e gy, x>0 (7.2.18)
0
Solution. Define

+o00
v = [ e agay % <o (7,219
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Also, define

| #x) for x>0,
¢(x)_{ 0 for x<0.

Take the Fourier transform of Eqs. (7.2.18) and (7.2.19) and add the results together
to obtain

- (k). (7.2.20)

Now,

K(x)=e¢ ™ — (7.2.21)

Therefore, ¢(y) can be allowed to grow as fast as e' =¥ as y — oco. Thus ¢_ (k) is
analytic for k, < —1 + &. We also find that y(x) — €* as x — —oo. Thus ¥, (k) is
analytic for k; > —1.

To solve Eq. (7.2.20), we first write

k+1-2n, R
“er1 -l =-v), (7.2.22)

and then decompose

4+1-—2x

2.2
k241 (7.2.23)

into a ratio of a — function to a + function. The common region of analyticity of
¢—(k), ¥+ (k), and K(k) of this example is drawn in Figure 7.10.
The designations, the lower half plane, and the upper half plane, are to be made
relative to a line with
—1<Imk=k <—1+e. (7.2.24)
Referring to Eq. (7.2.23),
K +1=(k+i)k—i

so that k = i is a pole of Eq. (7.2.23) in the upper half plane and k = —i is a pole of
Eq. (7.2.23) in the lower half plane. Now look at the numerator of Eq. (7.2.23),

K +1-2x
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ka

LS

ko=1

ky

ko =—-1+¢

ky=—1

Fig. 7.10 Common region of analyticity of ¢_ (k), V74 (k),
and (k) of Example 7.3. ¢_(k) is analytic in the lower
half plane, Imk < —1 +¢. . (k) is analytic in the upper
half plane, Imk > —1. R(k) is analytic inside the strip,
-T<Imk<T.

Casel. A <0.=>1—-21> 1.
K +1—20 = (k+iv1— 24)(k — iv/T = 22). (7.2.25)

The first factor corresponds to a zero in the lower half plane, while the second
factor corresponds to a zero in the upper half plane.

Case2.0 <1 <1/2.=20<1-2A<1.
K 4+1— 22 = (k+iv/T— 2)(k — iv/T— 22). (7.2.26)
Both factors correspond to a zero in the upper half plane.

Case3.A>1/2.=1—-21 <0.

K +1—21 = (k+ 21 — 1)(k — +/21 — 1). (7.2.27)

Both factors correspond to a zero in the upper half plane.
Now, in general, when we write

1—K(k) = Y_(k)/ Yy (K),
since we will end up with

Y- (M- (k) = —Ya (ks (K) = G(R),
which is entire, we wish to have

$-(k) = G(b)/ Y- (k)
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analytic in the lower half plane. So, Y_ (k) must not have any zeros in the lower
half plane. Hence assign any zeros or poles in the lower half plane to Y (k) so that
Y_ (k) has neither poles nor zeros in the lower half plane.

Presently we have

1—aK(k) = (K +1—21)/(k* + 1)
= (k+ivV1 —22)(k — iv/1 —220)/(k + i) (k — i).

Casel. 1 < 0.
k+iv/1—21 = zerointhelower half plane = Y,(k)
k—iv/1—21 = zerointhe upper half plane = Y_(k)
k+i = pole in the lower half plane = Y, (k)
k—i = pole in the upper half plane = Y_(k)

Thus we obtain

Yo(ky = (k—ivT—21)/(k—1)

Yy (k) (k+ i)/ (k+ iv/T— 27) (7.2.28)

Hence, in the equation

Y_ (6 () = — ¥+ () () = GR),
we know Y_(k) = 1, ¢_(k) = 0, as k — oo, so that G(k) - 0 as k — oco. By
Liouville’s theorem , we conclude that G(k) = 0, from which it follows that

$_(k)=0, Y4(k)=0. (7.2.29)
So, there exists no nontrivial solution, i.e.,

¢(x) =0 for A<0O.

Case2.0 <X < 1/2.
With a similar analysis as in Case 1, we obtain

Yoy = (k+ivI—2a)(k—ivI—28)/(k— i),
Yok = (k+i).
Noting that

(7.2.30)

Y_(k) >k as k— oo,

and
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we find that G(k) grows less fast than k as k — oo. By Liouville’s theorem, we find

G(k) = A, constant,

and thus conclude that

(k) = Ak — i)/ (k + iv/1 — 20)(k — iv/1 — 22). (7.2.31)

Case 3. A > 1/2.
With a similar analysis as in Case 1, we obtain

Y (k)= (k+vV2A—1)(k—2h —1)/(k—i) —k as k— oo,
)

Yi(k) = (k+1) —k as k— oo
(7.2.32)

Again, we find that

G(k) = A, constant,
and thus conclude that

d_(k) = Ak —i)/(k+ V21 — 1)(k — v/21 — 1). (7.2.33)
To summarize, we find the following:

A<0 =  ¢(x)=0. (7.2.34)

A>0 = ¢ /dke’kxA —i)/(k* +1—22), (7.2.35)

where the inversion contour C is indicated in Figure 7.11.

Forx > 0, we shall close the contour in the upper half plane and get the contribution
from both poles in the upper half plane in either Case 2 or Case 3. The result of
inversions are the following:

Case2.0 <A < 1/2.

o) = <cosh VI—2hx + Sm}j/l_‘l__zux) . x>0 (7.2.36a)

Case 3. A > 1/2.

Sin /21 — 1x
o(x)=C <cos V20— 1x+ ﬁ) , x>0. (7.2.36b)
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ka

LS

Case 2
Case 3
iN1 -2\
—J2r—1
ky
\ 21 —1
—iN1-2x
vl :
Contour C -

Fig. 711  The inversion contour for ¢ (x) of Eq. (7.2.35).
Simple poles are located at k = +iy/T — 21 for Case 2 and
at k = £+/2% — 1 for Case 3.

We shall now consider another example where the factorization also is carried out
by inspection after some juggling of the gamma functions.

O Example 7.4. Solve
d(x) = A o(y)dy, x=>0. 7.2.37
® [0 cosh[3 (x — y)] ey = (7.2.37)

Solution. We begin with the Fourier transform of the kernel K(x):

1

1
— 272 ag x| = oo.
cosh(5x)

K(x) =

Then K(k) is analytic inside the strip, —3 < Imk =k, < 1. We calculate K(k) as
follows:

. +o00 . 1 +o00 . 1
K(k) = / dxe’””‘i1 = 2/ dxe*e2% /(¢* + 1).
—0 cosh(3x) —0
Setting & = t, x = Int, dx = dt/t, we have
N Foo a1
K(k)y = 2/ 20/t + 1).
0

Further change of variable p = 1/(t + 1), t = (1 — p)/p, dt = —dp/p? results in

A 1 . 1 . 1
ki =2 [ dop* 1 ).
0
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Recalling the definition of the beta function B(n, m),

1
Brm) = [ dop (1= p)" =T )/ s+ ),

we have

N , 1 , 1 , 1 1

. 1 . 1
=2 <1k+ E)F(—Lk—l— E)

Recalling the property of the gamma function,

T(2)[(1—2) =nx/sinnz, (7.2.39)
we thus obtain the Fourier transform of K(x) as

K(k) = 27/ cosh k. (7.2.40)
Defining v (x) by

Y(x) =4 o(y)dy, x<0, (7.2.41)

+o00 1
/0 cosh[$(x —y)]

we obtain the following equation as usual:

(1= 2K (k)P (k) = = (K), (7.2.42)
where
N 2 A

and the regions of the analyticity of ¢_ (k) and v/ (k) are such that

(i) - (k) is analytic in the lower half plane (Imk < —1/2), 7 .44

(1) 4 (k) is analytic in the upper half plane (Imk > —1/2). (7.2.44)
Rewriting Eq. (7.2.42) in terms of Y4 (k)’s, we have

Y- (Rp- (k) = = Y4 (4 (K) = G, (7.2.45)

where G(k) is entire in k.
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Factorization of 1 — AK(k):

2 coshmk — 2w

Y_(k)/ Y (k) =1— = 2.4
(k)/ Y- (k) coshk coshk (7.2.46)
Case1.0 < 27A < 1.
Setting
costa =2nk, 0<a<1/2, (7.2.47)
we have

Y_(k)/Y+(k) = [cos(imk) — cos ma]/ sinm (ik + %)
-2 sin[%(a + ik)] sin [%(a - ik)] /sinz (ik + %) L (7.2.48)

Replacing all sine functions in Eq. (7.2.48) with the appropriate product of the
gamma functions through the use of the formula

e s TEAra e (7.2.49)
we obtain
Y_ (/Y. (k)
= 27T (% +ik>r<% _ik)/r(d-iz—ik>r<a;ik>
: (1 = j; ik) r (1 - ; ik) : (7.2.50)

We note that
I"(z) has simple pole at z=0,-1,-2,...,
: (7.2.51)
(1 — 2) has simple pole at z=1,2,3,....

(1) T (3 + ik) has simple poles at k = i3, i%, l%, i%, ..., all of which are assigned
to Y_ (k).

(2) T' (3 — ik) has simple poles at k = —i3, —i3, i3, —iZ, ..,
assigned to Y, (k).

3) r (%ﬂ‘) has simple poles at k = ix, i(2 + @), i(4 + «), . . ., all of which are
assigned to Y_(k).

4 r ("‘%’k) has simple poles at k = —io, —i(2 + ), —i(4 + @), . . .. Since
0 < o < 1/2, the first pole at k = —i« is assigned to Y_(k), while the
remaining poles are assigned to Y, (k). Using the property of the gamma
function, I'(z) = I'(z + 1)/z, we rewrite

all of which are
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r o —ik 2 r 1+ot—ik
2 T o —ik 2 ’

(5) where (@ — ik)/2 is assigned to Y_(k) while I'(1 + “;ik) is assigned to Y, (k).

(6) ''(1— %’k has simple poles at k = —i(2 — «), —i(4 — ), —i(6 — «), ..., all
of which are assigned to Y, (k).

7y r (1 — "‘Eik) has simple poles at k = i(2 — «), i(4 — @), i(6 — «), ..., all of
which are assigned to Y_(k).

Then we obtain Yy (k) as follows:

1 a+ik a —ik
Y_(k) = —2nT (E + ik) T ( J;‘ ) r (- = ) , (7.2.52a)
Y+(k):F(1+a;ik>l"<l— “;ik>/r (%—ik). (7.2.52b)

Now G(k) is determined by the asymptotic behavior of Y. (k) as k — oo. Making
use of the Duplication formula and the Stirling formula,

M(2z) =2%7r@zr (z + %) /N7, (7.2.53)

‘ l‘im T(z+ B)/T(z) ~ 2, (7.2.54)
we find the asymptotic behavior of Y_ (k) to be given by

Y_ (k) ~ —i\/gzik k. (7.2.55)
Defining

Zi(k) = 27% . Yi(k), (7.2.56)

we find

Zo (k) ~ —i\/gk, (7.2.57)

Z_(k)/Zo(k) = Y_(k)/Yi(k) =1 —AK(K) > 1 as k— oo.
Then Eq. (7.2.45) becomes

Z_ (k)b (k) = = Z4 (k)i (k) = 27*G(k) = g(k), (7.2.58)
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where g(k) is now entire. Since

G- (k), ¥s(k) > 0 as k— oo,
and Eq. (7.2.57) for Z. (k), g(k) cannot grow as fast as k. By Liouville’s theorem, we
then have

g(k)y=C', constant.
Thus we obtain

b_(k) = C'/Z_(k) = C"2*T <%lk> r (—“ . ik) /T (% + ik) . (7.2.59)

We now invert ¢_ (k) to obtain ¢(x),

v [T dk g (ot ik o —ik 1,
¢(x)_C[_oc e zr( . )r(- . )/F(E—Hk), x>0,
(7.2.60)

¢(x) =0, x<0O.

For x > 0, we close the contour in the upper half plane, picking up the pole
contributions from I' (M) and T (—“‘ik). Poles of T (%’k) are located at

2 2
k=i2n+a),n=0,1,2,....Polesof I' (—"‘%’k) arelocatedatk = i2n — ), n=
0,1,2,.... Since

Res.T'(2) [o—_p = (—1)”%, (7.2.61)

we have

e —1)* I(-n-—a)
=C 7(2n+a)x27(2n+a)( _ )
() ;{e - F(%—Zn—a)+(a_) a)
(7.2.62)
Since
b4 1
F(Z) e ——
sintzI'(1 —2)
we have
(_1)n+1n 1
M(—n—-oao)=

sinar I'(n+1+a)

and with the use of the duplication formula,

1 1
r (— —2n— a) S T 7 W . ,
2 cosam FE+24+nr(3+9+n)
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we have

M(-n—a) (=)

_ .2(2n+a).C°S“7T_F(%‘*’%‘F”)F(%‘F%"’”)
r(3-22n-oa) V2 sinarw Frl+a+n)

Our solution ¢ (x) is given by

b(x)
_ <cosarr) i e ‘2")” FE+2+ml(3+%+n) o —a)
B sinar /= F X (14+oa+n)
(7.2.63)
Recall that the hypergeometric function F(a, b, c; z) is given by
\[C(@+n Th+n T 2
Flabc 2) — , . 2 2.64
(@b.c:2) X:;) I') re) Tetn nl (7.2.64)
Setting
4 1 n o b 3 n o =14
= - -, = - -, = o
4 2 4 2
we have
_wgcosany | o TGE+5TEG+9)
o) =C (sinom) [6 Tl +a)
1 o3 «
Fl=+2,2+%1 2
X (4—%—2,4—0—2, +oase )
—(¢ = —a) ] (7.2.65)

Recall that the Legendre function of the second kind, Qa_% (z) is given by

ﬁ ( +a) (l+a) ]. o 3 )
= R L A B o I RV
Q"“%(Z) 2a+2 I'l+a) ? 4+2 4+a Tz
Iy ayp(3 L«
L TEHITGHS) e g L3 %)
2 T(1+a) 472472

so our solution given above can be simplified as

¢l =C" (:jzz )ei e 1@ -2, 1) (7.2.67)

=3
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Recall that the Legendre function of the first kind, Pg(z), is given by

o
P(a) = — (iﬁﬁ’;) [Qs(2) ~ Q p-1(2)}. (7.2.68)
SO
1
N ——

So, the final expression for ¢(x) is given by

x
Px)=C- (exp E) ~Pa_% (ex), x>0, 0<a<1/2, 2mA=cosam.
(7.2.70)

Similar analysis can be carried out for the cases 2rA > 1 and A < 0. We only list
the final answers for all cases.

Summary of Example 7.4:

Casel:0 < 2mrA <1, 2mA=cosan, 0<a<1/2

$(x) = C1 - (exp g).paf (), x=0.

1
2

Case 2: 2rA > 1, 2mA =coshamw, o >0.

b(x) = Cy - (exp g) Py 1), xz0.

Case 3: 27 A < 0.

73
General Decomposition Problem

In the original Wiener—Hopf problem we examined in Section 7.1,
o (k) = ¥ (k) + F(k), (7.3.1)
we need to make the decomposition

F(k) = Fy (k) + F_(k). (7.3.2)
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Ty

Fig. 712 Sum splitting of F(k). ¢_ (k) is analytic in the
lower half plane, Imk < t_. ¥4 (k) is analytic in the upper
half plane, Imk > 7. F(k) is analytic inside the strip, 74 <
Imk < 7_.

In the problems we just examined in Section 7.2, i.e., the homogeneous
Wiener—Hopf integral equation of the second kind, we need to make the
decomposition,

1—aK(k) = Y_(k)/ Yy (K). (7.3.3)

Here we discuss how this can be done in general, as opposed to by inspection.
Consider the first problem (sum splitting) first (Figure 7.12):

¢ (k) = ¥y (k) + F(k).

Assume that

d_(k), Vo (k), Fk) > 0 as k— oo. (7.3.4)
Examine the decomposition of F(k). Since F(k) is analytic inside the strip,

7y <Imk=k; <, (7.3.5)
by the Cauchy integral formula, we have

1 E(¢)
Fky=— | — 3.
0= 55 [ rop (73.6)
where the complex integration contour C consists of the following path as in
Figure 7.13:

C=C+C+C +Cy. (7.3.7)
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k2

A k
k2 =T_

< C, A
> k1
c, C
Y % >

k2 =1

Fig. 713 Sum splitting contour C of Eq. (7.3.6) for F(k) inside the strip, 4 < Imk < 7_.

The contributions from C; and C| vanish as these contours tend to infinity, since
|F(¢)| is bounded (actually—0), and |1/(¢ — k)| — 0 as ¢ — oc.
Thus we have

1 [ Fg) 1 [ F@)
Fl) = 5— /Cl Tk T+ — Tk e (7.3.8)

where the contribution from C; is a + function, analytic for Imk = k; > ., while
the contribution from C, is a — function, analytic for Imk =k; < 7_, i.e.,

_ 1 +ootit4 F({)

F+(k) = E‘/;OC_H]H» mdc, (7393)
_ 1 +oo+it— F({)

()= 5 /_ . ﬂdg' (7.3.9b)

Consider now the factorization of 1 — AK(k) into a ratio ofthe — functiontothe +
function. The function 1 — AK(k) is analytic inside the strip,

—a<Imk=k; <b, (7.3.10)
and the inversion contour is somewhere inside the strip,

—a<Imk=k; < —a+e. (7.3.11)
The analytic function 1 — A K(k) may have some zeros inside the strip, —a < Imk =

k, < b. Choose a rectangular contour, as indicated in Figure 7.14, below all zeros
of 1 — AK(k) inside the strip, —a < Imk =k, < b.
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k2
[k
ky=b
x X
k1
X X
X X Cy
C C
1 1 o = A
C
ky=-a

Fig. 7.14 Rectangular contour for the factorization of
1 — AR (k). This contour is chosen below all the zeros of
1 — 1K (k) inside the strip, —a < Imk < b.

Note if 1 — AK(k) has a zero on k, = —a, it is all right, since it just remains in the
lower half plane. The inversion contour k; = A will be chosen inside this rectangle.
Now, 1 — AK(k) is analytic inside the rectangle

G+G+G+C
and has no zeros inside this rectangle. Also since
K(k)y— 0 as k— oo,
we know

1-AK(k) =1 as k— oo.

In order to express 1 — AK(k) as the ratio Y_(k)/ Y, (k), we shall take the logarithm
of (7.3.3) to find

In [1 - xk(k)] =In[Y_(})/Ys (k)] =InY_(k) — In Y, (k). (7.3.12)

Now, In[1 — AK (k)] is itself analytic in the rectangle (because it has no branch points
since 1 — AK(k) has no zeros there), so we can apply the Cauchy integral formula

In [1 - xk(k)] - % ) ln[lg_%f(;)]d;,

with k inside the rectangle and C consisting of C; + C; + C4 + C. Thus we write
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In [1 - Af((g)] . / In [1 - Af((g)] B
¢

wile, -k %o C—k
+ — . e
27t Jerycy -k ¢ ( )

In [1 - u‘qk)] -

In Eq. (7.3.13), it is tempting to drop the contributions from Cj and C, altogether.
It is, however, not always possible to do so. Because of the multivaluedness of the
logarithm, we may have, in the limit |[{| — oo,

In [1 - qug)] S Ine¥™" = 2rin (n=0,%+1,%2,..)) (7.3.14)

and we have no guarantee that the contributions from C; and C| cancel each other.
In other words, 1 — AK(¢) may develop a phase angle as ¢ ranges from —oo + iA
to 400 + iA.

Let us define index v of 1 — AK(¢) by

{=+00+iA

v = % n[1- u‘qg)]( (7.3.15)

{=—00+iA
Graphically what we do is the following: plot z = [1 — AK(¢)] as ¢ ranges from
—00 + 1A to 400 + iA in the complex z plane, and count the number of counter-
clockwise revolutions z makes about the origin. The index v is equal to the number
of these revolutions.

We now examine the properties of index v; in particular, a relationship between
index v and the zeros and the poles of 1 — AK(k) in the complex k plane. Suppose
1 — AK(k) has a zero in the upper half plane, say, 1 — AK(k) = k — z,, Imz, > —a.
Then the contribution from this z, to the index v is v(z,) = sz [0—(—im)] = 1.
Similar analysis yields the following results:

zero in the upper half plane = v(z,) = +1,
pole in the upper half plane = v(p,) = —3,
' 1 (7.3.16)
zero in the lower half plane = v(z)) = —3,
pole in the lower halfplane = v(p)) = +1.
In many cases, the translation kernel K(x — y) is of the form
K(x —y) = K(|Jx —y|). (7.3.17)
Then K(k) is even in k,
K(k) = K(~F). (7.3.18)

Then 1 — AK(k) (which is even) has an equal number of zeros (poles) in the upper
half plane and in the lower half plane,
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number of z, = number of z;, number of p, = number of p;.

Thus the index of 1 — AK(k) on the real line is equal to zero (v = 0) for K(k) even.

Suppose we now lift the path above the real line (Im k = 0) into the upper half
plane. As the path C (Im k = A) passes by a zero of 1 — AK(k) in Imk > 0, index v
of 1 — AK (k) with respect to the path C (Im k = A) decreases by 1. This is because
the point k = zj is the zero in the upper half plane with respect to the path C.
(Imk = A™) while it is the zero in the lower half plane with respect to the path C.
(Imk = A'), and hence

1 1
Av=v(z)—v(zy)=—7z— - =-L (7.3.19z)
2 2
Likewise, for a pole of 1 — 2K (k) in Im k > 0, we find
1 1
Av=v(p) = v(pa) = +5 + 5 = +1. (7.3.19p)
Consider first the case when index v is equal to zero,
v =0. (7.3.20)

We choose a branch so that In[1 — AK(¢)] vanishes on C; and C;. We have

In [1 - u‘qg)] In [1 - AK({)]
1 1
Y- (k) ~In Y. (k) = 27 Je, ﬁdﬁ Cwi) e, ¢k

(7.3.21)

In the first integral on the right-hand side of Eq. (7.3.21), we let k be anywhere
above C; where Cj is arbitrarily close to Imk = k; = —a from above. Then

InY, (k ! ln[1_)LIA<(;)]d Imk=k 7.3.22
n+()—_ﬁ Clﬁg) mk =Kk > —a, ( )

is analytic in the upper half plane, and hence is identified to be a + function. It
also vanishes as |k| — oo in the upper half plane (Imk > —a).
In the second integral on the right-hand side of Eq. (7.3.21), we let k be anywhere

below —C, where —C,; is arbitrarily close to Imk = k, = —a from above. Then
InY_(k) = ! lrl[1_)j<(;)]ci Imk=k; < 7.3.23
n,()——z—m/iczﬁg, merk=~r) < —a, ( )

is analytic in the lower half plane, and hence is identified to be a — function. It also
vanishes as |k| — oo in the lower half plane (Imk < —a).
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Thus
1 In|1—1K()
1
. In [1 - xk(;)]

We also note that

Imk > —a,

Imk < —a. (7.3.26)

Yi(k) > 1 as |k| > o0 in {

Then the entire function G(k) in the following equation:

Y- (R)p- (k) = — Yo (94 (B) = G(R),
must vanish identically by Liouville’s theorem . Hence

$_(k)=0 or ¢(x)=0 whenv=0. (7.3.27)
Consider next the case when index v is positive,

v>0. (7.3.28)

Instead of dealing with C4 and C, of the integral (7.3.13), we construct the object
whose index is equal to zero,

v k _ . A
[ (k - :((?)> [1 - “<(k)] =Z_(k)/Z (k). (7.3.29)
i=1 “

Here z(i) is a point in the lower half plane (Im k < A) which contributes —v/2 in
its totality (i=1,..., v) to the index and py,(i) is a point in the upper half plane
(Imk > A) which contributes —v/2 in its totality (i = 1,..., v) to the index. Then
expression (7.3.29) has the index equal to zero with respect to Imk = A,

—%(from z)(i)’s) (from p,(i)'s) + v(from 1 — AK(k)) = 0. (7.3.30)

_Y
2
By factoring of Eq. (7.3.29), using Eqs. (7.3.24) and (7.3.25), we obtain

In [(1 — kO[] (f—_;i((?))}

_ o i=1
Z-(Y =exp |~ /_CZ — dc |, (7.3.31)
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In [(1 — 1K@ ] (f zfi(@))}
i=1 de |, 7.3.32
i Jey ¢~k ; | |

with the following properties:
(1) Zsi(k) > 1 as [k| > oo,
(2) Z_(k) (Z4+(k)) is analytic in the lower (upper) half plane,
(3) Z_(k) (Z4+(k)) has no zero in the lower (upper) half plane.

We write Eq. (7.3.29) as

oYM Z(0) [Tk — pul)
L= T ol k=) (7:3.33)

By the prescription stated in Eq. (7.2.17), we obtain

v

Y_(k) = Z_(k) - [ ] (k — pu(i)), (7.3.34)

i=1

v

Yi(k) = Zp (k) - [ [(k— 2i(9). (7.3.35)
i=1
We observe that
Yi(k) > k" as k| > oo. (7.3.36)
Thus the entire function G(k) in the following equation:
Y- (K- (k) = Ve (B4 (B) = G(b),

cannot grow as fast as k” as k — co. By Liouville’s theorem , we have
= chki, 0<j<v-—1, (7.3.37)
where C;’s are arbitrary v constants. Then we obtain
b_(k) = G(k)/Y_(k) = ZCJkJ/Y ), Imk<A. (7.3.38)
Inverting this expression along Im k = A, we obtain

1 +oo+LA

Plx) = — ke'* Zc% ), when v >0, (7.3.39)

2mi —00-+iA
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where

1 +00+iA

b (x) = dke®™ K /Y_(k), j=0,...,v—1. (7.3.40)

27'” —00-+iA

We have v independent homogeneous solutions, ¢ (x), j = 0,..
related to each other by differentiation,

., v —1, which are

. d .
(-l%> b (x) = j+1(x), 0=j=v—2.
Thus it is sufficient to compute ¢(g) (),
LAY .
b (x) = <—ta> do)(x), j=01,...,v—1 (7.3.41)

Differentiation under the integral, Eq. (7.3.40), is justified by

1 K1
Y_(k) - kv

-0 as k—>oo, j<v-—2.

Consider thirdly the case when index v is negative,

v <. (7.3.42)

As before, we construct the object whose index is equal to zero:
[1 - AK(k)] = Z_(k)/Z+(k), (7.3.43)

which has indeed index zero as shown below.
vl \ [v] N 5
—l—?(fromzu(L) s) + T(frompl(t) s) + v(from1 — AK(k)) = 0. (7.3.44)
We apply the factorization to the left-hand side of Eq. (7.3.43). Then we write

Yok Z (k) TTIZk—po)

1—2K(k) = = 7.3.45
MO M T Zw e oo 734
By the prescription stated in Eq. (7.2.17), we obtain
[v]
Yo (k) = Z-(R)/ T J(k — zu(), (7.3.46)

i=1

[v]

Yi(k) = Zo(k)/ [ [tk = pi(i))- (7.3.47)

i=1
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Then we have
Zi(k) —> 1 and Yi(k)—> 1/k", as k— oo. (7.3.48)

Thus the entire function G(k) in the following equation:

Y- (K- (k) = — Yo (k10 (K) = G,
must vanish identically by Liouville’s theorem. Hence we obtain

¢(x) =0, when v <0O. (7.3.49)

7.4
Inhomogeneous Wiener—Hopf Integral Equation of the Second Kind

Let us consider the inhomogeneous Wiener—Hopf integral equation of the second kind,

+00
x) = Flx) + /0 K(x— o)y, x>0, 741)

where we assume as in Section 7.3 that the asymptotic behavior of the kernel K(x)
is given by

K(x) ~ { OF®) as x= =00, 0y, (7.4.2)

O(e™) as x— +oo,
and the asymptotic behavior of the inhomogeneous term f (x) is given by
f(x) > O(™) as x— +oo. (7.4.3)

We define v (x) for x < 0 as before

+o0
v = [ K=oty <o (744

We take the Fourier transform of ¢(x) and v (x) for x > 0 and x < 0 and add the
results together,

(k) + P (k) = F- (k) + 2K (K)$-(b), (7.4.5)
where K(k) is analytic inside the strip,

—a<Imk=ky <b. (7.4.6)
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Difficulty may arise when the inhomogeneous term f(x) grows too fast as x — oo
so there may not exist a common region of analyticity for Eq. (7.4.5) to hold. The
Fourier transform f_ (k) is defined by

f-(k) = /0 dxe” " f (x), (7.4.7)

‘e‘ik"f(x)’ ~ef2tI* a5 x 0o with k= ki + ik;.

That is, f_ (k) is analytic in the lower half plane,

Imk=k; < —c. (7.4.8)
We require that a and ¢ satisfy

a>c. (7.4.9)
In other words, f(x) grows at most as fast as

f(x)~ e 9% £>0, as x— oo.
We try to solve Eq. (7.4.5) in the narrower strip,

—a < Imk =k, < min(—c, b). (7.4.10)
Writing Eq. (7.4.5) as

(1= 2K(R)S- (k) = f- (k) — P+ (k). (7:4.11)

we are content to obtain one particular solution of Eq. (7.4.1). We factor 1 — AK(k)
as before,

1— aK(k) = Y_(k)/ Y (K). (7.4.12)

Thus we have from Eqs. (7.4.11) and (7.4.12)

Y- (- (k) = Y (R (k) — Y (k)9 (k) (7.4.13)

where Y_(k)$_ (k) is analytic in the lower half plane and Y, (k)i (k) is analytic in
the upper half plane. We split Y, (k)f_ (k) into a sum of two functions, one analytic
in the upper half plane and the other analytic in the lower half plane,
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k2
L
ko=b
ki
ko =—-cC
Gy
¢ C
G
ky=-a

Fig. 7.15  Region of analyticity and the integration contour
C for F(k) inside the strip, —a < Imk < min(—c, b).
Yo (k) (k) = (Ya (R (R) 4 + (Yo (R (k) -
In order to do this, we must construct Yy (k) such that
Yo (f-(k) = 0 as k— oo,
or
Y, (k) — constant as k — oo. (7.4.14)
Suppose F(k) is analytic inside the strip,
—a < Imk =k, < min(—c, b). (7.4.15)

By choosing the contour C inside the strip as in Figure 7.15, we apply the Cauchy
integral formula.

b L[ FQ 1 Fe) L/ F()

F(k) - 27Tl C é‘ —kdg - 27Tl 1 ; — kdg 27Tl e { —kdg (7416)
By the same argument as in the previous section, we identify

Py [ f©

F_(k)=—5— _ng_kdé“, (7.4.17)

k) = i &dg. (7.4.18)
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Thus, under the assumption that Y, (k) satisfy the above-stipulated condition
(7.4.14), we obtain

A 1 R
(Ye(R)f (k) - = —5— | [Y+(&)-(¢)/(¢ —k)ds, (7.4.19)

2mi -G

(Vs (k) () + [Yo (€ (2)/(¢ = Rde. (7.4.20)

=i,
Then we write
Yo (g (k) — (Ya (- (K)- = (Ya (R (K)+ = Ya(k)Pe (k) = G(k),  (7.4.21)

where G(k) is entire in k. If we are looking for the most general homogeneous
solutions, we set f_(k) = 0 and determine the most general form of the entire
function G(k). Now we are justlooking for one particular solution to the inhomogeneous
equation, so that we set G(k) = 0. Then we have

$- (k) = (Yo (k)= (k) -/ Y- (R), (7.4.22)

i (k) = (Yo (k) () / Y (R)- (7.4.23)
Choices of Y4 (k) for an inhomogeneous solution are different from those for a
homogeneous solution. In view of Egs. (7.4.22) and (7.4.23), we require that

(1) 1/Y_(k) is analytic in the lower half plane,
Imk<c¢, —a<d<bh, (7.4.24)

and 1/Y, (k) is analytic in the upper half plane,

Imk>c, —a<c <b. (7.4.25)

¢ (k) =0, Pi(k)—>0 as k— oo. (7.4.26)

According to this requirement, Y_(k) for an inhomogeneous solution can have a
pole in the lower half plane. This is all right because then 1/Y_ (k) has a zero in
the lower half plane. Once requirements (1) and (2) are satisfied, ¢_(k) and ¥, (k)
given by Eqs. (7.4.22) and (7.4.23) are analytic in the respective half plane. Then we
construct the following expression from Egs. (7.4.22) and (7.4.23):

[1— 2K (k)P (k) = f~ (k) = ¥+ (R). (7.4.27)
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Inverting for x > 0, we obtain

“+00
B(x) — 2 /O Kix — Pody =f(x), x> 0.

Thus ¢_ (k) and v/ (k) derived in Eqs. (7.4.22) and (7.4.23) under the requirements
(1) and (2) do provide a particular solution to Eq. (7.4.1).

Case 1: Index v = 0.
When index v of 1 — AK(k) with respect to the line Imk = A is equal to zero, no
nontrivial homogeneous solution exists. From Egs. (7.3.22) and (7.3.23), we have

1—AK(k) = Y_(k)/ Y, (K), (7.4.28)
where
. 1 , In [1 - AK({)] )
Y_ (k) = exp BT . Cﬁ , Imk <A, (7.4.29)
. 1 Do [1-2k)] )
Vi) =exp | —o— o gﬁ , Imk> A, (7.4.30)
and
Yi(k) > 1 as [k| - oo (7.4.31)

Since Yy (k) (Y—(k)) has no zeros in the upper half plane (the lower half plane),
1/Y4 (k) (1/Y_(k)) is analytic in the upper half plane (the lower half plane). Then
we have

Y. (k)f (k) = 0 as k— oo,
so that Y, (k)f_ (k) can be split into the + part and the — part as in Egs. (7.4.19) and
(7.4.20).
Using Y+ (k) given for the v = 0 case, Egs. (7.4.29) and (7.4.30), we construct a
resolvent kernel H(x,y). Since 1/Y_ (k) is analytic in the lower plane and approaches
to 1as k — oo, we define y_(x) by

1 _ oo —ikx
v = /0 dxe "y _(x), (7.4.32)
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where the left-hand side is analytic in the lower half plane and vanishes as k — oo.
Inverting Eq. (7.4.32) for y_(x), we have

Foot+iA gp 1
y-(x) = / —e¥ | —— —1| for x>0, (7.4.33)
—00+iA 27 Yo (k)
y-(x) =0 for x<0O. (7.4.34)

Similarly, we define y4 (x) by
0 .
ky—1= / dxe %y, (x), (7.4.35)

where the left-hand side is analytic in the upper half plane and vanishes as k — oc.
Inverting Eq. (7.4.35) for y (x), we have

+00+iA dk
yi (%) = / e[y, (k) —1] for x <0, (7.4.36)

—00+iA 277
Y+(x) =0 for x>0. (7.4.37)

We define $+ (k) by

LI +Ooal ik =1+9_(k 7.4.38
F = e =1, (7:4.39)
=1+ f dxe "y, (x) = 14 94 (k). (7.4.39)

Then ¢_ (k) given by Eq. (7.4.23) becomes

. 1 A A \
¢ (k) = m(ﬁ(@f—(’é))— = (149 (k)0 (k) + P+ (R~ (k) -

= Fo (k) + P (k)F= (k) + (P (k)= (K)— + D— (k) (P4 () (K))— (7.4.40)

Inverting Eq. (7.4.40) for x > 0,

+00

+o00
B(0) =f(x) + /0 y (% — Y (e + /O Vo (v — Vf )y
+00 +00
+ fo y—(x — Z)dZ/O Y+(z = )f (v)dy

+o00
=fx)+ /0 H(x,y)f )dy, % =0, (7.4.41)
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where

+o0
H(x,y) =y-(x —y) +y+(x =) + /0 Y- (% — 2)y+(z — y)dz. (7.4.42)

[t is noted that the existence of the resolvent kernel H(x, y) given above is solely due
to the analyticity of 1/Y_ (k) in the lower half plane and that of Y, (k) in the upper
half plane. Thus, when index v = 0, we have a unique solution, solely consisting of a
particular solution alone to Eq. (7.4.11).

Case 2: Index v > 0.
When index v is positive, we have v independent homogeneous solutions given by
Eq. (7.3.40). We observed in Section 7.3 that

Yi(k) > k" as k— oo, (7.4.43)

where Y, (k) are given by Eqgs. (7.3.34) and (7.3.35). On the other hand, in solving
for a particular solution, we want Yy (k) to be such that (1) 1/Y_ (k) (Y4 (k)) is analytic
in the lower half plane (the upper half plane),

Yi(k) > 1 as [k| - oo (7.4.44)

We construct W (k) as

Walk) = Ye(k)/ [ [(k—pti)), Imp() <A 1<j<v, (7.4.45)
j=1

where the locations of p(j)’s are quite arbitrary as long as Im p(j) < A. We notice
that W4 (k) satisfy requirements (1) and (2):
1)

v

1W_(k) = [ [k = p(i)/ Y- (k)

j=1
is analytic in the lower half plane, while
W k) = Yo (R)/ T Ttk = pi()
j=1

is analytic in the upper half plane;

(2)
Wi(k) > 1 as |k] > oc. (7.4.46)

Thus we use W (k), Eq. (7.4.45), instead of Y (k), in the construction of the
resolvent H(x, y).
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Case 3: Index v < 0.
When index v is negative, we have no nontrivial homogeneous solution. From
Egs. (7.3.46) and (7.3.47), we have

Yi(k) —> 1/k" as k] — oco. (7.4.47)
Then we have

1/Y_(k) — kM as  |k| —> oo, (7.4.48)
while

Yi(k)fo(k) > 0 as [k| - co. (7.4.49)
By Liouville’s theorem, ¢_ (k) can grow at most as fast as k"I=? as [k| — oo,

G (k) = (Yo (k)f-(k))—/Y_(k) ~ kM~ as  [k] — co. (7.4.50)
In general, we have

$_(k) -0 as [k| > oo,

so that a particular solution to the inhomogeneous problem may not exist. There
are some exceptions to this. We analyze (Y, (k)f_ (k))_ more carefully. We know

? _ 1 Y (@)f-(2)
(ot 00)- = 5 [ L (7.4.51)
Expanding 1/(¢ — k) in power series of ¢ /k,
¢, & gt ¢
1/(§_k):_(1/k)<1+k+k_2+ +k\v|71+'“>’ ‘E <L
we write
(Y (- (R)- = - kZ ( ) Yi () (¢)de
= kzkj me JY()f-(¢ (7.4.52)

In view of Eqgs. (7.4.22) and (7.4.52), we realize that

¢ (k) = (Yo (k)f-(K))-/Y_(k) = 0 as |k| - oo, (7.4.53)
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if and only if

1 . .
- -J — - _
oo _CZ; Y (0)f (¢)dc =0, j=0,...,[v|—1. (7.4.54)

If this condition is satisfied, we get from the j = |v| term onward,
b_(k) > C/K" as k| — oo, (7.4.55)
so that ¢_ (k) can be inverted for ¢(x), which is the unique solution to the inhomo-

geneous problem. To understand this solvability condition (7.4.54), we first recall
the Parseval identity,

+oo | +oo
-/; dkh(k)g(—k) = 271/ h(y)g(y)dy, (7.4.56)

oo —00

where h(k) and (k) are the Fourier transforms of h(y) and g(y), respectively. Then
we consider the homogeneous adjoint problem. Recall that for a real kernel,

K*i(x,y) = K(y, %)-

Thus, corresponding to the original homogeneous problem,

+00
P(x) = /\fo K(x = y)¢(y)dy,

there exists the homogeneous adjoint problem,

¢*(x) = 2 / K(y — )¢ (y)dy, (7.4.57)
0
whose translation kernel is related to the original one by
Ki(g) = K(—£). (7.4.58)

Now, when we take the Fourier transform of the homogeneous adjoint problem,
we find

[1 - AK(—k)] 39k =~ k), (7.4.59)

where the only difference from the original equation is the sign of k inside K(—k).
However, since 1 — AK(—k) is just the reflection of 1 — AK(k) through the origin, a
zero of 1 — LK (k) in the upper half plane corresponds to a zero of 1 — AK(—k) in
the lower half plane, etc. Thus, when the original 1 — AK(k) has a negative index
v < 0 with respect to a line, Imk =k, = A, the homogeneous adjoint problem
1— AK(—k) has a positive index |v| relative to the line Imk =k, = —A. So, in
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that case, although the original problem may have no solutions, the homogeneous
adjoint problem has |v| independent solutions. Now presently, 1 — AK(k) is found
to have the decomposition

1—2k(k) = Y_(K)/ Y+ (K),
with
Yo(k) — 1/k" as k— oo.
We conclude that
1 aK(—k) = Y_(=k)/ Yo (=k) = Y*T(k)/ VI (b), (7.4.60)

from which we recognize

Yidi(k) =1/Y,(—k) analytic in the lower half plane, — k!,

Yidi(k) =1/Y_(—k) analytic in the upper half plane, — k"l

Thus the homogeneous adjoint problem reads

ad] ad] adj

(B2 () = = Y3 (v (k) = Gk, (7.4.61)
with
G(k) = Co+ Cik+---+ C|v|,1klvl_l. (7.4.62)

We then know that the |v| independent solutions to the homogeneous adjoint
problem are of the form

) = 11/72 (), kYR, K Y ),
which is equivalent to
6™ (k) = (Yo (=k), kY, (—K), ..., V=Y, (k). (7.4.63)

As such, to within a constant factor, which is irrelevant, we can write the solvability
condition (7.4.54) as

/ Y @)f-@©)de =0, j=0,1,...,|v] -1, (7.4.64)
e
which is equivalent to

/ $0 (o) (¢ j=01,..., v -1, (7.4.65)
-G
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where
¢ (€)= FYi(=¢), j=01,..Iv—1. (7.4.66)

By the Parseval identity (7.4.56), the solvability condition (7.4.65) can now be written
as

+o00 .
/ o f )dx =0, j=0,1,.., v 1, (7.4.67)
0

where

iy~ L[ o g 01 1, x>0. (7468
by =57 [ €T J=00 =1 X2 0. (7.4.68)
Namely, if and only if the inhomogeneous term f(x) is orthogonal to all of the
homogeneous solutions ¢4 (x) of the homogeneous adjoint problem, the inhomogeneous
equation (7.4.1) has a unique solution, when index v is negative.

Summary of the Wiener—Hopf integral equation:

b(x) = /0 Kix - )o@)dy, x>0,
$*i(x) = 5 /0 K(y— x)6*()dy, x>0,
() =f(x) + 1 /0 K(x— poidy, x> 0.

Index v = 0:
Homogeneous problem and its homogeneous adjoint problem have no
solutions.
Inhomogeneous problem has a unique solution.
(2) Indexv > 0:
Homogeneous problem has v independent solutions and its homogeneous
adjoint problem has no solutions.
Inhomogeneous problem has a nonunique solutions (but there are no
solvability conditions).
(3) Indexv < 0:
Homogeneous problem has no solutions, and its homogeneous adjoint
problem has |v| independent solutions.
Inhomogeneous problem has a unique solution, if and only if the
inhomogeneous term is orthogonal to all |v| independent solutions to the
homogeneous adjoint problem.

(1
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7.5
Toeplitz Matrix and Wiener—Hopf Sum Equation

In this section, we consider the application of the Wiener—Hopf method to the
infinite system of the inhomogeneous linear algebraic equation,

MX=f, or > MuuXu=fu, (7.5.1,2)

where the coefficient matrix M is real and has the Toeplitz structure,

Myum = Myy_p. (7.5.3)

Case A: Infinite Toeplitz matrix.
The system of the infinite inhomogeneous linear algebraic equations
(7.5.1) becomes

o0
> My X =f, —00<n<oo. (7.5.4)

m=—00

We look for the solution {X,,} 1> under the assumption of the uniform convergence
Of {Xm ;O:O—oo and {Mm};ozofoo7

Z |Xim| < oo and Z M| < oo. (7.5.5)

m=—00 m=—00

Multiplying Eq. (7.5.4) by £" and summing over n, we have

D E My X = Y £y (7.5.6)

The left-hand side of Eq. (7.5.6) can be expressed as

ZgnMn—me = ng mZénimMnfm = M(E)X(€)7

with the interchange of the order of the summations, where X(&) and M(&) are
defined by

XE) = ) X£", ME)= ) Mg (7.5.7.8)

n=—00
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We also define

= D hE"

n=—00

Thus Eq. (7.5.6) takes the following form:

§)X(§) =1 (&)
We assume the following bounds on M, and f;:

a,b >0,

M| = O@™™) as n— —oo,
") o™ as n— H4oo,

pl=] S BT e

Then M (&) is analytic in the annulus in the complex & plane,
l/a<|§l <b, 1<ab,

and f (&) is analytic in the annuls in the complex & plane,

1/c<|El<d, 1<cd

Hence we obtain

S

ME) Z X,&" provided M(&) #0.

n=-—00

X(§) =

X (&) is analytic in the annulus
max(1/a,1/c) < |&| < min(b, d).

By the Fourier series inversion formula on the unit circle, we obtain

2

1 .
Xo= oo | do expl-ind)X(explio) =

27'[1 |&1=1
with

ME)#0 for |&]=1.

deg"IX(E),

(7.5.9)

(7.5.10)

(7.5.11a)

(7.5.11b)

(7.5.12a)

(7.5.12b)

(7.5.13)

(7.5.12¢)

(7.5.14)

(7.5.15)
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Next, consider the eigenvalue problem of the following form:

o0

Z My—mXm = uXy.

m=—00

We try
X, = E™.
Then we obtain

M(§) = pu.

(7.5.16)

(7.5.17)

(7.5.18)

The roots of Eq. (7.5.18) provide the solutions to Eq. (7.5.16). For . = 0, we obtain

X = (§0)™,

where & is a zero of M(§).

Case B: Semi-infinite Toeplitz matrix.

(7.5.19)

The system of the semi-infinite inhomogeneous linear algebraic equations (7.5.1)

becomes

o0
ZMn—me :fm n>0,

m=0

which is the inhomogeneous Wiener—Hopf sum equation.
We let

M) = Z M,&", 0<argé <2m,

be such that M(exp[if]) # 0 for 0 < 6 < 2. We assume that

00
S 1A <,
n=0

and
Xul < (1487, m=>0, &>0.

We define

o0
Yn = ZM”—V”X’” for n<-1 and y,=0 for
m=0

n>0,

(7.5.20a)

(7.5.21)

(7.5.22)

(7.5.23)

(7.5.24a)
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fa=0 for n<-1, (7.5.24b)

X(E) =) X", (7.5.25)
n=0

HEEDY 1 (7.5.26)
n=0
-1

YE) = D yu" (7.5.27)

We look for the solution which satisfies

o0

D 1%l < oo (7.5.28)

n=0
Then Eq. (7.5.20a) is rewritten as
o0
Z My X = fu+yn for —oo < n < oo. (7.5.20D)
m=—00

We note that

oo

_Zoj: vl = 3

n=—00

oo

My—mXm
0

o0 o0
< D Ml D Xl < o0,
m=0

m= n=—00

where the interchange of the order of the summation is justified since the final
expression is finite. Multiplying by exp[inf] on both sides of Eq. (7.5.20b) and
summing over n, we obtain

M(E)X(§) = f(§) + Y(5). (7.5.29)

Homogeneous problem: We set

fo=0 or fg)=0.

The problem we will solve first is

M(§)X(§) = Y(), (7.5.30)
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where

X(¢) analyticfor [|£] <1+e¢,

Y() analytic for [&] > 1. (7.5.31)
We define the index v of M(&) in the counter-clockwise direction by
= zi In[M(expli6])][; " - (7.5.32)
i
Suppose that M (&) has been factored into the following form:
M(§) = Nin(§)/ Nout(§), (7.5.33a)

where

Nin(§) analyticfor |&| <1+4¢, andcontinuousfor [&] <1,
Nout(§)  analytic for &l > 1, and continuous for |&] > 1.

(7.5.33b)
Then Eq. (7.5.30) is rewritten as
Nin(§)X(£) = Now(£) Y(§) = G(§), (7.5.34)

where G(§) is entire in the complex & plane. The form of G(&) is examined.

Case 1: the index v = 0.
By the now familiar formula, Eq. (7.3.25), we have

In[M(&’ In[M( 14
& - 527” (fcl fq)[ 527”} 7:5:3)

where the integration contours, C; and C,, are displayed in Figure 7.16.
Thus we have

In[M(g")] dg’

Nin(€) = exp [ﬁl né[ _(fg)]%]_ﬂ as  |g] = oo, (7.5.36a)
1 )] dg’

Nout(é‘)=eXp[7§C I;[,Nﬁi)]zii]el as  |&] — oo. (7.5.36b)
2

We find by Liouville’s theorem,
G() =0, (7.5.37)

and hence we have no nontrivial homogeneous solution when v = 0.
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&'
| &

¢
Cs

&’

Fig. 7.16 Integration contour of In[M(¢’)], when the index v = 0.

Case 2: the index v > 0 (positive integer).
We construct the object with the index zero, M(§)/&" and obtain

Y exp <7§Cl 7§CZ> [ln[M (" ]fn] (7.5.38)

from which, we obtain

1 M / AN d /
Nin(§)=€”eXP[7€l%%]—>é” as  [§] > o0,  (7.5.3%)

In[M(£)/(€)"] d&’
Nowlt) = exp [yﬂz%z;}ﬂ as [6l oo,  (7.539)

By Liouville’s theorem, G(§) cannot grow as fast as £". Hence we have
v—1
&) =) Gut", (7.5.40)
m=0

where G,,’s are v arbitrary constants. Thus X(£) is given by

v—1

=Y Gut™/Nn(8), (7.5.41a)

m=0

from which, we obtain v independent homogeneous solutions X,,’s by the Fourier series
inversion formula on the unit circle,

2w

X, = — de exp[—ind)X (exp[if]) = Zi dggT"IX(E).  (7.5.41D)
0 T Jjg|=1
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Case 3: the index v < 0 (negative integer).
We construct the object with the index zero, M(£)&!"!, and obtain

ln[M (é)‘”']ds]
w (fq f)[ ) (7.5.42)

from which, we obtain

1 In[M(&')(§")"] d&’ 1
Nnfe) = g7 o9 [ﬁl %Tiz] - g a8l oo (7543)

In[M(£')(£")"] d&’
Nout(§) = exp |:¢C2 %2]&”} —1 as |&] = oo. (7.5.43Db)

By Liouville’s theorem, we have
G(&) =0, (7.5.44)

and hence we have no nontrivial solution.

Inhomogeneous problem: We restate the inhomogeneous problem below,
M(§)X(§) = f(§) + Y(§), (7.5.45)
where we assume that f(£) is analytic for |&| < 1 + &. Factoring M(£) as before,
M(§) = Nin(§)/ Nout(§), (7.5.46)
and multiplying by Nou(€) on both sides of Eq. (7.5.45), we have
X(8)Nin () = F(6)Now(£) + Y(6) Now (€). (7.5.47a)
or, splitting f (&) Nout (£) into a sum of the in function and the out function,
X()Nin(§) — [F (§) Nout(§)lin = [F (€) Nowt (€)Jout + Y(€) Now(£) = F(€), (7.5.47b)

where F(&) is entire in the complex & plane. Since we are intent to obtain one
particular solution to Eq. (7.5.45), we set in Eq. (7.5.47D)

F(§) =0, (7.5.48)

resulting in the particular solution,

Xpart(6) = [f (6) Nout(€)]in/ Nin (6), (7.5.49)
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Y(€) = —[f (6) Nout(§)Jout/ Nout (&) (7.5.49D)

The fact that Egs. (7.5.49a) and (7.5.49b) satisfy Eq. (7.5.47a) can be easily demon-
strated. From Eq. (7.5.49a), the particular solution, X, part’s can be obtained by the
Fourier series inversion formula on the unit circle.

We note that in writing Eq. (7.5.47b), the following property of Ny (&) is essential:

Nout(§) = 1 as |&§| — oo. (7.5.50)

Case 1: the index v = 0.
Since the homogeneous problem has no nontrivial solution, the unique particular
solution, Xy, part’s, is obtained for the inhomogeneous problem.

Case 2: the index v > 0 (positive integer).
In this case, since the homogeneous problem has v independent solutions, the
solution to the inhomogeneous problem is not unique.

Case 3: the index v < 0 (negative integer).
In this case, consider the homogeneous adjoint problem,

ZMm WX = (7.5.51)
Its M function, M4 (), is defined by
) +o00
Mg = Y M "= Z M,&™" = M(1/¢). (7.5.52)

The index v24 of M2di() is defined by

adj _ ad 0=27 _ i 0= 27r
Vi = 27_[ In[M ](exp[te])]‘e_o = Zm' In[M (exp[—i0])]|,_
= 2— In[{M(exp[if])}* ]|9 =2 - —2— In[M (exp[if] ]|9 =7 =y, (7.5.53)

The factorization of M2di(£) is carried out as in the case of M(&), with the result

ad] ad]

M(§) = Ny, (£)/Now(§) = M(1/§) = Nin(1/8)/Now(1/5)- (7.5.54)

From this, we recognize that

foj(g) = ;llt(l/é) analyticin |§] <1, and continuous for [¢| <1,
;ﬂ(&) N, }(1/&) analyticin |&] > 1, and continuous for |£] > 1.

(7.5.55)
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Then, in this case, the homogeneous adjoint problem has |v| independent solutions,
X0 =1, pl, m=o. (7.5.56)

By the argument similar to the derivation of the solvability condition for the inhomo-
geneous Wiener—Hopf integral equation of the second kind discussed in Section
7.4, noting Eq. (7.5.50), we obtain the solvability condition for the inhomogeneous
Wiener—Hopf sum equation as follows:

o0
S X =0, j=1,....Iv]. (7.5.57)
m=0

Thus, if and only if the solvability condition (7.5.57) is satisfied, i.e., the inhomogeneous
term fy, is orthogonal to all the |v| independent solutions X;andw) to the homogeneous
adjoint problem (7.5.51), the inhomogeneous Wiener—Hopf sum equation has the
unique solution, Xy part.

From this analysis of the inhomogeneous Wiener—Hopf sum equation, we find that
the problem at hand is the discrete analog of the inhomogeneous Wiener— Hopf integral
equation of the second kind, not of the first kind, despite its formal appearance.

For an interesting application of the Wiener—Hopf sum equation to the phase
transition of the two-dimensional Ising model, the reader is referred to the article
by T.T. Wu, cited in the bibliography.

For another interesting application of the Wiener—Hopf sum equation to the
Yagi-Uda semi-infinite arrays, the reader is referred to the articles by W. Wasylki-
wskyj and A.L. VanKoughnett, cited in the bibliography.

The Cauchy integral formula used in this section should actually be Pollard’s
theorem which is the generalization of the Cauchy integral formula. We avoided
the mathematical technicalities in the presentation of the Wiener—Hopf sum
equation.

As for the mathematical details related to the Wiener—Hopf sum equation,
Liouville’s theorem, the Wiener—Lévy theorem, and Pollard’s theorem, we refer
the reader to Chapter IX of the book by B. McCoy and T.T. Wu, cited in the
bibliography.

Summary of the Wiener—Hopf sum equation:

9]
ZMnmem :ﬁu n>0,

m=0

g .
S MpuXi) =0, nz0.
m=0
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(1) Indexv =0.
Homogeneous problem has no nontrivial solution.
Homogeneous adjoint problem has no nontrivial solution.
Inhomogeneous problem has a unique solution.

(2) Indexv > 0.
Homogeneous problem has v independent nontrivial solutions.
Homogeneous adjoint problem has no nontrivial solution.
Inhomogeneous problem has nonunique solutions.

(3) Indexv < 0.
Homogeneous problem has no nontrivial solution.
Homogeneous adjoint problem has |v| independent nontrivial solutions.
Inhomogeneous problem has a unique solution, if and only if the
inhomogeneous term is orthogonal to all |v| independent solutions to the
homogeneous adjoint problem.

7.6
Wiener—Hopf Integral Equation of the First Kind and Dual Integral Equations

In this section, we shall reexamine the mixed boundary value problem considered
in Section 7.1 with some generality and show its equivalence to the Wiener—Hopf
integral equation of the first kind and to the dual integral equations. This equivalence
does not constitute a solution to the original problem; rather it provides a hint for
solving the Wiener—Hopf integral equation of the first kind and the dual integral
equations .

O Example 7.5. Solve the mixed boundary value problem of two-dimensional
Laplace equation in half plane:

2 92

with the boundary conditions specified on the x-axis,

@ (x,0) =f(x),x > 0; ¢y(x,0) = g(x),x < 0; ¢(x,y) = 0 as X+ yz — 00.
(7.6.2)

Solution. We write

400 . )
¢(xy Y) = lim ﬁelkX*'\/ k2+€2Y¢(k)’ y > 0. (763)

e—0t J oo 2W

Setting y = 0 in Eq. (7.6.3),

/+00 ﬁeikxé(k) — { _Q(x)r x>0, (764)

0o 27
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Thus we have

d(k) = / ; oodxe™ M (x,0) = by (k) + - (K), (7.6.5)
where

by(k) = [ (; dxe ™ p(x, 0), (7.6.6)

fok) = /0 m dxe™ ™ f (x). (7.6.7)

We know that ¢, (k) (f_(k)) is analytic in the upper half plane (the lower half plane).
Differentiating Eq. (7.6.3) with respect to y, and setting y = 0, we have

todk g 5 N\ 2 ) H(x0), x>0,
[m e (—\/k te >¢(k) =1 g0, xc0 (7.6.8)
Then, by inversion, we obtain
(—ViE+e?) by = g () + - (k). (7.6.9)
where
0 .
gy (k) = / dxe ¥ g(x), (7.6.10)
. +00 .
J_(k) = / dxe ", (x, 0). (7.6.11)
0
As before, we know that g (k) (_ (k) is analytic in the upper half plane (the lower
half plane).
Eliminating ¢ (k) from Egs. (7.6.5) and (7.6.9), we obtain
(k) +f- (k) = (—#) 81 (k) + <— ! )lff (k) (7.6.12)
R v/ ==y Ny A >

Inverting Eq. (7.6.12) for x > 0, we obtain

/ I e )+ )+ —— g ()
e 2T T T JEreat

—/Wﬁik"(— ! )y} k 0 7.6.13
_—0027'[6 N —(k), x>0, (7.6.13)
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where

T dk s
/ 7 ¢ ¢+(k) =0, for x>0, (7.6.14)

because ¢, (k) is analytic in the upper half plane and the contour of the integration
is closed in the upper half plane for x > 0.
The remaining terms on the left-hand side of Eq. (7.6.13) are identified as

/_ +°o geik"f_(k) =f(x), x>0, (7.6.15)

oo

/Mdk”‘x ! s m=c 0 7.6.16
. 2”6 mg+()= (X), x> 0. ( )

The right-hand side of Eq. (7.6.13) is identified as

T ! = vk d 0, (7.6.17
[t (- ) it = [ vk w20, (617

where /(x) and K(x) are defined by

Y(x) = ¢y(x,0), x>0, (7.6.18)
oo dk . 1
K(x) = /m Ee’k" <_ﬁ> (7.6.19)

Thus we obtain the integral equation for v (x) from Eq. (7.6.13),

+o0
/0 K(x —y)¥(y)dy =f(x) + G(x), x>0. (7.6.20)

This is the integral equation with a translational kernel of semi-infinite range
and is called the Wiener—Hopf integral equation of the first kind. As noted earlier,
this reduction of the mixed boundary value problem, Egs. (7.6.1)—(7.6.2c), to the
Wiener—Hopf integral equation of the first kind by no means constitutes a solution
to the original mixed boundary value problem.

In order to solve the Wiener—Hopf integral equation of the first kind

+00
/0 K(x —y)¥(y)dy = F(x), x=0, (7.6.21)

we rather argue backward. Equation (7.6.21) is reduced to the form of Eq. (7.6.12).
We define the left-hand side of Eq. (7.6.21) for x < 0 by

/ - K(x —y)¥(y)dy = H(x), x<0. (7.6.22)
0
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We consider the Fourier transforms of Egs. (7.6.21) and (7.6.22),

+00 X +00 +0o0 .
/ dxe_‘k"/ dyK(x — )¢ (y) = / dxe ™ F(x) = F_(k), (7.6.23a)
0 0 0

0 X 400 0 .
/ dxe™ / dyK(x — )y (y) = / dxe ™ H(x) = F,(k), (7.6.23D)
—0 0 —00

where F_(k) (A, (k)) is analytic in the lower half plane (the upper half plane).
Adding Egs. (7.6.23a) and (7.6.23b) together, we obtain
+00 . +00 . N R
| de ) [ e ke ) = F )+ Frugb
0 —0

Hence we have

V- (k)K(k) = F_(k) + H(k), (7.6.24)

where (k) and K(k), respectively, are defined by

+00 .

U (k) = / e ® ) (x) dx, (7.6.25)
0+oo .

K(k) = / e M K (x)do. (7.6.26)

From Eq. (7.6.24), we have

P (k) = (1/K(R) (F () + (k). (7.6.27)

Carrying out the sum splitting on the right-hand side of Eq. (7.6.27) either by
inspection or by the general method discussed in Section 7.3, we can obtain v/_ (k)
as in Section 7.1.

Returning to Example 7.5, we note that the mixed boundary value problem we
examined belongs to the general class of the equation,

(k) + - (k) = K(k) (@ (k) + Y- (K)). (7.6.28)

If we directly invert for /_ (k) for x > 01in Eq. (7.6.28), we obtain the Wiener—Hopf
integral equation of the first kind (7.6.20). Instead, we may write Eq. (7.6.28) as a
pair of equations,

D(k) =g, (k) + ¥_(k), (7.6.29a)
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K(k)® (k) = b (k) + - (K). (7.6.29b)

Inverting Egs. (7.6.29a) and (7.6.29b) for x < 0 and x > 0, respectively, we find a
pair of integral equations for ®(k) of the following form:

oo dk

/700 72 k) =g(x), x<0O, (7.6.30a)
+00 o

/ ge‘k"K(k)@(k) =f(x), x>0. (7.6.30b)

A pair of integral equations, one holding in some range of the independent
variable and the other holding in the complementary range, are called the dual
integral equations. This pair is equivalent to the mixed boundary value problem,
Egs. (7.6.1)—(7.6.2c). A solution to the dual integral equations is again provided by
the methods we developed in Sections 7.1 and 7.3.

7.7
Problems for Chapter 7

7.1.  (due to H. C.). Solve the Sommerfeld diffraction problem in two spatial
dimensions with the boundary condition

¢x(x,00 =0 for x<0O.
7.2.  (due to H. C.). Solve the half-line problem

2
<ﬁ+a—y2—p)¢(x,y)=0 with ¢(x,0)=¢* for x <0,

and

d(x,y) = 0 as x*+y — oo.

It is assumed that ¢ (x, y) and ¢,(x, y) are continuous except on the half-line
y =0with x < 0.

7.3.  (Due to D. M.) Solve the boundary value problem,

a2 92 ,
(W + e +p2) $(x,y) =0 with ¢(x,0)=¢** for x>0,

and

VX2 Yy (xy) +ipp(x,y) — 0 as (/x? +y2 — oo,
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7.4.

7.5.

7.6.

by using the Wiener—Hopf method. In the above, the point (x, y) lies in the
entire (x, y)-plane with the exception of the half-line,

{(x,y) :y=10,x> 0},

p is real and positive, and
0<a<p.

We note that the given condition for \/x2 + y*> — oo is called the
Sommerfeld radiation condition.

(Due to D. M.) Solve the boundary value problem,

2 92 ;
(a? + e —p2> d(x,y) =0 with ¢y(x,0)=e** for x>0,

and

¢(x,y) > 0 as /x2+4y* — oo,
by using the Wiener—Hopf method. In this problem, the point (x, y) lies in
the region stated in the previous problem. Note that the Sommerfeld

radiation condition is now replaced by the usual condition of zero limit.
Compare your answer with the previous one.

(due to H. C.). Solve

V2 (x,y) =0,

with a cut on the positive x-axis, subject to the boundary conditions

o(x,0)=¢* for x>0,

¢(x,y) = 0 as x* +y* = oo
(due to H. C.). Solve

Vip(x,y) =0, 0<y<1,

subject to the boundary conditions

¢(x,00=0 for x>0,



7.7.

7.8.

7.9.

7.7 Problems for Chapter 7

ox,1)=¢* for x>0,

and

¢y(x,1) =0 for x<0.

(due to H. C.). Solve

Vip(x,y) =0, 0<y<T1,

subject to the boundary conditions

¢y(x,0)=0 for —oo<x<o00, ¢x1)=0 for x<0,

and
o(x,1)=¢* for x>0.

(due to H. C.). Solve

—82 —|—2—8 +—82 d(x,y) = ¢(x 0
>
9x? ax  9y? () . y=>0

with the boundary conditions

¢x,0)=e" for x>0, ¢x0 =0 for x<0,

and

o(x,y) = 0 as x? +Y2 — 00.
(due to H. C.). Solve
+o00
d(x) = A/(; K(x —y)o(y)dy, x>0,

with

K—m*”"‘ L nd a=1
(x):/ioce mg an > 1.

Find also the resolvent H(x, y) of this kernel.
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7.10.

7.11.

7.12.

7.13.

7.14.

(due to H. C.). Solve
+o00 )
o) = )L/ e Wg(y)dy, 0<x < oo.
0

Solve

A +00
P(x) = —/ Ei(|x —y)oy)dy, x>0, 0<Ar=<1,
0
with
+00
Ei(x) = / (e /5)de.
(due to H. C.). Consider the eigenvalue equation,

+00 X )
P(x) = )»/0 K(x — y)p(y)dy, where K(x)=x"¢""".

(@) What is the behavior of ¢(x) so that the integral above is convergent?

C

What is the behavior of ¥ (x) as x — —oo (where ¥ (x) is the integral
above for x < 0)? What is the region of analyticity for v (k)?

Find K(k). What is the region of analyticity for K(k)?

-
RO

It is required that ¢ (x) does not blow up faster than a polynomial of x
as x — oo. Find the spectrum of A and the number of independent
eigenfunctions for each eigenvalue A.

Solve
+00
P(x)=e ™ + A/ e py)dy, x>o0.
0

Hint:

o0 . 2
/ de*e ¥l = .
oo k2 +1

(due to H. C.). Solve

+00
bx) = coshg n A/ e pp)dy, x> o.
0

Hint:

oo ik T
/ dx = .
—0o coshx cosh(mk/2)



7.15.

7.16.

7.17.

7.18.

7.19.

7.7 Problems for Chapter 7

(due to H. C.). Solve

1
x+x

1
Bx) =1 +A/ p(x)dx, 0<x<1.
0

Hint: Perform the change of the variables from x and ' to t and ¢/,

x=exp(—t) and x =exp(—t) with ¢t €[0,400).

Solve
+o00
P(x) = /0 o+ (= Y)2¢(y)dy +f(x), x>0, >0
Solve
Tn1(2) + Th-1(2) = 22Tu(z), n=>1, —-1=<z<1,
with

To(z) =1 and Ti(2) =z.

Hint: Factor the M (&) function by inspection.

Solve
Unt1(2) + Up—1(2) = 22Uu(2), n>1, —-1=<z<1,
with
Usz) =0 and Up(z) = v1—22.
Solve
Zexp[ip i — k[l — 2§ = 4, j=012,...,
k=0
with

Imp >0 and |gq <1.
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7.20. (due to H. C.). Solve the inhomogeneous Wiener—Hopf sum equation that
originates from the two-dimensional Ising model

oS
ZMn—me =ﬂu n>0,

m=0

with

n_ a1§)(1 — g _
ZMn$ _\/l—alé‘l)(l—azé) and  f, = 8uo.

n=-—00

Consider the following five cases:
(a) o < 1< oy,

b) a1 <ay <1,
() a1 <ap=1,
(d) 1<ao1 <ay,

(e) o1 = o).

Hint: Factorize the M (&) function by inspection for the above five cases and
determine the functions Ni,(£) and Nout ().

7.21. Solve the Wiener—Hopf integral equation of the first kind,

+o00 1
/0 Kol x—yopdy =1, x>

\%
L

where the kernel is given by

X ( ) /+oo cos kx ik 1 +o00 eikx "
X) = R—— = — J—
’ o k+1 2 ) 0 VE+1

7.22. (due to D. M.) Solve the Wiener—Hopf integral equation of the first kind,
[ k- nomiy =1, x=0
where the kernel is given by
K(x) = |x| exp[—[x]].

7.23. Solve the Wiener—Hopf integral equation of the first kind,

+o00
/0 K(z—¢)¢(s)ds =0, z>0,

HY (k121) + H (kv/d + 22)],

1
K()Ez



7.24.

7.25.

7.26.

7.7 Problems for Chapter 7

where H (k |z]) is the Oth-order Hankel function of the first kind.
Solve the Wiener—Hopf integral equation of the first kind,

—+00
A K(z—¢)¢(s)ds =0, z=>0,

K(z) =

[HY (k121) — H (kv/d2 + 22)),

!
2
where H(()l) (k|zl) is the Oth-order Hankel function of the first kind.

Solve the integro-differential equation

32 +o00
<3 2+k>/(; K(z—¢)p(s)ds =0, z=>0,

[ Nk 12) + HY (k\/d2+z2)]

K(z) =

N =

where H(()l) (k1zl) is the Oth-order Hankel function of the first kind.

Solve the integro-differential equation,

32 2 +o00
(@;+k>ﬁ K(z—=¢)¢(s)ds =0, z=0,

K(z) = %[H(()l)(k l2l) — HY’ (k\/dl + zz)],

where H(()l) (k|zl) is the Oth-order Hankel function of the first kind.

Hint for Problems 7.23 through 7.26:
The Oth-order Hankel function of the first kind H(()l) (kD) is given by

> exp[iky/D* +§2] ]
i 00 /D? + EZ

HY) (kD) = D >0,

and hence its Fourier transform is given by

/ H k\/ D? + 22) expliwz]dz = eXP[l;}CE))) ], v(w) = VE2 — o?,

Imv(w) > 0.
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7.27.

7.28.

The problems are thus reduced to factoring the following functions:

¥ (@) =1+ expliv(w)d] = Yy (@)Y (@),
0() = 1 - expliviw)d] = ¢4 (@)p-(0),
where ¥4 (@) (¢+()) is analytic and has no zeros in the upper half plane,

Imw > 0, and Y¥_(w) (¢—(w)) is analytic and has no zeros in the lower half
plane, Imw < 0.

As for the integro-differential equations, the differential operator

@'ﬁ‘kl

can be brought inside the integral symbol and we obtain the extra factor

vi(w) = K — o,

for the Fourier transforms, multiplying onto the functions to be factored.
The functions to be factored are given by

k(w)Prob. 723 = M f((a))pmb' 724 = ¢(w)

V(@) V()

’

V(@) K(@)prob. 725 = V(@)Y (@), (@) K(@)prob. 7.26 = V(@)@ ().

Solve the Wiener—Hopf integral equation of the first kind,

+00o
/0 K(z—=¢)¢(s)ds =0, z=0,

K@ =2 / " Ji(o()) H (v()e) explivzldo,
with
() = V2 — ?,
where J1(va) is the first-order Bessel function of the first kind and Hgl)(va) is

the first-order Hankel function of the first kind.

Solve the integro-differential equation,

2 +00
( . k2> / Kz - 6)p(c)ds =0, z=0,
0

022
a

K(z) = 5 /_ Jo(v(@)a)H (v(w)a) explivzlde,



7.29.

7.30.

7.7 Problems for Chapter 7

with
v(w) = VEkr — w?,

where Jo(va) is the Oth-order Bessel function of the first kind and H(()l) (va) is
the Oth-order Hankel function of the first kind.

Hint for Problems 7.27 and 7.28:

The functions to be factored are

~ 1
K(w)Prob. 7.27 = ﬂ“fl(U“)Hg )(Ua)’

% 1
V2 K(@)prob. 728 = wavo(va)Hy (va).

The factorization procedures are identical to the previous problems.

As for the details of the factorizations for Problems 7.23 through 7.28, we
refer the reader to the following monograph.

Weinstein, L.A.: The Theory of Diffraction and the Factorization Method,
Golem Press, (1969). Chapters 1 and 2.

Solve the dual integral equations of the following form, which shows up in
electrostatics,

fow YW uyx)dy =x" for 0<x<1

and

/Ooof(y)]n(yx)dyz 0 for 1<x< o0,

where n is the nonnegative integer and J, (yx) is the nth-order Bessel function

of the first kind.

Hint: Jackson, ]J.D. : Classical Electrodynamics, 3rd edition, John Wiley &
Sons, New York (1999). Section 3.13.

Solve the dual integral equations of the following form, which shows up in
magnetstatics,

| ey = for 0<x <1
0

and

/OOO YWn(yx)dy =0 for 1<x < oo,
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where n is the nonnegative integer and J, (yx) is the nth order Bessel function

of the first kind.

Hint: Jackson, ]J.D. : Classical Electrodynamics, 3rd edition, John Wiley &
Sons, New York (1999). Section 5.13.

7.31. Solve the dual integral equations of the following form:

/0 YW u(yx)dy = g(x) for 0<x<1
and

/Oocf(y)h(yx)dy =0 for 1<x<oo.

Hint: Kondo, J.: Integral Equations, Kodansha Ltd., Tokyo (1991), p. 412.

7.32. Consider the integral equation
o
d(x) = / H (o |x —y)p(y)dy with —1<x<+1,
-1

where Hg)(x) is the Oth order Hankel function of the first kind. We can
assume that ¢(x) is even. Then the above integral equation becomes

+1
d(x) = 2/ H (o |x — y))p(p)dy with 0 <x<+1.
0

(@) By assuming the exponential damping of ¢(x) as x — oo, we obtain
the approximate integral equation

¥ (x) = 2/00 H (@ |x —y)v(y)dy with 0<x < oc.
0

The above approximate integral equation is the homogeneous
Wiener—Hopf integral equation of the second kind.

(b) Show that the exact solution to the approximate integral equation is
given by

Yx) =1+ x(@l+x))+x@ll—x]) with 0<x < oo,
where

X(x) = J% exp[—x] — erf[/%].

(c) Ascertain that the function yx (x) exhibits the exponential damping as
x — 00, thus verifying that ¢(x) — 0 exponentially as x — oco.



8
Nonlinear Integral Equations

8.1
Nonlinear Integral Equation of the Volterra Type

In Chapter 3, the linear integral equations of the Volterra type are examined. We
applied the Laplace transform technique for a translation kernel. As an application
of the Laplace transform technique, we can solve a nonlinear Volterra integral equation
of convolution type:

06 =+ [ 60100 (8.1
Taking the Laplace transform of Eq. (8.1.1), we obtain

B(s) = f(5) + A(s))"- (8.12)
Hence we have

P(s) = [1 £ (1 — 44f(5))"/*] /25,

We assume that f(s) — 0as Res — oo, and we require that ¢(s) — 0 as Re's — 0.
Then only one of the two solutions survives. Specifically it is

B(s) = [1 — (1 — 4rf(s))/%1,/ 2. (8.1.3a)
Inverse Laplace transform provides us the solution

9(x) = L7 (1 — (1 — 43 ()", 22)

- /Hm 5 [1 - 4/\f(s))1/2] 2, (8.1.3b)
Y

s 271

where the inversion path is to the right of all singularities of the integrand. We
examine two specific cases.

Applied Mathematical Methods in Theoretical Physics, Second Edition. Michio Masujima
Copyright © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40936-5
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Sa
Ls

S1

N
&4

Fig. 8.1 Branch cut of the integrand of Eq. (8.1.5a) from s = 0 to s = 4.
U Example 8.1. f(x) =
Solution. In this case, Eq. (8.1.3b) gives
d(x) = 0.
Thus there is no nontrivial solution.
U Example 8.2. f(x) =
Solution. In this case,
f(s) =15, (8.1.4)

and Eq. (8.1.3b) gives

b(x) = 1 /Y-HOC d—s,es" |:1 _ i } . (8.1.5a)

2% Jy—ioo 270 s

The integrand has a branch cut from s = 0 to s = 4 as in Figure 8.1.
Let A > 0, then the branch cut is as illustrated in Figure 8.2.
By deforming the contour, we get

1 d —4x 1 —4A
o) = — ¢ —e1- /)2 = =/ (8.1.5b)
20 Je 2mi s c 27n

where C is the contour wrapped around the branch cut, as shown in Figure 8.2. By
evaluating the values of the integrand on the two sides of the branch cut , we get

B(x) = m Md ”‘,/ / dte 4“",/ (8.1.6)
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L=

S2

Sq

AT
o
pEs

L/

Fig. 8.2 The contour of integration C wrapping around the
branch cut of Figure 8.1 for A > 0.

Here we have changed the variable,
s=4Art, 0<t<l1.

The integral in Eq. (8.1.6) can be explicitly evaluated:

2 4Ax)” . 1t 4wx)"T (n+3)T(3)
_;Z f Z T2 2 (8.1.7)

where we have used the formula

/1 g1 — gt = LIC(m)
0 L(n++m)’

Now, the confluent hypergeometric function is given by

. .,ez aa+12 T T@+nz
Fecz) =1+ _5+-—75 ”'_gﬂr(wr e (8.1.8)
From Egs. (8.1.7) and (8.1.8), we find that
1
d(x)=F <E; 2; 4Ax> (8.1.9)
satisfies the nonlinear integral equation
o) =1+ [ oe= oty 8.1.10

Although the above is proved only for A > 0, we may verify that it is also true
for & < 0 by repeating the same argument. Alternatively we may prove this in the
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following way. Let us substitute Eq. (8.1.9) into Eq. (8.1.10). Since F(%; 2; 41x) is
an entire function of A, each side of the resulting equation is the entire function of
A. Since this equation is satisfied for A > 0, it must be satisfied for all A by analytic
continuation. Thus the integral equation (8.1.10) has the unique solution given by
Eq. (8.1.9), for all values of 1.

At the end of this section, we classify the nonlinear integral equations of Volterra
type in the following manner:

(1) Kernel part is nonlinear,

o) = [ Heny. o)y = 0. (VN.1)

(2) Particular part is nonlinear,

G(b(x) — f: K(x, y)p(y)dy = f (). (VN.2)
(3) Both parts are nonlinear,

G(p(x) — f: H(x,y, d(y))dy = f (x)- (VN.3)

(4) Nonlinear Volterra integral equation of the first kind,

/ Hix,p, d(1)dy = £ () (VN.4)

(5) Homogeneous nonlinear Volterra integral equation of the first kind where
the kernel part is nonlinear,

P(x) = / H(x,y, d(y))dy- (VN.5)

(6) Homogeneous nonlinear Volterra integral equation of the first kind where
the particular part is nonlinear,

Gl = [ K noay. (VN.6)

a

(7) Homogeneous nonlinear Volterra integral equation of the first kind where
both parts are nonlinear,

Glo() = / H(x, y, $(y))dy. (VN.7)
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8.2
Nonlinear Integral Equation of the Fredholm Type

In this section, we shall give a brief discussion of the nonlinear integral equation of
Fredholm type. Recall that the linear algebraic equation

¢ =f+ArKo (8.2.1)
has the solution
¢ =(1—2K)7If. (8.2.2)

In particular, the solution of Eq.(8.2.1) exists and is unique as long as the
corresponding homogeneous equation

¢ = 1Ko (8.2.3)

has no nontrivial solutions.
Nonlinear equations behave quite differently. Consider, for example, the nonlin-
ear algebraic equation obtained from Eq. (8.2.1) by replacing K with ¢,

¢ =f+rp% (8.2.42)
The solutions of Eq. (8.2.4a) are

1+,/1—-4x
¢ = 1£V1-4f (8.2.4b)
2A
We first observe that the solution is not unique. Indeed, if we require the solutions

to be real, then Eq. (8.2.4a) has two solutions if

1—4rf > 0, (8.2.5)
and no solution if

1—4Arf <0. (8.2.6)

Thus the number of solutions changes from 2 to 0 as the value of A passes 1 /4f.
The point A =1, 74f is called a bifurcation point of Eq. (8.2.4a). Note that at the
bifurcation point, Eq. (8.2.4a) has only one solution.

We also observe from Eq. (8.2.4b) that another special point for Eq. (8.2.4a) is
A = 0. At this point, one of the two solutions is infinite. Since the number of
solutions remains to be two as the value of A passes A = 0, the point A = 0 is not a
bifurcation point. We shall call it a singular point.
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Consider now the equation
¢ = rg?, (8.2.7)

obtained from Eq. (8.2.4a) by setting f = 0. This equation always has the nontrivial
solution

p=1,1 (8.2.8)
provided that
A 0. (8.2.9)

There is no connection between the existence of the solutions for Eq. (8.2.4a) and
the absence of the solutions for Eq. (8.2.4a) with f = 0, quite unlike the case of
linear algebraic equations.

Nonlinear integral equations share these properties. This is evident in the
following examples.

O Example 8.3. Solve

1
dlx) =1+ A/O ®*(y)dy. (8.2.10)

Solution. The right-hand side of Eq. (8.2.10) is independent of x. Thus ¢(x) is
constant. Let

P(x) = a.
Then Eq. (8.2.10) becomes

a=1+xra’. (8.2.11)
Equation (8.2.11) is just Eq. (8.2.4a) with f = 1. Thus

1x/1-4

b () o (8.2.12)

There are two real solutions for A < 1,74, and no real solutions for A > 1,/4. Thus
A =14 is a bifurcation point.

U Example 8.4. Solve

1
$(x) =1+ A/O ¢ (y)dy. (8.2.13)



8.2 Nonlinear Integral Equation of the Fredholm Type

Solution. The right-hand side of Eq. (8.2.13) is independent of x. Thus ¢(x) is
constant. Letting

d(x) =a,
we get
a=1+xrd. (8.2.14a)

Equation (8.2.14a) is cubic and hence has three solutions. Not all of these solutions
are real. Let us rewrite Eq. (8.2.14a) as

1
¢ — =, (8.2.14b)

and plot (a — 1),/ as well as a? in the figure. The points of intersection between
these two curves are the solutions of Eq. (8.2.14a). For A negative, there is obviously
only one real root, while for A positive and very small, there are three real roots
(two positive roots and one negative root). Thus A = 0 is a bifurcation point . For
A large and positive, there is again only one real root. The change of numbers of
roots can be shown to occur at A = 4,727, which is another bifurcation point.

We may generalize the above considerations to

1
d(x) =c+A /0 K(¢(y))dy. (8.2.15a)

The right-hand side of Eq. (8.2.15a) is independent of x. Thus ¢(x) is constant.
Letting

¢(x) =a,
we get

(a—c)/A = K(a). (8.2.15b)
The roots of the above equation can be graphically obtained by plotting K(a) and
(@a—c)/A.

Obviously, with a proper choice of K(a), the number of solutions as well as the

number of bifurcation points may take any value. For example, if

K(¢) = psinme, (8.2.16)
there are infinitely many solutions as long as |A| < 1. As another example, for

K(¢) = sing /(> + 1), (8.2.17)

there are infinitely many bifurcation points .
In summary, we have found the following conclusions for nonlinear integral
equations:
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(1) There may be more than one solution.

(2) There may be one or more bifurcation points.

(3) There is no significant relationship between the integral equation with f # 0 and
the one obtained from it by setting f = 0.

The above considerations for simple examples may be extended to more general
cases. Consider the integral equation

P(x) =fx) + /01 K(x,y, (x), d(y))dy- (8.2.18)
If K is separable, i.e.,

K(x,y, ¢(x), o(¥) = 8, 9(x)h(y, $()). (8-2.19)
then the integral equation (8.2.18) is solved by

P (x) = f(x) + ag(x, p(x)), (8-2.20)
with

a= /01 h(x, ¢ (x))dx. (8.2.21)

We may solve Eq. (8.2.20) for ¢(x) and express ¢(x) as a function of x and a.
There may be more than one solution. Substituting any one of these solutions into
Eq. (8.2.21), we may obtain an equation for a. Thus the nonlinear integral equation
(8.2.18) is equivalent to one or more nonlinear algebraic equations for a.

Similarly, if K is a sum of the separable terms, the integral equation is equivalent
to systems of N coupled nonlinear algebraic equations.

In closing this section, we classify the nonlinear integral equations of the
Fredholm type in the following manner:

(1) Kernel part is nonlinear,

b
lx) — f Hix,y, 6 (3))dy = f(x). (FN.1)

(2) Particular part is nonlinear,

b
G(¢(x))—/ K(x, )¢(y)dy = f (x)- (EN2)

(3) Both parts are nonlinear,

b
G(¢(X))—/ H(x,y, ¢(y)dy = f (). (EN.3)
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(4) Nonlinear Fredholm integral equation of the first kind,

b
/ Hix, p, d(y)dy = F ). (FN4)

(5) Homogeneous nonlinear Fredholm integral equation of the first kind,
where the kernel part is nonlinear,

b
o) = [y o0y (FN.5)

(6) Homogeneous nonlinear Fredholm integral equation of the first kind,
where the particular part is nonlinear,

b

Gl = [ Koty (FN.6)

a

(7) Homogeneous nonlinear Fredholm integral equation of the first kind,
where both parts are nonlinear,

b
Glow = [ Hew.y. sy (N.)
a
8.3
Nonlinear Integral Equation of the Hammerstein Type

The inhomogeneous term f (x) in Eq. (8.2.18) is actually not particularly meaningful.
This is because we may define

¥ (x) = ¢(x) — f(x), (8.3.1)
then Eq. (8.2.18) is of the form
1
W = [ Koy ) +£6, ) + S 8.32)

The nonlinear integral equation of the Hammerstein type is a special case of
Eq. (8.3.2),

1
V(x) = /0 K(x, )f (v, ¥ () dy- (8.3.3)

For the remainder of this section, we discuss this latter equation, (8.3.3). We shall
show that if f satisfies uniformly a Lipschitz condition of the form

| flywa) =f (v w2)| < C) lwr = wal, (8.3.4)
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and if
1
/ AW Cy)dy = M? < 1, (8.3.5)
0

then the solution of Eq. (8.3.3) is unique and can be obtained by iteration. The
function A(x) in Eq. (8.3.5) is given by

1
Alx) = /0 K?(x, y)dy. (8.3.6)
We begin by setting
Yo(x) =0 (8.3.7)
and
1
Yn(x) = /0 K(x, )f (v: ¥n-1(y))dy. (8.3.8)

If f(y,0) = 0, then Eq. (8.3.3) is solved by ¥ (x) = 0. If

fly,0)#0, (8.3.9)

we have
! 2

W < A [ S0 0dy = A I (8.3.10)

where
1
I£1* = / £y, 0)dy. (8.3.11)
0
Also, as a consequence of the Lipschitz condition (8.3.4),
1

) = sl < [ 1K) €O s = Va9

Thus
1
[Vn(%) — Yno1 (%)) < A() /0 C? ) [Wn-1(y) — Yn—2(y)]’dy. (8.3.12)

From Egs. (8.3.4) and (8.3.5), we get

[Va(x) — v () < A@) [F]* M2



8.4 Problems for Chapter 8

By induction,

[Wn (%) — Va1 ()] < AR) |F ]| (MP)" (8.3.13)

Thus the series

Y1(%) + [V2(x) — Yi(%)] + [¥3(x) — Y2(¥)] + - -

is convergent, due to Eq. (8.3.5).
The proof of uniqueness will be left to the reader.

8.4
Problems for Chapter 8
8.1. (due to H. C.). Prove the uniqueness of the solution to the nonlinear
integral equation of the Hammerstein type
1
v = [ Koo ift vy
8.2. (dueto H. C.). Consider
2 1 5
x(t) + x(t) = = —x°(), t>0,
with the initial conditions
d
x(0)=0 and | =1.
dt |
(@) Transform this nonlinear ordinary differential equation to an integral
equation.
(b) Obtain an approximate solution accurate to a few percent.
8.3. (dueto H. C.). Consider

32 N a2 1 2,2 o

— — X, X <1,

o2 oy P(xy) = 8% (%), y
with

dx,y)=1 on x*+y*=1.
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(a) Construct a Green’s function satisfying

92 92
(Q + a_y2> Glx,y; x,Y) = 8(x — x)8(y —v),

with the boundary condition

Gx,y:x,yY) =0 on x*+y*=1.
Prove that

Glxy: ¥,y) = G,y %, 7).

Hint: To construct Green’s function G(x, y; x’,y’), which vanishes on
the unit circle, use the method of images.

(b) Transform the above nonlinear partial differential equation to an
integral equation, and obtain an approximate solution accurate to a few
percent.

8.4. (duetoH.C.).
(@) Discuss a phase transition of p(f) which is given by the nonlinear
integral equation,

2T
p(0) =2z71 exp[ﬁ/O cos(6 — @)p(P)de],
B =]/ kgT, 0<6 <2m,

where Z is the normalization constant such that p(6) is normalized to
unity,

2w
/ 0(0)do = 1.
0

(b) Determine the nature of the phase transition.

Hint: You may need the following special functions:

Io(z) = é(mlv)z (E)Zm,

°° 1 2\ 2m41
b =2 o (2)



8.5.

8.6.

8.7.

8.8.

8.9.

8.10.

8.11.

8.4 Problems for Chapter 8

and generally
In(z) = —/ 2<% (cos nd)do.
0
For |z| — 0, we have
Io(z) > 1,
Li(z) = z2.
Solve the nonlinear integral equation of the Fredholm type
0.1
00 = | L+ STy =+ 1.
Solve the nonlinear integral equation of the Fredholm type
1
b(x) — 60[ xyp*(y)dy = 1+ 20x — x2.
0
Solve the nonlinear integral equation of the Fredholm type
1
o= [ ot + 2y = w1
Solve the nonlinear integral equation of the Fredholm type
1
% (x) — / xyp(y)dy = 4 + 10x + 9x7.
0
Solve the nonlinear integral equation of the Fredholm type
1
06— [ oty =1+,
Solve the nonlinear integral equation of the Fredholm type
2
S+ [ Sy =1-24,
0
Solve the nonlinear integral equation of the Fredholm type

5 1
o= [ oty

Hint for Problems 8.5 through 8.11: The integrals are at most linear in x.
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8.12.

8.13.

8.14.

8.15.

8.16.

8.17.

Solve the nonlinear integral equation of the Volterra type

)= [ o= oty = 1+ 35+ 527 - 20
0 2 2

Solve the nonlinear integral equation of the Volterra type
') + fo " sinx ~ Y()dy = expl].

Solve the nonlinear integral equation of the Volterra type
o0~ [ 6=y = v

Solve the nonlinear integral equation of the Volterra type
26 [ =144

Solve the nonlinear integral equation of the Volterra type
200~ [ " (x = ey = sinx.

Hint for Problems 8.12 through 8.16: Take the Laplace transform of the
given nonlinear integral equations of the Volterra type.

Solve the nonlinear integral equation
1
o) = [ Sy =1,
0

In particular, identify the bifurcation points of this equation. What are the
nontrivial solutions of the corresponding homogeneous equations?



9
Calculus of Variations: Fundamentals

9.1
Historical Background

The calculus of variations was first found in the late 17th century soon after
calculus was invented. The main figures involved are Newton, the two Bernoulli
brothers, Euler, Lagrange, Legendre, and Jacobi.

Isaac Newton (1642-1727) formulated the fundamental laws of motion. The
fundamental quantities of motion were established as the momentum and the
force. Newton’s laws of motion state:

(1) In the inertial frame, every body remains at rest or in uniform motion

unless acted on by a force F. The condition F = 0 implies a constant velocity
v and a constant momentum p = mu.
(2) In the inertial frame, application of force F alters the momentum p by an
amount specified by
F= % P. (9.1.1)
(3) To each action of a force, there is an equal and opposite action of a force.
Thus if Fy is the force exerted on particle 1 by particle 2, then

Fy = —Fp, (9.1.2)
and these forces act along the line separating the particles.

Contrary to the common belief that he discovered the gravitational force by
observing that the apple dropped from the tree at Trinity College, he actually
deduced Newton’s laws of motion from the careful analysis of Kepler’s laws.
He also invented the calculus, named methodus fluxionum in 1666, about 10
year ahead of Leibniz. In 1687, Newton published Philosophiae naturalis principia
mathematica, often called Principia. It consists of three parts: Newton’s laws of
motion, laws of the gravitational force, and laws of motion of the planets.

The Bernoulli brothers, Jacques (1654—1705) and Jean (1667-1748), came from
the family of mathematicians in Switzerland. They solved the problem of Brachis-
tochrone. They established the principle of virtual work as a general principle of
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statics with which all problems of equilibrium could be solved. Remarkably, they
also compared the motion of a particle in a given field of force with that of light
in an optically heterogeneous medium and tried to give a mechanical theory of
the refractive index. The Bernoulli brothers were the forerunners of the theory of
Hamilton which has shown that the principle of least action in classical mechanics
and Fermat’s principle of shortest time in geometrical optics are strikingly analo-
gous to each other. They used the notation, g, for the gravitational acceleration for
the first time.

Leonhard Euler (1707-1783) grew up under the influence of Bernoulli family in
Switzerland. He made an extensive contribution to the development of calculus
after Leibniz, and initiated calculus of variations. He started the systematic study
of the isoperimetric problems. He also contributed in an essential way to the
variational treatment of classical mechanics, providing the Euler equation

of d 9

5~ oy = (9.1.3)

for the extremization problem

x
51 = 3/ f(x,7,Y)dx = 0, (9.1.4)
with *

8y(x1) = 8y(xz) = 0. (9.1.5)

Joseph Louis Lagrange (1736—1813) provided the solution to the isoperimetric
problems by the method presently known as the method of Lagrange multipliers;
quite independent of Euler. He started the whole field of the calculus of varia-
tions . He also introduced the notion of generalized coordinates, {q,(t)}{:l, into
classical mechanics and completely reduced the mechanical problem to that of the
differential equations presently known as Lagrange equations of motion,

d 0L(gs, gs, 1) dL(qs, gs t) . . d
— - = =1,... th = — 1.
Gty BB o y_1f with = e 019

with the Lagrangian L(q,(t), 4-(t),t) appropriately chosen in terms of the kinetic
energy and the potential energy. He successfully converted classical mechanics
into analytical mechanics with the variational principle. He also carried out the
research on Fermat problem, the general treatment of the theory of ordinary
differential equations, and the theory of elliptic functions.

Adrien Marie Legendre (1752—1833) announced the research on the form of the
planet in 1784. In his article, the Legendre polynomials was used for the first
time. He provided the Legendre test in the maximization—minimization problem
of the calculus of variations, among his numerous and diverse contributions to
mathematics. As one of his major accomplishments, his classification of elliptic
integrals into three types stated in Exercices de calcul intégral, published in 1811,
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should be mentioned. In 1794, he published Eléments de géométrie, avec notes. He
further developed the methods of transformations for thermodynamics which are
presently known as the Legendre transformations and are used even in quantum
field theory today.

William Rowan Hamilton (1805-1865) started research on optics around 1823
and introduced the notion of the characteristic function. His results formed the
basis of the later development of the notion of eikonal in optics. He also succeeded
in transforming the Lagrange equations of motion which is of the second order into
a set of differential equations of the first order with twice as many variables, with
the introduction of the momenta {p, (t) }]::1 canonically conjugate to the generalized
coordinates {q; () }{:1 by

aL(gs, gs, t
ooty = e Ged) g (9.1.7)
aqr
His equations are known as Hamilton’s canonical equations of motion:

d _ OH(gs(t), ps(8), ) d __ 9H(as(?), ps(®). 1) _
(1) = op () o= 20,0 , r=1,....f.
(9.1.8)

He formulated classical mechanics in terms of the principle of least action.
The variational principles formulated by Euler and Lagrange apply only to the
conservative system. He also recognized that the principle of least action in
classical mechanics and Fermat’s principle of shortest time in geometrical optics
are strikingly analogous, permitting the interpretation of the optical phenomena
in terms of mechanical terms and vice versa. He was one step short of discovering
wave mechanics in analogy to wave optics as early as 1834, although he did not
have any experimentally compelling reason to take such step. On the other hand,
by 1924, L. de Broglie and E. Schrédinger had sufficient experimentally compelling
reasons to take such step.

Carl Gustav Jacob Jacobi (1804-1851), in 1824, quickly recognized the importance
of the work of Hamilton. He realized that Hamilton was using just one particular
choice of a set of the variables {g,(t) }{21 and {p,(t) }{21 to describe the mechanical
system and carried out the research on the canonical transformation theory with
the Legendre transformation. He duly arrived at what is presently known as the
Hamilton—Jacobi equation . His research on the canonical transformation theory
is summarized in Vorlesungen iiber Dynamik, published in 1866. He formulated his
version of the principle of least action for the time-independent case. He provided
the Jacobi test in the maximization—minimization problem of the calculus of
variations . In 1827, he introduced the elliptic functions as the inverse functions of
the elliptic integrals.

From what we discussed, we may be led to the conclusion that the calculus of
variations is the finished subject of the 19th century. We shall note that, from
the 1940s to 1950s, we encountered the resurgence of the action principle for the
systemization of quantum field theory. Feynman’s action principle and Schwinger’s

3n
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action principle are the subject matter. In contemporary particle physics, if we
start out with the Lagrangian density of the system under consideration, the
extremization of the action functional is still employed as the starting point of the
discussion (see Chapter 10). Furthermore, the Legendre transformation is used in
the computation of the effective potential in quantum field theory.

We define the problem of the calculus of variations. Suppose that we have
an unknown function y(x) of the independent variable x which satisfies some
condition C. We construct the functional I[y] which involves the unknown function
y(x) and its derivatives. We now want to determine the unknown function y(x)
which extremizes the functional I[y] under the infinitesimal variation §y(x) of y(x)
subject to the condition C. Simple example is the extremization of the following
functional:

x
Iyl = / L(x,y,Y)dx, C:y(x1)=y(x2) = 0. (9.1.9)

1

The problem is reduced to solving Euler equation, which we will discuss later. This
problem and its solution are the problem of the calculus of variations.

Many basic principles of physics can be cast in the form of the calculus of
variations. Most of the problems in classical mechanics and classical field theory
are of this form, with a certain generalization, under the following replacements:
for classical mechanics, we replace

x with t,
y with q(t), (9.1.10)

and for classical field theory, we replace

x with (t,7),
y with V(L 7), (9.1.11)
Y with (3 (t,7),/0t V(7).

On the other hand, when we want to solve some differential equation subject to
the condition C, we may be able to reduce the problem of solving the original
differential equation to that of the extremization of the functional I[y] subject to the
condition C, provided that Euler equation of the extremization problem coincides
with the original differential equation we want to solve. With this reduction, we
can obtain an approximate solution of the original differential equation.

The problem of Brachistochrone to be defined later, the isoperimetric problem to
be defined later, and the problem of finding the shape of the soap membrane with
the minimum surface area are the classic problems of the calculus of variations.
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9.2
Examples

We list examples of the problems to be solved.

O Example 9.1. The shortest distance between two points is a straight line:
minimize

I= /9:2 J14 (v)2dx. (9.2.1)

O Example 9.2. The largest area enclosed by an arc of fixed length is a circle:
minimize

I= / ydx, (9.2.2)

subject to the condition that

1+ (y)%dx  fixed. (9.2.3)
[

O Example 9.3. Catenary. Surface formed by two circular wires dipped in a soap
solution: minimize

/ N Y1+ (v)2dx. (9.2.4)
X1

U Example 9.4. Brachistochrone. Determine a path down which a particle falls
under gravity in the shortest time: minimize

/ E +Y(Y,)2 dx. (9.2.5)

O Example 9.5. Hamilton’s action principle in classical mechanics: minimize the
action integral I defined by

17}
IE/ L(g, q)dt with gq(t1) and q(t2) fixed, (9.2.6)

i
where L(q(t), 4(t)) is the Lagrangian of the mechanical system.

The last example is responsible for starting the whole field of the calculus of
variations.
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9.3
Euler Equation

We shall derive the fundamental equation for the calculus of variations, Euler
equation.
We shall extremize

x
1=/ flxy.y)dx, (9.3.1)
x1
with the end points
y(x1), y(x2) fixed. (9.3.2)

We consider a small variation of y(x) of the following form:

Y(x) = y(x) + ev(x), (9.3.3a)

Y (%) = ¥ (x) + ev (), (9.3.3b)
with

v(x1) = v(x2) =0, & = positive infinitesimal. (9.3.3¢)

Then the variation of I is given by

51:/}61 (3f v(x )+—fsv (x)) dx = g—i;sv(x)

ay

X=2x)

X=X1

2 r9f  dof
)
x \0y dx 3y
2 9f d of )
= — — —(==) ) ev(x)dx =0, (9.3.4)
/xl (3y dx " dy
for v(x) arbitrary other than the condition (9.3.3c).
We set
_of d of

We suppose that J(x) is positive in the interval [x1, x;],

Jx) >0 for x € [x1,x)]. (9.3.6)
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Then, by choosing

v(x) >0 for x € [x1,x)] (9.3.7)
we can make 1 positive,

81> 0. 9.3.8)
We now suppose that J(x) is negative in the interval [x1, x;],

Jx) <0 for x € [x1,x] (9.3.9)
Then, by choosing

v(ix) <0 for x e [x1,x)] (9.3.10)
we can make 1 positive,

81> 0. (9.3.11)

We lastly suppose that J(x) alternates its sign in the interval [x1, x;]. Then by
choosing

v(x) =2 0 wherever J(x) =0, (9.3.12)
we can make 81 positive,
51> 0. (9.3.13)

Thus, in order to have Eq. (9.3.4) for v(x) arbitrary together with the condition
(9.3.3¢), we must have J(x) identically equal to zero,

af d 9
gLy, (9.3.14)
dy  dx oy
which is known as the Euler equation.

We now illustrate the Euler equation by solving some of the examples listed
above.

O Example 9.1. The shortest distance between two points. In this case, f is given
by

f=/14+@)> (9.3.15a)
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The Euler equation simply gives
Y./y/1+ (y)? = constant, =y’ = c. (9.3.15b)

In general, if f = f(y), independent of x and y, then the Euler equation always
gives

y = constant. (9.3.16)

O Example 9.4. Brachistochrone problem. In this case, f is given by

f= /%. (9.3.17)

The Euler equation gives

114y 4 Y o
2y ¥ de SO+ )y

This appears somewhat difficult to solve. However, there is a simple way which is
applicable to many cases.
Suppose

=f(y,y), independent of x, 9.3.18a
¥Y) p ( )

then

d n 0 d

/

E:YB_Y Yay/ 0x

’

where the last term is absent when acting on f = f(y,y'). Thus

d /af //af
Ef—)’a—lﬁ')’ -

Making use of the Euler equation on the first term of the right-hand side, we have

d ,d 9 d , 0 d 9
_y LY *y)ff=*(yaijr,

%f_y dx(BT)’ (dx y  dx )

ie.,

L0



Hence we obtain
af

f- y’a—Y/ = constant.

Returning to the Brachistochrone problem, we have
1 /\2 /
/ ) Y Y — = constant,
Y 1+ )%y

Y1+ (¥)%) = 2R,

or,

Solving for y’, we obtain

dy _,_ [2R—y

ax Y y

Hence we have

.
/dy 2R—y_x'

We set

0
y= 2Rsin2(5) = R(1 — cos6).
Then we easily get

x = ZR/ sinz(g)dé = R(0 — sin#).

9.3 Euler Equation

(9.3.18b)

(9.3.19)

(9.3.20a)

(9.3.20Db)

Equations (9.3.20a) and (9.3.20b) are the parametric equations for a cycloid, the curve
traced by a point on the rim of a wheel rolling on the x-axis. The shape of a cycloid

is displayed in Figure 9.1.
We state several remarks on Example 9.4:

(1) The solution of the fastest fall is not a straight line. It is a cycloid with

infinite initial slope.

(2) There exists a unique solution. In our parametric representation of a
cycloid, the range of 6 is implicitly assumed to be 0 < 6 < 2. Setting
6 = 0, we find that the starting point is chosen to be at the origin,

(x1,y1) = (0,0).

(9.3.21)
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0
-05F
-1.0f
~15F

—20F

-y
Fig. 9.1 The curve traced by a point on the rim of a wheel rolling on the x-axis.

The question is that given the end point (x;, y;), can we uniquely determine
a radius of the wheel R. We put y, = R(1 — cos6y), and x; = R(0p — sin 6p),
or,

1-— 0 2
Cosbp Y2 IR = Y2 _ Y2

6p —sinby ~ x,’ 1—cosy  sin?(y,2)

which has a unique solution in the range 0 < 6y < 7.
(3) The shortest time of descent is

90/2 9
/ dx | LE0Y 5 R / M (9.3.22)

U Example 9.5. Hamilton’s action principle in classical mechanics. Consider the
infinitesimal variation §q(t) of g(t), vanishing at t = t; and t = t,,

8q(t1) = 8q(tz) = 0. (9.3.23)

Then the Hamilton’s action principle demands that

17) . 5] oL . JL
S1=5 / L(q(t), a(t), Hdt = / (8q<) aq(t)”q“)m> dt
) oL oL
=[1 dt((sq()a—(t)ﬂ <))aq(t))
oL d oL
= [sa l ; /1 o) (5 ~ i)

dtq (ﬂ—i( oL )—0 (9.3.24)
h aq(t)  dt aq(y ’ h
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where 3q(t) is arbitrary other than the condition (9.3.23). From this, we obtain the
Lagrange equation of motion,

d oL aL —0 9.3.25
aaam) ~ gty ~ o

which is nothing but the Euler equation (9.3.14), with the identification

t=x q(t) =y, L), q0).1) = fxyy)

When the Lagrangian L(q(t), 4(t), t) does not depend on t explicitly, the following
quantity:

oL
Q(t)% — L(q(9),4(t)) = E, (9.3.26)

is a constant of motion and is called the energy integral, which is nothing but
Eq. (9.3.18b). Solving the energy integral for g(t), we can obtain the differential
equation for g(t).

9.4
Generalization of the Basic Problems

O Example 9.6. Free end point: y, arbitrary.

An example is to consider, in the Brachistochrone problem, the dependence of the
shortest time of fall as a function of y,. The question is: What is the height of fall
y2 which, for a given x,, minimizes this time of fall> We may, of course, start by
taking the expression for the shortest time of fall:

90 [ 90
= / —_— = zx [ —————
P sin(6o,2) 2 V8o — sinfo

which, for a given x,, has a minimum at 6y = 7, where T = /27 x,. We shall,
however, give a treatment for the general problem of free end point.
To extremize

)
I= / [l y.y)d, (9.4.1)
X1
with

Y(x1) =y1 and y, arbitrary, (9.4.2)
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we require

a
0l = —fev(x)
ay’

20of d of B
— + 8/};1 |:37Y — d—x(a—y/ :| v(x)dx = 0. (9.4.3)

By choosing v(x;) = 0, we get the Euler equation. Next we choose v(x;) # 0 and
obtain in addition,

o

- =0. (9.4.4)
Y

X=Xx)

Note that y, is determined by these equations.
For the Brachistochrone problem of arbitrary y,, we get

af
ay’

J/

_ Y
x=x 1+ )2y

=0 = y=0
Thus 6y = 7, and y, = xz(%), as obtained previously.

U Example 9.7. Endpoint on the curve y = g(x): an example is to find the shortest
time of descent to a curve. Note that in this problem, neither x; nor y, are given.
They are to be determined and related by y, = g(x,).

Suppose that y = y(x) is the solution. This means that if we make a variation

Y(x) = p(x) + ev(x), (9.4.5)

which intersects the curve at (x; + Axy, ys + Ayy), then y(x; + Axy) + ev(xy +
Axy) = g(x2 + Axp), or

ev(xz) = (g'(x2) — ¥ (x2)) Az, (9.4.6)

and that the variation §1 vanishes:

x+A%) ’ x
61:/ flx,y+ev,y +sv/)dx—/ f(x,y,y)dx
x X1

1

~ [f(x,y,y/)sz + g—{/sv(x)]x_xz + -/:2 <3—J; - %%) ev(x)dx = 0.

Thus, in addition to the Euler equation, we have

[f(x, v.Y)Ax + s—iav(x)] =0,

X=Xx)
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or, using Eq. (9.4.6), we obtain

9
[f (xy.Y)+ a—{,(g’ - y’)] =0. (9.4.7)
xX=x7

Applying the above equation to the Brachistochrone problem, we get

/]

vg =-1

This means that the path of fastest descent intersects the curve y = g(x) at a right
angle.

U Example 9.8. The isoperimetric problem: find y(x) which extremizes

%
I:/ f(xy,y)dx (9.4.8)
%
while keeping
%2
]:f F(x,y,y)dx fixed. (9.4.9)
x1

An example is the classic problem of finding the maximum area enclosed by a
curve of fixed length.

Let y(x) be the solution. This means that if we make a variation of y which
does not change the value of |, the variation of I must vanish. Since | cannot
change, this variation is not of the form ev(x), with v(x) arbitrary. Instead, we must
put

Y(%) = (%) + e1vi(x) + e202(x), (9.4.10)

where g1 and ¢, are so chosen that

dF d oF

= [ (G~ degy) e+ st e = (9-4.1)

For these kinds of variations , y(x) extremizes I:

= / (% B %%) (e1v1 () + £202(x) dx = 0. (9-4.12)

Eliminating &,, we get

29 d d
81/96 [ny (F+2F) = o (f + AF):| vy (x)dx = 0, (9.4.13a)

1 x 0y
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[[H(Y Ly 7 (9F _ d OF
A_le <3Y dxay’)VZ(x)dx]/le (ay dxay/>l}2(x)dx]'

Thus (f + AF) satisfies the Euler equation. The A is determined by solving the
Euler equation, substituting y into the integral for |, and requiring that J takes the
prescribed value.

where

U Example 9.9. Integral involves more than one function:
Extremize

%
I:/ f(x vy, 2 2)dx, (9.4.14)
0

with y and z taking prescribed values at the end points. By varying y and z
successively, we get

G_E9G _y, 9.4.15
dy  dx oy 0 ( 3
and
o 29 _, (9.4.15b)
0z dx 0z

Q Example 9.10. Integral involves y :
xz "
I= f fley.y,y )dx, (9.4.16)
x1

with y and y’ taking prescribed values at the end points. The Euler equation is

of  dof d? af_o

2 _ X L 7 = 9.4.1

dy dxdy = dx? 9y’ (0417)
U Example 9.11. Integral is multidimensional:

I= [ dxdtf (x,t, V. Yx, Vi) (9.4.18)
with y taking the prescribed values at the boundary. The Euler equation is

of _dof dof (9.4.19)
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9.5
More Examples

U Example 9.12. Catenary:
(@) Shape of a chain hanging on two pegs: the gravitational potential of a chain of
uniform density is proportional to

I= /: w1+ (v)2dx. (9.5.1a)

The equilibrium position of the chain minimizes I, subject to the condition
that the length of the chain is fixed,

J= /xz 1+ (Y)%dx  fixed. (9.5.1b)

Thus we extremize [ + A and obtain

y+2)

T o =o constant,
+y

or,

dy _
| o=l 022
We put

(y+ 1)/« = cosh®, (9.5.3)

then

x—B=ab, (9.5.4)

and the shape of the chain is given by

y=a cosh(x;—ﬂ) Y (9.5.5)

The constants, & 8, and A, are determined by the two boundary conditions
and the requirement that | is equal to the length of the chain.

Let us consider the case

y(—L) = p(I) = 0. (9.5.6)
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Then the boundary conditions give

B =0, X=acosh E (9.5.7)
o

The condition that | is constant gives

o .. L I
—sinh — = —, (9.5.8)
L a L

where 21 is the length of the chain. It is easily shown that, for [ > L, a unique

solution is obtained.

(b)  Soap film formed by two circular wires: surface of soap film takes minimum
area as a result of surface tension. Thus we minimize

I= /j YW1+ (v)%dx, (9.5.9)

obtaining as in (a),

y=a cosh(¥), (9.5.10)

where « and g are constants of integration, to be determined from the
boundary conditions at x = +L.

Let us consider the special case in which the two circular wires are of equal
radius R. Then

y(=L) =y(I) = R. (9.5.11)

We easily find that § = 0, and that « is determined by the equation

R « L
— = —cosh —, (9.5.12)
L L o

which has zero, one, or two solutions depending on the ratio R /L. In order

to decide if any of these solutions actually minimizes I, we must study the
second variation, which we shall discuss in Section 9.7.

U Example 9.5. Hamilton ’s action principle in classical mechanics:
Let the Lagrangian L(q(t), 4(t)) be defined by

L(g(®), q(t)) = T(q(),4(t) — V@), q()), (9:5.13)
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where T and V are the kinetic energy and the potential energy of the mechanical
system, respectively. In general, T and V can depend on both q(t) and §(t). When
T and V are given, respectively, by

T= %mi](t)z, V = V(q(t)), (9.5.14)

the Lagrange equation of motion (9.3.25) provides us Newton’s equation of motion,

d P
mij(t) = —qu(t)) with () = —5(0)- (9.5.15)

In other words, the extremization of the action integral I given by

iy 1
1= [t ~ viawa

with 8q(t1) = 8q(t2) = 0, leads us to Newton’s equation of motion (9.5.15). With T
and V given by Eq. (9.5.14), the energy integral E given by Eq. (9.3.26) assumes the
following form:

E= %mQ(t)z + V(q(t), (9.5.16)

which represents the total mechanical energy of the system, quite appropriate for
the terminology, the energy integral.

U Example 9.13. Fermat’s principle in geometrical optics:
The path of a light ray between two given points in a medium is the one which
minimizes the time of travel. Thus the path is determined from minimizing

1 dy, 4z,
T= E/)q ooy 1+ (3P (o )?n( 1. 2), (9.5.17)

where n(x, y, z) is the index of refraction. If n is independent of x, we get

ny z)/y/1+ (%)2 + (j—i 2 = constant. (9.5.18)

From Eq. (9.5.18), we easily derive the law of reflection and the law of refraction
(Snell’s law).
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9.6
Differential Equations, Integral Equations, and Extremization of Integrals

We now consider the inverse problem: If we are to solve a differential or an integral
equation, can we formulate the problem in terms of problem of extremizing an
integral? This will have practical advantages when we try to obtain approximate
solutions of differential equations and approximate eigenvalues.

O Example 9.14. Solve

d d

o [p(x)ay(x)} —q(x)y(x) =0, %1 <x <x, (9.6.1)
with

y(x1), y(x2) specified. (9.6.2)

This problem is equivalent to extremizing the integral

1 [*2
=~ / [P () + () (p())*] . (9.6.3)
Rl

O Example 9.15. Solve the Sturm—Liouville eigenvalue problem

d d
o [p(x)a (x)i| —q(x)y(x) = Ar(x)y(x), x1 <x <x, (9.6.4)
with
y(x1) = y(x2) = 0. (9.6.5)

This problem is equivalent to extremizing the integral

1 [
1= | e + aet)] (969
x1
while keeping
J=5 [ s fxed (9:67

1

In practice, we find the approximation to the lowest eigenvalue and the corre-
sponding eigenfunction of the Sturm—Liouville eigenvalue problem by minimizing
I/]. Note that an eigenfunction good to the first order yields an eigenvalue good
to the second order.
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le— g —><—1-26>=<— ¢ —>

Fig. 9.2 The shape of the trial function for Example 9.16.

O Example 9.16. Solve

2

2 =2, 0<x<1, (9.6.8)

with

y(0) = y(1) = 0. (9.6.9)

Solution. We choose the trial function to be the one in Figure 9.2. Then I = 2 - h? /¢,
J=h*(1—%¢), and /] =2, [¢(1 — %¢)], which has a minimum value of % at
&= %. This is compared with the exact value, A = 72. Note that A = 72 is a lower
bound for I/]. If we choose the trial function to be

y(x) = x(1 - %),

we get I /] = 10. This is accurate to almost one percent.

In order to obtain an accurate estimate of the eigenvalue, it is important to
choose a trial function that satisfies the boundary condition and looks qualitatively
like the expected solution. For instance, if we are calculating the lowest eigenvalue,
it would be unwise to use a trial function that has a zero inside the interval.

Let us now calculate the next eigenvalue. This is done by choosing the trial
function y(x) which is orthogonal to the exact lowest eigenfunction uy(x), i.e.,

/1 Y(x)uo(x)r(x)dx = 0, (9.6.10)
0
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and find the minimum value of /] with respect to some parameters in the trial
function. Let us choose the trial function to be

y(x) = x(1 = %)(1 — ax),
and then the requirement that it is orthogonal to x(1 — x), instead of uy(x) which is
unknown, gives a = 2. Note that this trial function has one zero inside the interval

[0, 1]. This looks qualitatively like the expected solution. For this trial function, we
have

/] =42,
and this compares well with the exact value, 4772,

O Example 9.17. Solve the Laplace equation
V2 =0, (9.6.11)

with ¢ given at the boundary.
This problem is equivalent to extremizing

I= / (V¢)?dV. (9.6.12)

U Example 9.18. Solve the wave equation

Vi =9, (9.6.13a)
with
=0 (9.6.13b)
at the boundary.
This problem is equivalent to extremizing
/ (V$)2dV / [ / ¢2dv]. (9.6.14)

O Example 9.19. Estimate the lowest frequency of a circular drum of radius R.
Solution.

K< /(%)Zd\///#dv. (9.6.15)
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Try a rotationally symmetric trial function,
, 0<r=<R (9.6.16)
Then we get

2 = Jo @) 2mrdr 6

< = —. 9.6.17
Jy@r)22mrdr R e
This is compared with the exact value,
5.7832
k= TR (9.6.18)

Note that the numerator of the right-hand side of Eq. (9.6.18) is the square of the
smallest zero in magnitude of the Oth order Bessel function of the first kind, Jo(kR).

The homogeneous Fredholm integral equations of the second kind for the
localized, monochromatic, and highly directive classical current distributions in
two and three dimensions can be derived by maximizing the directivity D in the
far field while constraining C = N /T, where N is the integral of the square of
the magnitude of the current density and T is proportional to the total radiated
power. The homogeneous Fredholm integral equations of the second kind and the
inhomogeneous Fredholm integral equations of the second kind are now derived
from the calculus of variations in general term.

O Example 9.20. Solve the homogeneous Fredholm integral equation of the second
kind,

h
P(x) = A f K(x, ') p(x)dx , (9.6.19)
0
with the square-integrable kernel K(x, x'), and the projection unity on ¥ (x),
h
/ Y (x)p(x)dx = 1. (9.6.20)
0
This problem is equivalent to extremizing the integral
hoph )
I= / [ Y (x)K(x, x')p(x )dxdx', (9.6.21)
o Jo

with respect to ¥ (x), while keeping

h
J= / Y(x)p(x)dx =1 fixed. (9:6.22)
0
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The extremization of Eq. (9.6.21) with respect to ¢(x), while keeping J fixed, results
in the homogeneous adjoint integral equation for v (x),

h
Y (x) = A /0 ¥ () K(x, x)dx . (9.6.23)

With the real and symmetric kernel , K(x, x') = K(x, x), the homogeneous integral
equations for ¢ (x) and v (x), Egs. (9.6.19) and (9.6.23), are identical and Eq. (9.6.20)
provides the normalization of ¢(x) and ¥ (x) to the unity, respectively.

O Example 9.21. Solve the inhomogeneous Fredholm integral equation of the second
kind

’

h
é(x) — A/ K(x,x\p(x)dx = f(x), (9.6.24)
0
with the square-integrable kernel K(x, x'), 0 < || K 1% < oo.
This problem is equivalent to extremizing the integral
P " d
I= /(; [{Ed)(x) - )\/(; K(x, x'\p(x)dx'}p(x) + F(x)ad)(x)]dx, (9.6.25)

where F(x) is defined by

F(x) = /xf(x’)dx/. (9.6.26)

9.7
The Second Variation

The Euler equation is necessary for extremizing the integral, but it is not sufficient. In
order to find out whether the solution of the Euler equation actually extremizes the
integral, we must study the second variation . This is similar to the case of finding
an extremum of a function: To confirm that the point at which the first derivative
of a function vanishes is an extremum of the function, we must study the second
derivatives.

Consider the extremization of

x2
I= / flxy,y)dx, (9.7.1)
X1
with

y(x1) and y(x;) specified. (9.7.2)
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Suppose y(x) is such a solution.
Let us consider a weak variation,

y(%)

) y() + ev (), 073

—
= Y+ e ),

as opposed to a strong variation in which y'(x) is also varied, independent of £V’ (x).
Then

[— I+el+ %82124-"‘, (9.7.4)
where
_ [ U wof A4 of
h= [ g+ gt = [T~ S 075
and

_ x) 2f2 Zf
b= [ e g

zf V2 (x)]dx (9.7.6a)
9y’2

If y = y(x) indeed minimizes or maximizes I, then I, must be positive or negative
for all variations v(x) vanishing at the end points, when the solution of the Euler
equation, y = y(x), is substituted into the integrand of I,.

The integrand of I, is a quadratic form of v(x) and v’ (x). Therefore, this integral
is always positive if

Pf o O S
( Byay’) (5.2 2 I oy ) < (9.7.7a)
and
°f >0 (9.7.7b)
oy~ 7.

Thus, if the above conditions hold throughout

X1 < X < X,

I, is always positive and y(x) minimizes I. Similar considerations hold, of course,
for maximizations. The above conditions are, however, too crude, i.e., stronger
than necessary. This is because v(x) and v'(x) are not independent.

Let us first state the necessary and sufficient conditions for the solution to the
Euler equation to give the weak minimum:
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Let

P(x) =fp, Q) =fy, R =fyy, (9.7.8)

where P(x), Q(x), and R(x) are evaluated at the point which extremizes the integral

I defined by

x
IE/ f(x,y,Y)dx.
x1

We express [, in terms of P(x), Q(x), and R(x) as

L= / xZ[P(x)vz(x) +20(xX)v(x)v (%) + R(x)v? (x))dx. (9.7.6b)

1

Then we have the following conditions for the weak minimum:

Necessary condition  Sufficient condition
Legendre test  R(x) > 0 R(x) >0 (9.7.9)
Jacobi test £E>x & > x;, or no such & exists,

where & is the conjugate point to be defined later. Both the conditions must be
satisfied for sufficiency and both are necessary separately. Before we go on to prove
the above assertion, it is perhaps helpful to have an intuitive understanding of why
these two tests are relevant.

Let us consider the case in which R(x) is positive at x = a, and negative at x = b,

where a and b are both between x; and x;. Let us first choose v(x) to be the function
as in Figure 9.3.
Note that v(x) is of the order of ¢, while v'(x) is of the order /. If we choose ¢ to
be sufficiently small, I, is positive. Next, we consider the same variation located at
x = b. By the same consideration, I, is negative for this variation. Thus y(x) does
not extremize I. This shows that the Legendre test is a necessary condition.

The relevance of the Jacobi test is best illustrated by the problem of finding
the shortest path between two points on the surface of a sphere. The solution is
obtained by going along the great circle on which these two points lie. There are,
however, two paths connecting these two points on the great circle. One of them is
truly the shortest path, while the other is neither the shortest nor the longest. Take
the circle on the surface of the sphere which passes one of the two points. The
other point at which this circle and the great circle intersects lies on the one arc of
the great circle which is neither the shortest nor the longest arc. This point is the
conjugate point & of this problem.

We first discuss the Legendre test. We add to I, (9.7.6b), the following term which
is zero,

xzd

: dx(vz(x)w(x))dx = /x xz(vz(x)a)/(x) + 2v(x)V (x)w(x))dx. (9.7.10)

1
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jol

X1 a-.Je a at. e X

Fig. 9.3 The shape of v(x) for the Legendre test.

Then we have I to be

b= [ (P + 0/ (2609 + 2008 + e ) + R 269 .
X1

(9.7.11)
We require the integrand to be a complete square, i.e.,
(Q) + w(x))* = (P(x) + @' (x)) R(). (9.7.12)
Hence, if we can find w(x) satisfying Eq. (9.7.12), we will have
7 e [ 2 Q0T
I = /:.q R(x) [v (%) + R) v(x)] dx. (9.7.13)

Now, it is not possible to have R(x) < 0 in any region between x; and x, for the
minimum. If R(x) < 0 in some regions, we can solve the differential equation

Q) + ()’ 0714

' (x) = —P(x) + R0

for w(x) in such regions. Restricting the variation v(x) such that

v(x) =0, outside the region where R(x) < 0,
v(x) # 0, inside the region where R(x) < 0,
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we can have [, < 0. Thus it is necessary to have R(x) > 0 for the entire region for
the minimum. If

P(x)R(x) — Q*(x) > 0, P(x) > 0, (9.7.15a)
then we have no need to go further to find w(x). In many cases, however, we have
P(x)R(x) — Q*(x) < 0, (9.7.15b)

and we have to examine further. The differential equation (9.7.14) for w(x) can be
rewritten as

(Q(x) + w(x) = —P(x) + Q'(x) + W, (9.7.16)
which is the Riccatti differential equation. Making the Riccatti substitution

Q) + o = —R 2, 0.7.17)

u(x)

we obtain the second-order linear ordinary differential equation for u(x),

d d ,

o [R() - u(0)] + (Q(x) — P(x))u(x) = 0. (9.7.18)
Expressing everything in Eq. (9.7.13) in terms of u(x), I becomes

= [ RO ut) = ), ) (0.7.19)

%

If we can find any u(x) such that

ux) £0, % <x<x, (9.7.20)
we will have

L >0 for R(x)>0, (9.7.21)

which is the sufficient condition for the minimum . This completes the derivation
of the Legendre test. We further clarify the Legendre test after the discussion of the
conjugate point & of the Jacobi test .

The ordinary differential equation (9.7.18) for u(x) is related to the Euler equation
through the infinitesimal variation of the initial condition. In the Euler equation,

d ,
Heyy) = o fy(apy) =0 (9.7.22)
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we make the following infinitesimal variation:
y(x) = y(x) + eu(x), & = positive infinitesimal. (9.7.23)

Writing out this variation explicitly,

d ,
fley+euy +eu)— afy/(x,y—ksu,y'—l—su)zo,

we have, with the use of the Euler equation,

, d /
St + fyw' — e (fyyu+fyyw) =0,

or,
! d !
Pu+ QW — ——(Qu+ Ru) =0, (9.7.24)

ie.,

d d ,
T [RE) - u(®)] +(Q (%) — Plx))u(x) =0,

which is nothing but the ordinary differential equation (9.7.18). The solution to the
differential equation (9.7.18) corresponds to the infinitesimal change of the initial
condition. We further note that the differential equation (9.7.18) is of the self-adjoint
form. Thus its Wronskian W (u1(x), uy(x)) is given by

W (%) = ua (X)) (%) — U} (X)ua(x) = C/R(), (9.7.25)

where u; (x) and u;(x) are the linearly independent solutions of Eq. (9.7.18) and C
in Eq. (9.7.25) is some constant.

We now discuss the conjugate point & and the Jacobi test. We claim that the
sufficient condition for the minimum is that R(x) > 0 on (x;,%;) and that the
conjugate point & lies outside (x1, x;), i.e., both the Legendre test and the Jacobi
test are satisfied. Suppose that

R(x) >0 on (x1,x2), (9.7.26)

which implies that the Wronskian has the same sign on (x4, x2). Suppose that u; (x)
vanishes only at x = & and x = &,

u (51) = ul(SZ) = 0, X< %‘1 < Ez < X). (9727)

We claim that u;(x) must vanish at least once between &; and &,. The Wronskian
W evaluated at x = & and x = &, are given, respectively, by

W(&1) = —uy(E1)ua(61), (9.7.28a)
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and

W(&2) = —uy(62)wa(€2). (9.7.28b)
By the continuity of u; (x) on (x1, x,), u;(€1) has the opposite sign to ] (&), i.e.,

uy (51)u (62) < O. (9.7.29)
But, we have

W(E)WIE) = i (1)1 (E2)a €12 2) > O, (9.7.30)
from which we conclude that u; (&) has the opposite sign to u, (&), i.e.,
uz(§1)uz(62) < 0. (9.7.31)
Hence u;(x) must vanish at least once between &; and &,.
Since u(x) provide the infinitesimal variation of the initial condition, we choose
u1(x) and u;(x) to be

0 0
ui(x) = ay(x,oc,ﬂ), u(x) = ﬁy(x,a,ﬂ), (9.7.32)

where y(x, «, B) is the solution of the Euler equation,

d
b= =0 (9.7.33a)

with the initial conditions,
Y(xl) =aq, Y(xz) = ﬂr (9733]_))

and u;(x) (i = 1, 2) satisfy the differential equation (9.7.18). We now claim that the
sufficient condition for the weak minimum is that

R(x) >0 and & > x;. (9.7.34)
We construct U(x) by
U(x) = w1 (x)uz(x1) — wa(x1)uz(x), (9.7.35)

which vanishes at x = x;. We define the conjugate point & as the solution of the
equation,

UE)=0, &+#x. (9.7.36)
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The function U(x) represents another infinitesimal change in the solution to the

Euler equation which would also pass through x = x;. Since
Ux1) = UE) =0,
there exists another solution u(x) such that
u(x) =0 for xe(x,8).
We choose x3 such that
X <x3 <&
and another solution u(x) to be
u(x) = uq(x)uz(x3) — ur(x3)ua(x), u(xs) =0.
We claim that

u(x) #0 on (x1,%2).

(9.7.37)

(9.7.38)

(9.7.39)

(9.7.40)

(9.7.41)

Suppose u(x) =0 in this interval. Then any other solution of the differential
equation (9.7.18) must vanish between these points. But, U(x) does not vanish.

This completes the derivation of the Jacobi test.

We further clarify the Legendre test and the Jacobi test. We now assume that

& <x;, and R(x) >0 for x e (x1,%x2),
and show that
I, <0 forsomev(x) suchthat v(x1)=v(x)=0.
We choose x3 such that
& < x3 < x.
We construct the solution U(x) to Eq. (9.7.18) such that
U(x1) = U(E) = 0.
Also, we construct the solution +v(x), independent of U(x), such that

v(x3) =0,

(9.7.42)

(9.7.43)
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i.e., we choose x3 such that
U(xs) # 0.

We choose the sign of v(x) such that the Wronskian W(U(x), v(x)) is given by
W(U(x),v(x)) = U(x)v'(x) —v(x)U'(x) = —, R(x)>0, C=>0.

The function U(x) — v(x) solves the differential equation (9.7.18). It must vanish at
least once between x; and &. We call this point x = 4, so that

U(a) = v(a),
and

X <a<§&<x3<x.
We define v(x) to be

Ux), for x € (x1,0),
v(x) =1 v(x), for x e (a,x3),
0, for x € (x3,%2).

In I, we rewrite the term involving Q(x) as
20(x)v () (x) = Q)d(v* (x)),
and we perform integration by parts in I, to obtain
XZ xz 4 / /
1 = [0 + R (][ = [ )[R () + R v o
x1
+(Q/(x) — P(x)) v(x)] dx

The integral in the second term of the right-hand side is broken up into three
separate integrals, each of which vanishes identically since v(x) satisfies the
differential equation (9.7.18) in all the three regions. The Q(x) term of the
integrated part of I, also vanishes, i.e.,

a X2

QA @)y, + QW ([, + Q) ([ =o.

We now consider the R(x) term of the integrated part of I,

I = R (¥)(x)|, , — REW (¥)v(x)], "

= R(@)[U'(x)v(x) = v'(x) U(x) =0,
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where the continuity of U(x) and v(x) at x = a is used. Thus we have

I, = R(@)[U'(a)v(a) — v'(a) U(a)] = —R(a) W(U(a), v(a))

ie.,
IZ =—C<0.

This ends the clarification of the Legendre test and the Jacobi test.

O Example 9.22. Catenary. Discuss the solution of soap film sustained between
two circular wires.
Solution. The surface area is given by

+L
I= / 27y, 1+ y2dx.
-L
Thus f(x,y,y) is given by

flyy)=p/1+y2

and is independent of x. Then we have
f=Yl =0

where « is an arbitrary integration constant.
After a little algebra, we have

V2
dy,/ pei 1 = +dx.

We perform a change of variable as follows:
y=oacoshf, dy=asinh0 -do.

Hence we have
adf = +dx,

or,
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ie.,

x—p

y=«o cosh(T),

where « and B are arbitrary constants of integration, to be determined from the
boundary conditions at x = £L. We have, as the boundary conditions

L+ﬁ), Ry = y(+1L) =acosh(L_ﬁ

o o

Ry = y(—L) = « cosh(

).

For the sake of simplicity, we assume

o L
=0, —=cosh—,
B I cos
and
y = o cosh X
o
Setting

V=

’

o

the boundary conditions at x = L read as

R coshv
L v

Defining the function G(v) by

h
Gv) = Coi = (9.7.44)

G(v) is plotted in Figure 9.4.
If the geometry of the problem is such that

R/L > 1.5089,
then there exist two candidates for the solution at v = v. and v = v.., where

0<ve <1.1997 < v,
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Fig. 9.4 Plot of G(v).
and if
R/L < 1.5089,
then there exists no solution. If the geometry is such that
R/L = 1.5089,
then there exists one candidate for the solution at
L
ve =v. =v=—=11997.
o
We apply two tests for the minimum.
Legendre test:
vy =v/ @y =R>0,
thus passing the Legendre test.
Jacobi test: Since
yx, o, B) =« cosh(ﬂ),
o
we have
(%) = 3y, = cosh(“ =Py = =8 sinn(* =4,

o o o
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<t

.......

Vil | Vo
Fig. 9.5 Plot of F(7).
and
. X —
uy(x) = —ay,/9p = s1nh(Tﬁ),

where the minus sign for u,(x) does not matter. We construct a solution U(x)
which vanishes at x = x4,

U(x) = (cosh ¥ — © sinh ) sinh 91 — sinh ¥(cosh v; — 7 sinh v7),
where

x=B .  x—p

v , U1 =

S
)

Then we have
U(x),/(sinh ¢ sinh #;) = (coth ¥ — ) — (coth D1 — 7).
Defining the function F(?) by
F(¥) = cothv — 7, (9.7.45)

F(?) is plotted in Figure 9.5.
We have

U(x),/ (sinh ¥ sinh 1) = F(0) — F(t1).
Note that F(?9) is an odd function of 7,

F(—7) = —F(D).
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is used. The equation,
UE)=0, &#x,
which determines the conjugate point &, is equivalent to the following equation:
F(ie) = F(ih), s # 1.
If
F(i1) > 0, (9.7.46)
then, from Figure 9.5, we have
U1 < Vg < Uy,
thus failing the Jacobi test. If, on the other hand,
F(91) <0, (9.7.47)
then, from Figure 9.5, we have
U1 < Uy < Ug,
thus passing the Jacobi test. The dividing line
F(i1) =0
corresponds to
b1 < Uy = e,
and thus we have one solution at

. . L
Uy = -1 = — = 1.1997.
o
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Having derived the particular statements of the Jacobi test as applied to this example,
Egs. (9.7.46) and (9.7.47), we now test which of the two candidates for the solution,
v = v. and v = v, is actually the minimizing solution. Two functions, G(v) and
F(v), defined by Eqs. (9.7.44) and (9.7.45), are related to each other through

d sinh v

G0 = ~(—

)E(v). (9.7.48)
Atv = v_, we know from Figure 9.4 that

%G(k) <0,
which implies

F(—v<) = —F(v<) <0,

so that one candidate, v = v, passes the Jacobi test and is the solution, whereas at
v = v., we know from Figure 9.4 that

%G(l&) > 0,

which implies
F(=v.) = —F(vs) > 0,

so that the other candidate, v = v-, fails the Jacobi test and is not the solution.
When two candidates, v = v. and v = v~ coalesce to a single point,

v =1.1997,

where the first derivative of G(v) vanishes, i.e.,

v. = v. = 1.1997 is the solution.

We now consider a strong variation and the condition for the strong minimum. In
the strong variation, since the varied derivatives behave very differently from the
original derivatives, we cannot expand the integral I in Taylor series. Instead, we
consider the Weierstrass E function defined by

E(x, Y0, Y9, P) = (%, Y0, ) — [f (2, Y0, ¥o) + (2 — Yofy (%, Yo, ¥0)] - (9.7.49)
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Necessary and sufficient conditions for the strong minimum are given by

Necessary condition Sufficient condition
(1) fyy (%, v0,0) = 0, (1) fyy (. v.p) > 0,
where yy is the solution for every (x, y) close to (x, yo),
of the Euler equation and every finite p
(Z)SZXZ (2)§>ZX52

(3) E(x, y0,¥0,p) = 0,
for all finite p, and x € [x1, x].

(9.7.50)
We remark that if

P~ Yo
then we have

/ (p - Y, )2
E~ fyy (6.0, ¥0) =

just like the mean value theorem of ordinary function f (x), which is given by

— x0)2
£ o) — ') = E 2 g, 0 << 1

9.8
Weierstrass—Erdmann Corner Relation
In this section, we consider the variational problem with the solutions which are

the piecewise continuous functions with corners, i.e., the function itself is continuous,
but the derivative is not. We maximize the integral

I= /:f(x, v, Y)dx. (9.8.1)

We put a point of corner at x = a. We write the solution for x < a, as y(x) and, for
x > a, as Y(x). Then we have from the continuity of the solution,

(@) = Y(a). (9.8.2)
Now consider the variation of y(x) and Y(x) of the following forms:

Y(x) = y(x) +ev(x),  Y(x) = Y(x) +eV(x), (9.8.3a)
and

Yx) > Yx) +ev (x), Y(x)— Y(x)+eV (%) (9.8.3b)
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Under these variations , we require I to be stationary,

I= f ’ Fly,y)dx + / N fle Y, Y )dx. (9.8.4)

First, we consider the variation problem with the point of the discontinuity of
the derivative at x = a fixed. We have

v(a) = V(a). (9.8.5)

Performing the above variations, we have

x2

alzfu [frev + fyev'] dx+/ [freV +freV']dx

1 a

=a
=fy/ev|z:x] +/

X

¢ d
ev f——f/]dx
. |:Y dx’Y

xX=x 2 d
+fY,8v|x:u2 + [ eV |:fy — EfY/] dx = 0.
If the variations vanish at both ends (x = x; and x = %), i.e.,
v(x1) = V(x2) =0, (9.8.6)

we have the following equations:

d

h=o =0 xelxx] (9.8.7)
and

Foliea = Forl
namely

fy is continuous at x = a. (9.8.8)

Next, we consider the variation problem with the point of the discontinuity of
the derivative at x = a varied, i.e.,

a— a+ Aa. (9.8.9)
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The point of the discontinuity gets shifted, and yet the solutions are continuous at
x=a-+ Aa,ie.,

y(a) +y (@) Aa+sv(a) = Y(a) + Y (a)Aa + e V(a),
or,
[Y(@) - Y(®)] Aa=¢e[V(a)—v(a)], (9.8.10)

which is the condition on Aa, V(a), and v(a).
The integral I gets changed into

a+Aa , X
I— / fx,y+ev,y +ev)dx + fx, Y4+eV,Y +eV)dx
X1 a+Aa

a
= / fx,y+ev,y +ev )dx—i—f(x,y,y/)|x=‘r Aa
X1

%
—|—f fle.Y+eV, Y +eV)dx — f(x,Y,Y)| Aa
a

x=a™t '

The integral parts after the integration by parts vanish due to the Euler equation in
the respective region, and what remain are the integrated parts, i.e.,

81 = 8vf}/|x=gf - 8VfY,|x=a+ + (f|x=u* _f|x=a+) Aa

= S(U — V)fi//

x=a + (f|x:a* - f|x:a+) Aa =0, (9.8.11)
where the first term of second line above follows from the continuity of f,. From

the continuity condition (9.8.10) and expression (9.8.11), we obtain, by eliminating
Aa,

~Ye -Y@lfy + (e = fle) =0

or,

f=Y@fy

x=a— f - Y/(a)f}/ x=at’

ie.,

f =Y}ty -continuousatx = a. (9.8.12)
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For the solution of the variation problem with the discontinuous derivative, we
have

fy— &, =0, Euler equation,

fy continuous at x = g, (9.8.13)

=Y continuous at x = a,

which are called the Weierstrass—Erdmann corner relation.

U Example 9.23. Extremize

1
I= / W + 1)%y %dx
0
with the end points fixed as below,
y(0) =2, y(1)=0.

Are there solutions with discontinuous derivatives? Find the minimum value of I.

Solution. We have
feery) =0/ + 1%
which is independent of x. Thus
f —Yfy = constant,
where f, is calculated to be
fr=20+ 1Y@y +1).
Hence we have
=yl ==By +1l + 1y

(1) If we want to have a continuous solution alone, we have y’ = g(constant),
from which, we conclude that y = ax + b. From the end point conditions,
the solution is

/

y=2(—x+1), y =-2

Thus the integral I is evaluated to be Icont. = 4.
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(2) Suppose that y' is discontinuous at x = a. Setting
p=Y. P=y,

we have, from the corner relation at x = a,

plp+1)(2p+1) P +12p+1),
Bp+)p+1p? = @p+1E +1)p

Setting
_ / 2 / /2
u=p+p, v=p +pp+p°,

we have

3u+2v4+1=0, p=0, o p=-1,
3uv — u?) +u+4v =0, p=-1, p =0.

Thus the discontinuous solution gives y’ + 1 = 0, or y) = 0. Then we have
liisc. = 0 < Icont. = 4.

In the above example, the solution y(x) itself became discontinuous. The discon-
tinuous solution may not be present, depending on the given boundary conditions.

9.9
Problems for Chapter 9

9.1. (due to H. C.). Find an approximate value for the lowest eigenvalue E, for

92 92
[ﬁ Ty Y] Yoy = —E¥(xy), —o0<xy<oo,

where ¥/ (x, y) is normalized to unity,

400 p+400 )
/ / [vr(x,y)|” dxdy = 1.

9.2. (due to H. C.). A light ray in the x—y plane is incident on the lower half-plane
(y < 0) of the medium with the index of refraction n(x, y) given by

n(x,y) = no(l+ay), y=0,

where ny and a are the positive constants.
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(@) Find the path of a ray passing through (0, 0) and (I, 0).

(b) Find the apparent depth of the object located at (0, 0) when looked through
(1, 0).

9.3. (due to H. C.). Estimate the lowest frequency of a circular drum of radius R
with a rotationally symmetric trial function

)", 0<r<R

Find n which gives the best estimate.
9.4. Minimize the integral

2
IE/ x*(Y)2dx, with p(1)=0, y@2)=1.
1

Apply the Legendre test and the Jacobi test to determine if your solution is a
minimum. Is it a strong minimum or a weak minimum? Are there solutions with
discontinuous derivatives?
9.5. Extremize
1 2)2
1+ .
/ UV Gy, with y0)=0, y(1)=1.
o (¥)

Is your solution a weak minimum? Is it a strong minimum? Are there solutions
with discontinuous derivatives?
9.6. Extremize

1
/0 (2 —y*)dv, with y(0) = y(1) = 0.

Is your solution a weak minimum? Is it a strong minimum? Are there solutions
with discontinuous derivatives?
9.7. Extremize

2
/ (xy +y%)dx, with p0)=1, p(2)=0.
0

Is your solution a weak minimum? Is it a strong minimum? Are there solutions
with discontinuous derivatives?
9.8. Extremize

2,3
/1 }ﬁdx, with p(1) =1, y2)=4

Is your solution a weak minimum? Is it a strong minimum? Are there solutions
with discontinuous derivatives?



9.9 Problems for Chapter 9

9.9. (due to H. C.). An airplane with speed v flies in a wind of speed a,. What is
the trajectory of the airplane if it is to enclose the greatest area in a given amount
of time?

Hint: You may assume that the velocity of the airplane is

—Ex + — & = (Ux + Gx)€x + VyEy,

with

9.10. (due to H. C.). Find the shortest distance between two points on a cylinder.
Apply the Jacobi test and the Legendre test to verify if your solution is a minimum.
9.11. The problem of isochronous oscillator is related to the problem of Brachis-
tochrone. The point particle with mass m is smoothly moving along the cycloid,

6 _ 50
x=2R | sin (2)d0 = R(@ —sinf), y= —2Rsin (E) = —R(1 — cos ),
which is placed vertically in the uniform gravitational field pointing along the
negative y-axis. We choose the origin of the arclength at the point 6 = 7, or

(x0,y0) = (Rm, —2R).
(@) Show that an infinitesimal arclength ds is given by

ds =/ (dx)2 + (dy)? = ,/(Z—g) (Sz)zde — 2Rsin - da

and the arclength s(6) as a function of 6 is given by

(b) Show that the potential energy V/(s) of the particle is given by

— oy — — _ . 1mg,
V(s) = mgy = —mgR(1 — cos @) = —2mgR + 3 4RS

and the motion of the point particle is simple harmonic with the period

m R
=2 m—g:“'ﬂ\/jy
(7%) g

which is independent of the initial amplitude.
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Calculus of Variations: Applications

10.1
Hamilton—Jacobi Equation and Quantum Mechanics

In this section, we will discuss, in some depth, canonical transformation theory
and a “derivation” of quantum mechanics from the Hamilton—Jacobi equation
following L. de Broglie and E. Schrédinger. We will also dwell on the optico-
mechanical analogy of wave optics and wave mechanics.

We can discuss classical mechanics in terms of Hamilton’s action principle

17}
8l = 8/ L(gr(t), gr(t), )dt =0, r=1,....f, (10.1.1)
1

where
8qr(h) = 8qr(2) =0, r=1,....f, (10.1.2)

where L(q:(t), 4-(t), t) is the Lagrangian of the mechanical system and we obtained
the Lagrange equation of motion

d [ dL L
— _— —_— = = 1 e . 1 .1.
dt(c‘iq,) g, 0 r=L..f (16-13)

We can also formulate geometrical optics in terms of Fermat’s principle

1. [ dy\? [dz\*
8T = Es/xl dx\/1+<dx> +<d—x> n(x,y,z) =0, (10.1.4)

where

Sx; = 6%, =0, (10.1.5)

where n(x, y, z) is the index of refraction. If n(x, y, z) is independent of x, we obtain
the equation that determines the path of the light ray in geometrical optics as

2 2
n(y,z)/\/l + <Z—i> + (Z—i) = constant. (10.1.0)
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We first define the momentum {p(t )}J: , canonically conjugate to the generalized
coordinate {g,(t )} 1 by the following equation:

- , rs=1,...,f. 10.1.7

pr(t) =

We solve Eq. (10.1.7) for g,(t) as a function of {gs(t), ps(t) _, and t. We define
the Hamiltonian H(gr(t), p-(),t) as the Legendre transform of the Lagrangian
L(qr(t), 4-(t), t) by the following equation:

H(Ge(8), pr (1), 1) = Y ps(H)as(t) — L(gr(8), (1), ), (10.1.8)

where we substitute g,(t), expressed as a function of {gs(t), ps(t)}{:1 and ¢, into the
right-hand side of Eq. (10.1.8). Then, we take the independent variations of g, (t)
and p,(t) in Eq. (10.1.8). We obtain Hamilton’s canonical equations of motion

d_ . 0H@®.p0.H 4 o 9H@.p.Y

dtq'()_ apr(t) ) dtpr()— 24.() , t’=1,...,f.

(10.1.9)

We move on to the discussion of canonical transformation theory. We rewrite
the definition of the Hamiltonian H(g, (), pr(t), £), (10.1.8), as follows:

L(gr (1), 4-(2) t)—Zps (Has(t) — H(gr(8), pr(). 1) (10.1.10)

We now con51der the transformatlon of the pair of the canonical variables from
{gr(t), p,() 1 1o {Ox(1), P () . This transformation is said to be canonical
transformation if the following condltlon holds:

7] f
5 [ ar | S ptity — Hla 0.
i s=1
7] f
= (Sf dt | Y Py Os(t) — HQ (), Pr(t).1) | = 0. (10.1.11a)
i s=1
We have the end-point conditions:

8qr(t12) = 8pr(ti2) = 80O, (t12) = 8Pr(t12) =0, r=1,... ,f. (10.1.11]3)

New canonical pair {Q,(), P/ (t )}f , satisfies Hamilton’s canonical equation of
motion, (10.1.9), with H(Q,(t), P;(t), t) as the new Hamiltonian. With Eq. (10.1.11b),
Eq. (10.1.11a) is equivalent to the following equation:
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Zps (B)s(t) — H(gr(8), pr(t). ¥

f
. — d
=" Pt Os(t) — H(Q, (1), Prlt). ) + U (10.1.12)
s=1
U is the function of arbitrary pair of {g, (), pr(t), Os(t), Pr(t)} and ¢, and is the single-
valued continuous function. We call U the generator of canonical transformation.
The generator U can assume only the following four forms:

F1(qr(1), Or (1), 1), Fa(ar(t), Pr(1). 1), F3(pr(t), Or(t), ), Fa(pr(t), Pr(t), ). (10.1.13)

(1) We now choose U to be the function of {g.(t), Ot )}J: ; and ¢,

U = F1(gr(t), Qs(t), t). Since we have

IF1(q-(1), & (1), 1) IF1(q-(1), & (1) 1) 3
du- { () + Qs(t)} + R,
21: 3gs(t) 304(t) at !
(10.1.14)
we obtain the transformation formula from Egs. (10.1.12) and (10.1.14),
_ 9F1(as(), &), 1) _ R, %))
pr(t) = 20 () . P(t) = 20,() , r=1,....f,
(10.1.15a)
F(Q/ (), P06 = Higrlt) pr )+ Fa(ar), Qo0 (10.1.15b)

(2) We now choose U to be the function of {g,(t), P,(t)}f;=1 andt, U = F(q,(t), Pr(2), t).
In view of the transformation formula (10.1.15a),
dF1(g5(t), Q5(1). 1)
3 (1)

we can define F,(qg:(t), Pr(t), t) suitably in terms of Fy(q,(t), Qy(t), t) by the method
of Legendre transform much as in thermodynamics,

= P (1),

f
Fa(ar(t), Pr(9),1) = Fa(ar(9), Q(8),8) + Y P(HQ, (1), (10.1.16)

r=1

By solving Eq. (10.1.16) for Fi(q,(t), Qy(t), t) and substituting in Eq. (10.1.12), we
obtain

f
> p(hast) — Hr (), pr(t), 1)
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f
. — d
== Q)P1) — H(Q (1), Pr(t). 1) + 7 72(@r(®), Pr(t), ).
r=1
Carrying out the total time derivative of F,(g,(t), P(t), t) and equating the coefficients

of 4,(t) and P,(t), we obtain the transformation formula

_ IR 0,240,
94r(?)

_ Faar0. P9 )

, =1....f,
aP, (1) ' f

(10.1.17a)

pr(®) A0

_ d
F(Q (1), Pr(8). ) = Hlgr (0. pr(0).) + 5. Fa(ar (), Pr(0).1). (10.1.17b)

(3) We now choose U to be the function of {p,(t), Q,(t)}j::1 and t,
U = F3(pr(t), Qr(t), t). In view of the transformation formula (10.1.15a), we can
define F3(p,(t), Q,(f),t) suitably in terms of Fi(q,(t), Qr(t),t) by the method of

Legendre transform much as in thermodynamics,

f
F3(pr(0), O (1) 1) = Fi(a:(1), Q- (1), 1) = Y pr(t)ar (- (10.1.18)

r=1

Equation (10.1.12) now reads as

f
=Y astps(t) — Higr (1), pr(t), 1)

1

A
Il

. — d
Ps())Qs(t) — H(Q(0), Pr(8). §) + 7 F3(pr(t), Q- (9), ).

I
Mx

“
Il
N

Equating the coefficients of p, () and Q, (t), we obtain the transformation formula,

dF3(p, (), s aF3(pr(t), ,
%(t):—%ﬁ’(t)ﬂ, PAt)z—%%(t)t), r=1,....f,
(10.1.19a)
— d
F(Q (1), Pr(t) ) = H(gr(0.pr(0).) + 5. Fa(pr(), Q0.1 (10.1.19D)

(4) Wenow choose U to be the function of {p, (), P,(t) }{:1 andt, U = Fa(pr(t), Pr(t), 1).
We can also define F4(pr(t), Pr(t), t) suitably in terms of Fi(g,(t), O(t), ) by a double
Legendre transform as in thermodynamics,

S S
Fa(pe(®), P(9), 1) = F1(@:(), O(5, )+ Y Pr()Q:() — Y pr(ar(t).  (10.1.20)
r=1

r=1
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Equation (10.1.12) reduces to

f
= 2 a(ps(t) = Hia (). pr(1).
s=1
/ - d
== QMP(H) — HQ (), Pr(1). 1) + 2 Fapr(®), Pr(), -
r=1
Equating the coefficients of p,(t) and P, (t) , we obtain the transformation formula,

_OF(pr(t), Pr(t) ) _ OF(pr(t), Pr(t)

qr(t) = op . Q) 2P () , r=1,....f,
(10.1.21a)
H(Q (1), Pr(t), t) = H(gr (1), pr(t), 1) + %m(p,(t), Py(t), ). (10.1.21b)

In Case (2), we now try to choose Fy(q,(t), Pr(t), t) = S(gr(t), Pr(t), t) such that
H(Q(t), Py(t).t) = 0. (10.1.22)

To satisfy the condition (10.1.22), the generator S must satisfy the following
equation in view of Egs. (10.1.17a), (10.1.17b), and (10.1.22),

0S 39S 39S
H (@), .. a0, — .. 35

., —,t 0. (10.1.23)
aq aqf

Equation (10.1.23) is called the Hamilton—Jacobi equation .
We consider the single particle in three-dimensional space with Cartesian
components. From Eq. (10.1.17a), we have

B(t) = V4S(t), P(p). 1),

which states that the direction of the motion of the particle is always normal to the
surface with

S(d(t), P(t), t) = constant.

The situation is similar to geometrical optics. Now the Hamilton—Jacobi equation
provides us the interpretation of classical mechanics as “geometrical” mechanics
much like geometrical optics. We recall that geometrical optics was derived from
wave optics by Eikonal approximation. It is quite natural then to search for
the governing equation of “wave” mechanics by applying the inverse of Eikonal
approximation to the Hamilton—Jacobi equation. This step was taken by de Broglie
and Schrédinger in 1924-1925 and the governing equation of “wave” mechanics
is the celebrated Schrédinger wave equation. The time-independent Schrodinger
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equation was first deduced as
. h- - -
H (4 V4 ) $(@) = Eo(a), (10.1.24)
and then, from the observation that the time-dependence of the optical scalar
wave is given by exp[—iwt] and with the assumption that the time-dependence

of the wavefunction for the stationary state must be given by exp[—iEt,h], the
time-dependent Schrédinger equation is deduced as

ih%d,@ H=H (;]; ?ﬁé,t> V@1 (10.1.25)

The “derivation” of Eq. (10.1.24) is possible in the following manner. We assume
that the Hamiltonian H(q(t), p(t), t) is independent of time t and is equal to the total
energy E. We separate the generator S(g(t), P(t), t) as

S(G(1), P(t), t) = W(G(t), P(t)) — Et. (10.1.26)
We observe that the Hamilton—Jacobi equation becomes
. 1 o -
H@G VaW(d) = 5—(VaW @) + V(@ = E. (10.1.27)
Namely, we have
(VW (@)% = p* = 2m{E — V(3)), (10.1.28)

which is nothing but the mechanical analog of the Eikonal equation for geometrical
optics,

{(VaL@) = n*(@), (10.1.29)
where L(q) is the Eikonal of the optical scalar wave ¢(q, t) defined by

¢4 t) = A(G.t) exp[i(L(g) — wt)]- (10.1.30)
From Egs. (10.1.28) and (10.1.29), we find that the magnitude of p in classical

mechanics corresponds to the index of refraction n(g) in geometrical optics. We
recall that the time-independent optical scalar wave equation is given by

- . Am?
Vie@) + 7 9@ = 0. (10.1.31)

According to de Broglie’s matter wave hypothesis, we have

=, (10.1.32)
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and, substituting Eq. (10.1.32) into Eq. (10.1.31) and using Eq. (10.1.28), we obtain
the time-independent Schrodinger equation,

E 2m{E — V(g -
2 + "W =,

or
. h- - -
H (q, qu) b = Eo(j). (10.1.33)

We invoked de Broglie’s matter wave hypothesis instead of the inverse of Eikonal
approximation to derive the time-independent Schrédinger equation.

We point out that the optical-mechanical analogy is not complete. We observe
that the time-dependent optical scalar wave equation is given by

5 1 92
2 - _
Vio(q.t) — ") —3t2¢(qy t) = 0. (10.1.34)

This is second order in partial time derivative. As the initial value problem, we
need to specify the value of ¢(q, t) and d¢(q, t),/ 9t at some time for the complete
specification of ¢(g,t) at a later time. On the other hand, we observe that the
time-dependent Schrédinger equation, Eq. (10.1.25), is first order in the partial
time derivative. As the initial value problem, we need to specify only the value of
¥ (4, t) at some time for the complete specification of ¥ (g, t) at a later time. We
remark that this is Huygens’ principle in wave mechanics.

We note that Hamilton was one step short of arriving at wave mechanics as early
as 1834, although he did not have any experimentally compelling reason to take
such a step. On the other hand, by 1924, L. de Broglie and E. Schrédinger had
sufficient experimentally compelling reasons to take such a step.

In the summer of 1925, M. Born, W. Heisenberg, and P. Jordan deduced
matrix mechanics from the consistency of the Ritz combination principle, the
Bohr quantization condition, the Fourier analysis of physical quantity in classical
physics, and Hamilton’s canonical equation of motion . We will state the basic
principles of matrix mechanics below.

Assumption 1. All physical quantities are represented by matrices. If the physical
quantities are real, the corresponding matrices are Hermitian.

Assumption 2. The time dependence of the (g, b) element of the physical quantity
is of the form given by exp[2mivg yt].

Assumption 3. The frequency v, j, follows the Ritz combination principle,

Vab + Vbe = Vac, Vaag = 0, Vabh = —Vpg- (10.1.35)

Assumption 4. The time derivative of the physical quantity is represented by the
time derivative of the corresponding matrix.

Assumption 5. The sum A + Bofthe two physical quantities, A and B, is represented
by the sum of the corresponding two matrices.
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Assumption 6. The product AB of the two physical quantities, A and B, is
represented by the product of the corresponding two matrices.

Assumption 7. The coordinate g satisfies the equation of the motion of the
mechanical system under consideration.

Assumption 8. The canonical momentum p conjugate to the coordinate g is defined
for the system with one degree of freedom and they satisfy

h
(Pd)ab = (@P)ab = 7 0ab- (10.1.36)

Assumption 9. The canonical momenta {p, }J::I conjugate to the coordinates {gs }{:1
are defined for the system with f degrees of freedom and they satisfy

qrqs — 9sqr = 0,
PrPs — Psbr = 0, (10.1.37)
(Pr4s)ab — (Gspr)ap = (F"/i)sr,s(sa,h-

Assumption 10. The equation of motion of the system is given by Hamilton’s
canonical equation of motion,

d 8H 4 8H L0138
dtqr - apr7 dtpV - aqr: ( 1. )
where the mechanical energy of the system is given by H ({q,}{;l, {p,}{zl).

With these assumptions, we can prove the following theorem with some mathe-
matical preliminary.

Theorem. Given the function F ({q,}{:l, {p,}j::l) of {q,}j::1 and {p,}{:l, we have

oF = i F—F oF = i F—F 10.1.39
9ar = ﬁ(pr Pr), apr = h(qr qr)- (10.1.39)

Hence it follows that

ih%q, =q.H — Hg,, ih%py = p,H — Hp,. (10.1.40)
P.A.M. Dirac developed the transformation theory of quantum mechanics with the
abstract notion of the bra-vector and the ket-vector in 1926. With the transformation
theory, the distinction between the Schrédinger approach and the Heisenberg
approach is that the state vector is time dependent and the operators are time-
independent for the former, and the state vector is time-independent and the
operators are time dependent for the latter.

Through 1940s and 1950s, two radically different approaches to quantum theory
were developed. One is Feynman’s action principle and the other is Schwinger’s
action principle. Schwinger’s action principle proposed in the early 1950s is the
differential formalism of quantum action principle to be compared with Feynman’s
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action principle proposed in the early 1940s, which is the integral formalism of
quantum action principle. These two quantum action principles are equivalent to
each other and are essential in carrying out the computation of electrodynamic
level shifts of the atomic energy level.

10.2
Feynman'’s Action Principle in Quantum Theory

Feynman'’s Action Principle

We note that the operator §(t) at all time ¢ (the operator ¢(x) at all space—time
indices x on space-like hypersurface o) forms a complete set of the operators. In
other words, the quantum theoretical state vector can be expressed by the complete
set of eigenket |g, ) of the commuting operators §(f) (the complete set of eigenket
o8 o) of the commuting operators ¢(x)). Feynman’s action principle states that the
transformation function (¢",t"| ¢4, t) ((¢”,0”| ¢',0")) is given by

0714, = e / ., Pl exp[% / dtL(q(t),q(t»]

"o

el ot 1 oo i
<¢ d |¢ i ) = m /;)/,(T’ & [¢] exp |:h -/Q((r”,(r’) d4x£(¢(x)’ all¢(x))i| .
(10.2.1F)

(10.2.1M)

The space—time region Q2 is given by that of space-time region sandwiched
between t” and t' (¢ and o’). We state here three assumptions involved:
(A-1) The principle of superposition.

q(t") J i (t)=q" a(t")=q"
[ o= [ i [ o [ D 02w
(t, / tt”/ qII t///) q/// qI(t/):q/

¢ " "o " "
/l / D[¢] / d(pw _/W " [(pl]]/;)/ ’ D[d)I] (10221:)

(A-2) Functional integral by parts is allowed.
(A-3) Resolution of identity.

/dq/|q/,t/)<q/,t/\ =1, /ddﬂ l¢/.0') (¢, 0’| = 1. (10.2.3M,F)

From the consistency of the three assumptions, the normalization constant N(£2)
must satisfy

N(Q1 + Q2) = N(Q1)N(Q,), (10.2.4M,F)
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which also originates from the additivity of the action functional,

I[q; t”, t/] — I[q; t”, t///] + I[q; t,,/, t/], I[¢; O'”,O',] — I[¢; O'H,O',H] + I[¢; O'”/,O',].
(10.2.5M,F)

The action functional is defined by

H¢ﬂﬂ=j Mmmmm,ﬂadwﬂ=A dL(B(x), D).

q ((T”y”/)

(10.2.6M,F)

Operator, Equation of Motion, and Time-Ordered Product: We note that in Feyn-
man’s action principle, the operator is defined by its matrix elements.

a(t)

T 1 q(t”)=q” i Iy h
q,t>=—/ D[q]q(t)EXp[ﬁI[q:tyt]],
il

q//y t//
( N(Q) Jyw)=g

(10.2.7M)

o" " .
q%(x)‘q)’,a/) - LL D [$]¢(x) exp [%I[d); a”,a’]]. (10.2.7F)

<¢ 7 N(Q) Sy o

If t lies on the t"-surface (x lies on the o”-surface), Eqs. (10.2.7M) and (10.2.7F) can
be rewritten on the basis of (10.2.1M) and (10.2.1F) as

<q//’ t//

(¢.0" [

Q(t”)\ q/7 t/) — q// <q//7 t//| q/7 t/) ) (10.2.8M)

¢/,U/> _ d)//(x//) <¢)H,O'H| ¢/,U/) , (1028F)

for all |¢, ') (for all |¢’, ”}) which form a complete set.
Then we have

s

(q’,t" (:](t”) — q// (q ot
<¢//,0//| d;(x//) _ d)//(x//) <¢)”,O’” ) (1029F)

: (10.2.9M)

which are the defining equations of the eigenbras, (¢, ¢’
Next we consider the variation of the action functional,

and (¢, 0”"|.

t//

o DLl o) d (Ligl), att)
“M“”‘A‘H 2400 ﬁ( 24 () )%W)
(alt), a(t)

o4 (oL
+/ﬂ dta{Tméq(t)I, (10.2.10M)
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o [ g [ PLO0. 2,06 <8£(¢(x>,au¢(x>)>}
Sl1gs 0" o) = / "{ a¢() K rTrrr ey SR

‘o (), uq”( )

We consider a particular variations in which the end points are fixed

8q(t') = 8q(t") =0, S¢(x' ono’) =8p(x" ona”) = 0. (10.2.11M,F)

Then the second terms in (10.2.10M) and (10.2.10F) vanish. We obtain the Euler
derivatives,

[q: ¢, ¢] _ (q(t)y qm) 4 <3L(q() 4t )))
5q(t) o) dr dq(t) ’
8l¢:0", 0] _ 9LW@(X).0,9(x) _ (3£(¢(x)y3u¢(x)))
3 () 8¢(x) "\ ausx) )

The (Euler-) Lagrange equation of motion follows from the identities

Dlg+¢e]l=Dlq; and D[p+e]=TDIp]

Under these identities, we have the following equations
1 /q(t”)=q” o i
o [q) exp [—I[q: v, t/]}
N(€) Jow)= h
1 /q(t”) q”D [,’ , /]
= +elexp| =Ilg+e;t,t
=N L [4+elexp | - 1lq ]
1 [q(t”) q”D i
dlewp | 11y + 5]
N(Q) Syt~ h
1 /‘q&”,(f” D ¢ e iI¢ , ,
— xp | = I[¢; 0”0
Ny |, Pwlew| i ]
1 ¢//, a
:W/’n/ [gb—i—g]exp[ I +e; 0" a]:|

_ 1 ¢//,//,D iI teol o
m/%/ [p] exp [E [p+¢0 ,U]].

Expanding the above equations in the powers of ¢(t) and ¢(x), and picking up the
lowest order terms, we obtain

i 8q(t)

1 [ q”D hos il —o
— ———exp| It {]| =
e fq L, P exp[h C 1}

1 e gl b e o 1] —
W/ 5o eXp[ﬁ e ]} B
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We thus have, in accordance with Feynman’s action principle,

<q//, t//

!

SI[g; ¢, ¢]] t,> 1 /q(t”)=q Dl ST [il[ y t,]]
e |t ) = sy qls—exp| - l[g;t,
N(2) Jgp)=q 3q(t) n

540
! q(t,/)zq”'D h 8 iI "y 0 10.2.12M
= — - =llg;t",t]| =0, 2.
o /q P exp[h 4 1] ( )
"o 8I[¢27 U/,’U/] ror\ 1 /W,Y””'D o |:lI ;0 /:|
<¢ T s ¢’6>_ N@) Joor 700 P L2107
_ 1 Wﬂ"D h o o o =0 10.2.12F
v L. PO s e .| <o (102120

By the assumption that the eigenkets |g, t) (|¢, o')) form the complete set, we obtain
the (Euler-) Lagrange equation of motion at the operator level from (10.2.12M) and
(10.2.12F) as

sifg] _ d (aL(qm,é(t») oL@, 4(1)

_ - =0, 10.2.13M
sq(y — dt 24t 3g(t) ( !

M, (az(é(x»ﬁué(x») _ LGRS o 192138
59(x) 0(3,$ () 06 ()

As for the time-ordered product, we have

ﬁ /q i:_)q,q D [qlq(t1) - - - q(tn) eXp[%I] =(q”,t” T(G(t) - - §(tn)) q/,t'>,
(10.2.14M)

v " D gl o e [if]

N(2) Jg' o' h

= <¢”ﬁ” T(P(x1) - - P(xn) dﬂv/). (10.2.14F)

We can prove the above by mathematical induction starting from n = 2. The left-
hand sides of (10.2.14M) and (10.2.14F) are the matrix elements of the canonical
T*-product,

T O1 (1) - - - On(%n)) = 1 T*(O1(%1) - - - On(n))
with

T (ry (%1) -+~ Pry () = T(ry (1) -~ Py (%2))-



10.2 Feynman’s Action Principle in Quantum Theory

Canonical Momentum and Equal-Time Canonical Commutators. We define the
momentum operator as the displacement operator,

11| Al 7o\ h s A

(@t |pe")| q,¢) = g (q b q,t>, (10.2.15M)
1 | a /! / N __ h 8 U 4 !/ i

(¢",0" |7 ()| ¢, 0") = T <¢ o q),a>. (10.2.15F)

In order to express the right-hand sides of (10.2.15M) and (10.2.15F) in the form in
which we can use Feynman’s action principle, we consider the following variation
of the action functional;

(1) Inside €2, we consider the infinitesimal variations of q(t) and ¢(x),

q(t) —> q(t) +38q(t) and  @(x) —> P(x) + dp(x), (10.2.16M,F)
where, as §q(t) and §¢(x), we take

8q(t') =0, 8q(t) = &(t), 8q(t") =&"; sp(x') =0, dp(x) = £(x), Sg(x") =¢&".
(10.2.17M,F)

(2) Inside €2, the physical system evolves in time in accordance with the (Euler-)
Lagrange equation of motion.
As the response of the action functional to a particular variations, (1) and (2), we
have
silg: ¢',¢) = CHAE) A oo, (10.2.18M)
ag(t")

S o [ 0L(@(X"), 0,9 (x")) .,
8I[p: o ,a]-/aﬁ dau{ YT £ } (10.2.18F)

Thus we obtain

8lig: ¢, ¢] _ 9L(q(t").4t") ~ 8l[d:0" 0] _ (" IL(P(x"), 9up(x"))
Sq(t”) aq(t") Sp(x") ! 3(0up(x"))
(10.2.19M,F)

’ )

where n,(x”) is the unit normal vector at point x” on the space-like surface o”.
With this, we obtain

h 0
i aq(t’)
)=q"

h 1 a i
:—,lim—f D [q]ex [—I ;t”,t/i|
00N Sy [qlexp | +1lg; £ F]

) S ]) )
q7t> = = hm

i
,t
(q i §/—0 1

t//
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x % {eXP [i(f[quE: ¢t — Ig; t”,t’])] - 1}

/ q(")= q” ] [il[ |
i D[qlexp | —Ilg; t”,t/}
E’ —>0 N q(t

x g{l[q+5 t', 1] — Ilg: ",¢] 4 0("2)}

1 A= i 8la ]
— g | Plew || 2R
N($2) Jo)=q h 8q(t")

1 [a)=q" e | 2L@"), 4(t")
~NE©Q) /(t') = [q]exp[hl[q’t ’t]] o)

<q’t

Likewise, we obtain

t”) ")

q, t’> . (10.2.20M)
t//

"o

h s ool 1\ 1 oo D 1[ R/
Taae) 1= oy fd) [‘“exp[ﬁ 95070 1]
» 3l[¢p; 0", 0]

5¢)(ZXI”)
RN i, S ALB(), 8,9 (x"))
- m //,0/ D [¢] exp [ﬁl[d)’ o’ o ]} 1y (X )—3(8M¢(x”))
1" " 1 3£(¢3( )’a (ﬁ( )) /
=(¢",0 + ¢>,O . 10.2.20F
< ) nde) > ( ’

From (10.2.15M) and (10.2.15F), and (10.2.20M) and (10.2.20F), we obtain the

identities
aL Ayl ’;\ 1! , ,
Wy p(t/,)|q,,t,>:<q,,,t,, (). a¢") q,t>,
ag(t")
" S /" / / " 4 /" aE(d’;(x”)’ aﬂd)(x//) U ’
, e E ) ¢Lo),
{ (") ¢,0") < o ) gy o>
or
pit) = M and 7 (x) = nu(x)w. (10.2.21M, F)
24 (1) (9, 0(x))

Equation (10.2.21M) is the definition of the canonical momentum p(t). With a
choice of the unit normal vector as n,(x) = (1,0,0,0), Eq. (10.2.21F) is also the
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definition of the canonical momentum # (x). A noteworthy point is that # (x) is a
normal dependent quantity.
Lastly, for quantum mechanics of the Bose particle system, from

s
, b

(q".¢" [as(t")| q.¢)=d4 (4" "] 4.¢) (10.2.22M)

and from (10.2.15M), we have

1 ' h 8
U 7

ba V()| d ) = 5 5 (a5 (a4
B

h s T 1! AT/ PN 1 / !
=" d. ) +asld’ " |pe(t)d )
h’ s 7 / 1! | A A 1" / /
=?<q,t|q,t)+<q,t gs(t")pe(t")| 4. 1), (10.2.23M)
i.e., we have
s h
[Ps (1), 4B (1)) = 7 (10.2.24M)

where the commutator, [A, B], is given by
[A, B] = AB — BA.

For quantum mechanics of the Fermi particle system, we have a minus sign in
front of the second terms of the second line and the third line of Eq. (10.2.23M)
which originates from the anticommuting Fermion number, so that we obtain

h
(e () ar ()} = 7 (10.2.25M)

where the anticommutator, {A, B}, is given by

{A, B} = AB + BA.

Equations (10.2.24M) and (10.2.25M) are the natural consequences of the choice of
the momentum operator as the displacement operator, (10.2.15M).
For quantum field theory of the Bose field, from

(070" |Bulx)

¢, 0/> =oy(x") (¢",0"| ¢, 0") (10.2.22F)
and from (10.2.15F), we have

75 () $n (3)

<¢// O_//

o) (si0< (¢

v.)

#8())| ¢/, )

i gp(x])

¢.0') +d5)(9" 0"

h
— 730//(963/ _ xé/) <¢//, o
1

ba (%)) 7B (x])

= ?8(,”(94 — %) (070" ¢ 0") +(#".0" ¢.0).  (102.23F)

367



368

10 Calculus of Variations: Applications

We have

[frB(xl),d)B(xz)] = ?50 (x1 — Xz). (10.2.24F)

For quantum field theory of the Fermi field, for the same reason as in (10.2.25M),
we obtain

N h
{7r(x1), PE(x2)} = ?5(;(361 — x7). (10.2.25F)

Equations (10.2.24F) and (10.2.25F) are the natural consequences of the choice of
the momentum operator as the displacement operator, (10.2.15F).

From Feynman’s action principle, (10.2.1M,F), the assumptions (A.1), (A-2), and
(A-3), the path integral definition of the operator, (10.2.7M,F), and the definition of
the momentum operator as the displacement operator, (10.2.15M,F), we deduced
the following four statements:

(a) the (Euler-) Lagrange equation of motion, (10.2.13M,F),

(b) the definition of the time-ordered product, (10.2.14M,F),

(c) the definition of canonical conjugate momentum, (10.2.21M,F),

(d) the equal time canonical commutator, (10.2.24M), (10.2.24F), and (10.2.25M,F).

Thus we demonstrated the equivalence of canonical quantization and path
integral quantization for the nonsingular Lagrangian (density). In the next section,
we will establish the equivalence of Schwinger’s action principle and Feynman’s
action principle for the nonsingular Lagrangian (density).

10.3
Schwinger’s Action Principle in Quantum Theory

In this section, we will discuss Schwinger’s action principle in quantum theory
and demonstrate its equivalence to Feynman'’s action principle. We first state
Schwinger’s action principle and then obtain the transition probability amplitude
in the form of Feynman’s action principle by the method of the functional Fourier
transform.

Schwinger’s action principle asserts that the variation of the transition probability
amplitude (00| — oo) results from variation of action functional, I[¢’, ¥/!], which
assumes the following form:

5 (oo‘ — o0} = ifoo ‘81[@", ¥)| o). (10.3.1)
Here | — 00) ((00]) is any eigenket (any eigenbra) of any dynamical quantity which
lies in the remote past (future), ¢; and ; generically represent Boson variables
and Fermion variables, respectively, and the indices i and i represent both the
space—time degrees of freedom and the internal degrees of freedom, respectively.
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In order to visualize what we mean by the variation 8 I[¢', 1] of the action functional
I[¢", ¥r'], it is convenient to introduce the external hook coupling as

16,91+ Jid* + Jidr', (10.3.2)
and consider the variation of the c-number external hooks, J; and J;.

Applying Schwinger’s action principle to the action functional, (10.3.2), we have
the following equations for (co| — c0),

¢3i
l/}i

(6,/718:) (oo‘ - oo> = <oo
(6,718J3) <oo‘ — oo> = (oo

- oo>, (10.3.3B)

- o0). (10.3.35)
We express the right-hand sides of (10.3.3B) and (10.3.3F) as

(oo ~ ),

belo )

¢i’> and ‘W’) of complete sets

of commuting and anticommuting operators ¢’ and /!, respectively. Taking the
functional derivative once more, we have

(ﬁi

) = £
) = s

l>¢l <¢l (10.3.4)

i’> et <1//i’

Here the summation is over the eigenvectors

(6./i8];)(5/i6]:) <oo‘ - oo> < ‘T Fbi)

(6,/i8];)(5,/i6];) (oo‘—oo> - <oo‘T(1/}j¢3i)

- oo>, (10.3.5)

(6,/i8];)(5,/i6];) <oo‘—oo> = <oo’T(12rjz/7i

Here the time-ordered products are defined by

TEH) = 0 000
(I{H{’) = 9(171')1#_’({5%9(1 )‘lf.‘pf. (10.3.6)
TWY) = 069y —0@j)y'y.

The multiple time-ordered products are defined by the successive application of
the functional derivatives upon (co| — 0o). We employ the abbreviation

TR = (@i g, (10.3.7)

Then, for the matrix element of the multiple time-ordered products , we have

(oo

TUMkL“‘_OO>: %ﬁ % o :5]1 < ‘_ > (10.3.8)
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In order to remove the operator ordering ambiguity, we write (10.3.1) as

8 (o0 = 00) = i{o0 T34 $)

- oo>. (10.3.9)

Then the operator dynamical equations are written as

31[¢", ¥/)
T _— = —Ji I,
( 53 ) T (10.3.10)
S P\
T( e ) =—Ji. (10.3.11)

We now take the matrix elements of (10.3.10) and (10.3.11) between the states,
| — oo} and |oo), with the results

(51[%@]}) <oo’ _ oo) — (oo‘ _ oo>, (10.3.12)
<5I[i$'6j]> <oo‘ _ oo> — ] <Oo‘ _ Oo>. (10.3.13)

We note that 8I[5,/i8]],/8¢' and 81[8,i8]], 8y are obtained by expanding
SI[¢', vl /84" and 8I[¢', vi] /8¢ in powers of the ¢' and ¥' and replacing
the ¢ and /' in the expansion with the § /i8J; and 8 /i8], respectively. In order to
solve (10.3.12) and (10.3.13) for the transition probability amplitude (co| — co), we
introduce the functional Fourier transform of the transition probability amplitude
(00| — o0) as

(o] = o0} = [ D 161D WAFIP, I explia + v (10314)
Here D [¢] and D [/] are formally defined by
Do) = ]—[ d¢', Dy = Hdwi. (10.3.15)
Inserting (10.3.14) into (10.3.12) and (10.3.13), we get
0= / D [$]D [Y]Flg, ¥1(81[¢, ¥]/ 86" + Ji) expli(fig’ + Jivs')]
= / D [¢]D [V]Flg, ¥)(611¢, ¥ /56" +5,/i86") expli(fi’ + Jiv")],

(10.3.16)
0= / D (91D [WIFlp w116 w1 89 + i) expliiss + Jivr)]

= / D [$]D [¥]F(¢, ¥1(81[¢, w1,/ 8% + 8 /isy") expli(ip’ + Jiv))-
(10.3.17)
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Integrating by parts, we obtain the differential equation for the functional Fourier
transform F[¢, V] as

(‘ng;;“ - i(;;) Fl$,¥] =0, (10.3.18)
Sigy] 8 ~
< T iawi> Fl$, %] =0. (10.3.19)

Differential equations, (10.3.18) and (10.3.19), can be immediately integrated with
the result,

1
Flo,y] = N explil[$, ¥]], (10.3.20)
where N is the normalization constant. Hence finally we have
1 . .
(o]~ o0) = | DD W1 explittio w1+ 16" + J L (103.21)

This is Feynman’s action principle. If we apply the identity, (10.3.8), to (10.3.21),
we have

(o0

T"f"'“"" - oo> = %/D BID [W]o'd - - vyt -
x expli(l[p, Y]+ Jid' + Jivr')). (10.3.22)

We thus have established the equivalence of Schwinger’s action principle and
Feynman’s action principle, at least for the nonsingular system in the abstract
notation without committing ourselves to quantum mechanics or quantum field
theory.

When the infinite-dimensional invariance group is present, our discussion
becomes invalid, since the action functional I[¢, /] remains constant under the
action of the infinite-dimensional invariance group. The appearance of the external
hooks, J; and J;, coupled linearly to the dynamical variables, (¢’, ¥), violates the
infinite-dimensional group invariance .

The systems with the infinite-dimensional invariance group , for example, the
Abelian and non-Abelian gauge fields and the gravitational field , are the subject
matter of Section 10.9.

10.4
Schwinger—Dyson Equation in Quantum Field Theory

In quantum field theory, we also have the notion of Green’s functions, which is
quite distinct from the ordinary Green’s functions in mathematical physics in one
important aspect: the governing equation of motion of the connected part of the
two-point “full” Green’s function in quantum field theory is the closed system
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of the coupled nonlinear integro-differential equations. We illustrate this point in
some detail for the Yukawa coupling of the fermion field and the boson field.

We shall establish the relativistic notation. We employ the natural unit system
in which

h=c=1. (10.4.1)
We define the Minkowski space—time metric tensor 7,,,, by
nuw = diag(1; —1,—1,-1) = ™, p,v=0,1,2,3. (10.4.2)

We define the contravariant components and the covariant components of the
space—time coordinates x by
x = (10, %!, %%, %), (10.4.3a)

Xp = nux’ = (&0, —x!, —x%, —x?). (10.4.3b)

We define the differential operators 9, and 3" by

0, = LY ot = o mv 10.4.4

S T\ a0 o a2 o) 0 Tk, (1044)
We define the four-scalar product by

Xy =2y =y’ =x0 Y0 — % . (10.4.5)

We adopt the convention that the Greek indices u, v,. .., run over 0, 1, 2, and 3, the
Latin indices i, j, ..., run over 1, 2, and 3, and the repeated indices are summed
over.

We consider the quantum field theory described by the total Lagrangian density
Lot of the form

Db (— 007 (), V()]

ENTE
| —

1= »
Liot = 1 I:‘/fa(x): Dag (x)Wﬁ(x)] +

LK) + Line($ (), (), ¥ (), (10.4.0)

N[ =

where we have

Dap(x) = (iyud" — m+ ig)ap,  Dpy(—%) = (=i, 9" — m+ ie)pa,

(10.4.7a)

K(x) = —0% — k2 + is, (10.4.7b)

=, M =y T = BT (1048)
ol 0,01 = [ E5Ll(1049), Tl §,T] = [ d5Lin(10:46).

(10.4.9)
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We have Euler—Lagrange equations of motion for the field operators:

A B-Ttot 5Imt
Vo(¥): —=—— =0 or Dys()Pp(x)+ =— =0, (10.4.10a)
Yy (x) 8 (%)

= 6jt0t T —- SIint

V(%) : . =0 or —D} (- wa + — =0, 10.4.10b
g% 5000 o (— %)V o (%) 59500 ( )

B(x) : Sl _ o o K(x)p(x) + LI 0 (10.4.10¢)

C8d(x) Spix) B

We have the equal time canonical (anti-)commutators:

80 — Y)W (%), Yl
8(x* = Y){Up(%), Vi
8(x" = Y)b(x), 05
5(" =) (),

)= Vbt — Y (10.4.11a)
}—3(x -y ){wﬁ(x) Valx) =0, (10.4.11b)
pl = is*(x —y), (10.4.11¢)

(

)
)] = 8(x* = y")[95b(x), ()] = 0, 10.4.11d)

)
(v)
(
Py

and the rest of the equal time mixed canonical commutators are equal to 0. We
define the generating functional of the full Green’s functions by

Z[J,m,n]
= (0, out| T(exp[i{ J§) + (1¥) + (¥n)})) 10, in)
o  jHmtn ~
= 3 T 0w T(@H)Ud)" @n)") 10, in)
I,m,n=0
o jHmtn
= Z l'm'n'](Yl) ](Ymmal(xl)"'ﬁal(xl)
I,m,n=0

x (0, out] T{Yra, (1) - - Yy (1) (11) - -B(ym)
X Yg (1) - ¥, (2)}10,i0) N, (20) - - gy (21)

n=0

N

-

; (0,out] TG + Jé + ¥rn)" 10, in) . (10.4.12)

S

Here the repeated continuous space—time indices x; through z, are to be integrated
over and we introduced the abbreviations in Eq. (10.4.12),

jb= [aymio. = [dawim, Tn= [dEme.
The time-ordered product is defined by

TP (1) - - W ()

— 0 0 0 0\ \
= Z 8p0(xpy — Xpy) - - - O(Xp(u—1) — Xpn) W (xp1) - - - W (xpn),
all possible
permutations P
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with
1 P even and odd for Boson,
Sp = 1 P even for Fermion,
-1 P odd for Fermion.
We observe that
) = W (x) (@), 10.4.13a
575 ) M) = Wp(x) (M) ( )
S ) = i ) () (10.4.13b)
Sna() T e a
1) N N N
——(J)" = m(x)(J)" L. 10.4.13c¢
S0 U™ = mb)G9) (104.13¢)

We also observe from the definition of Z[], 7, 1],

% Sﬁj( 9 Z[],7,n) = <0, out T(lﬁ,s(x) exp [i / d*2{J(2)d(2)
+ﬁa(2)1/7a(2)+$ﬁ(2)nﬂ(2)}]> 0, in>, (10.4.14a)
5 2l = <0: out T(% (x) exp [i / d'z{J(2)b(2)
M (%)
+ﬁa(2)1/?a(2)+$5(z)nﬁ(z)}]> 0, in>, (10.4.14b)

YO = <o, out T<q3(x) exp [i / #2{J(2)9(2)

i 8J(x)

+ T (2)Va () + ﬁﬂ (2)np (z)}]) 0, in> . (10.4.14¢)

From the definition of the time-ordered product and the equal time canonical
(anti-)commutators, Egs. (10.4.11a)—((10.4.11d), we have at the operator level,

Fermion:

Do (9T (V5 (4) explitf + TV + V515 }])
= T(Dap (x) 5 (x) explilJ + 7 + ¥}
— 10 () T(exp[i{J§ + 79 + ¥n}]), (10.4.15)

Antifermion:

~

— DL (— ) T(¥ o () expliJ + Ve + ¥ 515))
= T(— Do (—%) Vo (%) exp[i{J + 7 + ¥n}])
+ 1 () T(explitJd + 1 + ¥n})), (10.4.16)
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Boson:

K<) T((x) explil]d + T e + V151
= T(K(x)p(x) expli{J$ + T + Y})
— J()T(exp[ilJ¢ + ¥ + ¥n)). (10.4.17)
Applying Euler—Lagrange equations of motion, Egs. (10.4.10a through c), to the
first terms of the right-hand sides of Egs. (10.4.15), (10.4.16), and (10.4.17), and

taking the vacuum expectation values , we obtain the equations of motion of the
generating functional Z[],7, n] of the “full” Green’s functions as

S} 3. 155 i)
Dup ()7 5= T () 2] =0, (10.4.18a)
1 87p(x) s(lﬁna(x))
S} 1550 i5]
Dhal =i g — Tl 2070 =0
(%) (Taﬁﬁ(x))
(10.4.18Db)
1 5 Shm[ig i id]
K@)~ 5 DTy Js) § 21, 7m] = O. (10.4.18¢)
18] (x) 5(7@)

Equivalently, from Egs. (10.4.10a), (10.4.10b), and (10.4.10c), we can write, respec-
tively, Eqs. (10.4.18a), (10.4.18b), and (10.4.18c) as

Slot[ 337 T om0 i3]
— sy T ZLTn =0, (10.4.19a)
6(182’]0((96))
8latl 3 155015
5 PR =) ¢ 2 =0, (10.4.19b)
(7aﬁlg(x))
Slho[12, 12 00
bl T i +J) ¢ 207, = 0. (10.4.19¢)
8(1 5m)

We note that the coefficients of the external hook terms, 14 (x), 75(x), and J(x), in
Egs. (10.4.19a)—(10.4.19¢) are £1, which is the reflection of the fact that we are
dealing with canonical quantum field theory and originates from the equal time
canonical (anti-)commutators .

With this preparation, we shall discuss the Schwinger theory of Green’s func-
tion with the interaction Lagrangian density Lint(d(x), ¥ (x), ¥ (x)) of the Yukawa
coupling in mind,

Lin(@ (<), (), V() = —GoWr o (%) e (¥) V5 (¥) (), (10.4.20)
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with

8o s I&Ot(x)
Go=1{f v®=1 irsu ¥® =1 Inal®) .
€ Y ljfa(x)
()
P =1 dlx) - (10.4.21)
A (x)

We define the vacuum expectation values , (F V0 gnd (F)J, of the operator function
F(p(x), ¥ (x), ¥ (x)) in the presence of the external hook terms {], 7, n} by

(FY11 =

; (1 e i )ZU— J (10.4.22a)
Z0 70 \id8j(x) isnw) snw )" 4.
(= Vo (10.4.22D)

We define the connected parts of the two-point “full” Green’s functions in the
presence of the external hook J(x) by Fermion:

J _1 s 8 Ly
St.ap (¥1:%2) = 5T, (0) Snplea) n A 7=n=0
1/1 6 = 7
_— _— ]’ !
= i(i m(m)) Ws b)) nn’ﬁ:nzo
=
— { <wa(x1>wﬁ(xz)>]‘"’"‘ﬁ=n=o
O e W (T (e
(Yo (x1)) “pﬂ(xz)) ’ﬁ:nzo }
1, = ! b (1) 0
= < (Tal)Fp)) = < 0,00l T ()T (0a)) 010, (10.4:23)
~ I, _ = 1.7, —
()| = @yt M‘ﬁ:nzo =0, (10.4.24)
and
Boson
D) = 01 8 Ly e
FJ( 1 2)_ laj(xl) i 8](362) i U,n,n 7=n=0

LY (LR )>f)—1{<é>(x W)Y — b)Y ()}

T \G8e) ) T VP2 ! 2
1<

= — (0,out
1

J
T(¢(x1)(x2)) |0, in> ; (10.4.25)

C

((x)) ’ =0 (10.4.26)
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We have the equations of motion of Z[_[ 1, 1], Egs. (10.4.182)—(10.4.18c), when the
interaction Lagrangian density Lint(¢(x), ¥ (%), ¥ (x)) is given by Eq. (10.4.20) as

D 1§ G 1 4 1 4
ot (35 ) ~ o (5 ) (a7 ) | 2070
= —na(X¥)Z[], 7, 1], (10.4.27a)
Dl (—x)<i g >+c <i i ) (x)<1 g )} 20,71
pe snai)) 0 Usna ) T 50 0
= +1g(*) 2, 7,1, (10.4.27b)
e (18 o (i 1 8 i
o (i) = & () o (T3, ) | 207
= —=J=)Z[J, 7, nl. (10.4.27¢)

Dividing Egs. (10.4.27a)—(10.4.27¢c) by Z[],7, 1], and referring to Eqs. (10.4.22a)
and (10.4.22b), we obtain the equations of motion for

(WD (P, (g (¥))1 and ()7,

as
Dogp (%) (P15 (%)) 7" — GoYep (%) (P () ()77 = =11 (%), (10.4.28)
— Do (— ) Vo (%) + Govap ()Y Vo ()P ()T = +775(x), (10.4.29)
K (@) = Go e (%) (B ()0 (T = —J (). (10.4.30)

We take the following functional derivatives:

15]7 ) Eq. (10.4.28) S

Dag (0) (0. (1) Y5 (x))
— Govap(¥) (W (Vs (%)p (%)) = —idued*(x —y),

15-2—Eq. (10.4.29)

87, (Y) 7=n=0

— Dl (%) (Ve (y )? ()
+ Govap () (e () V0 (¥)$()) = —i85c8%(x — y),

1 6
FofEa (10430

Kx){(dmd(x)) — (pm) (¢(x))}

15 =
= Gorep () 7 (PalVp () = 8% =)
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These equations are a part of the infinite system of coupled equations. We observe
the following identities:

D

(
(

(

<

LWPp) = —isL (),

Jep)Va () = iS7. (v, ),

V.MV = —i (<q$(x)>f + f—) ST e (,7),
N = N N 5 /

eV (@) =i (<¢<x)>f + 1—) ST oy, ).

With these identities, we obtain the equations of motion of the connected parts of
the two-point “full” Green'’s functions in the presence of the external hook J(x),

_ o + 18 Y gu — 5 5t —
Daslw) = Gorep() (D) + 757 ) | L) = dacd e =)
(10.4.31a)
\ 16 ,
{ Dha(=#) = Govap(¥) (<¢(x>>f + 5 M)} SPealt¥) = 8pe(x — 1)
(10.4.32a)
K(x) DY (x,y) + Goymg(x)l 5 ST 4o (%, 35) = 84 (x — ). (10.4.33a)

18]J(y)
Since the transpose of Eq. (10.4.32a) is Eq. (10.4.31a), we have to consider only

Egs. (10.4.31a) and (10.4.33a). We may get the impression that we have the
equations of motion of the two-point “full” Green’s functions, Sg}aﬁ (x,y) and

Dg(x, ), in closed form at first sight. Because of the presence of the func-
tional derivatives 8 /i8] (x), and 3,i8](y), however, Egs. (10.4.31a), (10.4.32a) and
(10.4.33a) involve the three-point “full” Green’s functions and are merely a part
of the infinite system of the coupled nonlinear equations of motion of the “full”
Green’s functions.

From this point onward, we use the variables, “1”, “2”, “3”, .., to represent the
continuous space—time indices, x, y, z, .. ., the spinor indices, «, B, y, ..., as well
as other internal indices, i, j, k, . . . ,.

With the use of the “free” Green’s functions, S (1 — 2) and D§(1 — 2), defined by

D(1)SE(1—2) =1, (10.4.34a)
K(1)DE(1 —2) =1, (10.4.34D)

we rewrite the functional differential equations satisfied by the “full” Green’s
functions, SY(1,2) and DY(1,2), Egs. (10.4.31a) and (10.4.33a), into the integral
equations,

/ ~ ) /
S7(1,2) = S5(1 — 2) + S (1 = 3)(Gor (3) (<¢<3)>f + %W> S73.2),
(10.4.31b)
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DY(1,2) = Di(1 —2) + Dj(1 —3) (—Gotry( )1%57(3 3i)> (10.4.33D)

We compare Egs. (10.4.31b) and (10.4.33b) with the defining integral equations of
the proper self-energy parts, £* and IT*, due to Dyson, in the presence of the external
hook J(x),

S7(1,2) = S5(1 —2) + SH(1 — 3)(Goy (3)(6(3))Y)S7(3.2)

+ SE(1—3)Z*(3,4)5)(4,2), (10.4.35)

DY(1,2) = D§(1 —2) + D§(1 — 3)I1*(3,4) D! (4,2), (10.4.36)
obtaining

oy (1 )_%5’1(1 2) = £%(1,3)SY(3,2) = £*(1)S1(1,2), (10.4.37)

— Gotry(1 )lms/f(l 14) = *(1,3)D}(3,2) = M*(1)DY(1,2).  (10.4.38)

Thus we can write the functional differential equations, Egs.(10.4.31a) and
(10.4.33a), compactly as

(D(1) — Goy (1)(@(1)Y — Z*W)1{(1,2) = 5(1 - 2), (10.4.39)
{K(1) — T*(1)}DY(1,2) = 8(1 — 2). (10.4.40)

Defining the nucleon differential operator and the meson differential operator by
Dx(1,2) = {D(1) — Goy (($(1)Y}5(1 — 2) — E*(1,2), (10.4.41)
and
Du(1,2) = K(1)8(1 — 2) — TI*(1,2), (10.4.42)
we can write the differential equations, Egs. (10.4.39) and (10.4.40), as
Dn(1,3)8(3,2) =8(1—2), or Dx(1,2) = (S}(1,2)7", (10.4.43)
and
Du(1,3)D{(3,2) =8(1—2), or Dy(1,2) = (DY(1,2))"". (10.4.44)

Next, we take the functional derivative of Eq. (10.4.39),
1555 Eq. (10.4.39):

150)
{D(1) = Goy (1)($ (1)) (1)}_WS/FJ(1Y2)
{zGoy(l)D/](l 3) + 7%2 (1)} sJ(1,2). (10.4.45)
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Solving Eq. (10.4.45) for 55g(1,2)/i8](3) and with the use of Egs. (10.4.39),
(10.4.41), and (10.4.43), we obtain

L PP , /] L — ]
?mSF(l,Z) =57(1,4) {lGoy(4)DF(4, 3) + iS](?.)z (4)} s7(4,2)

iGOSg(1,4){y(4)5(4 —5)6(4 —0)

b
Go 3($(6))

T*(4,5) } sJ(5,2)D! (6, 3). (10.4.46)

Comparing Eq. (10.4.46) with the definition of the vertex operator T'(4,5;6) of
Dyson,
1 6

i8]03) S7(1,2) = iGoS{ (1, 4)T(4,5: 6)5{(5,2) D (6, 3) (10.4.47)
1

we obtain

T(1,2;3) = p(1)5(1 — 2)5(1 — 3) + Giowz*(l, 2), (10.4.48)

while we can write the left-hand side of Eq. (10.4.47) as

18 - S
———5:(1,2) =iD;(6,3)— S:(1,2). 10.4.49

From this, we have

1 8 /] /]
———— 57,2 =-s)@,4r@4,5:6)5(5,2),
Go 5O r(1,2) F(LAT(4,5:6)55(5,2)

and we obtain the compact representation of I'(1, 2; 3),

PL23) = (51,2) " = o Dy(1,2)
o Go 53 T Gosip3)
= (10.4.48). (10.4.50)

Lastly, from Egs. (10.4.38) and (10.4.39), which define ¥*(1,2) and II*(1,2)
indirectly and the defining equation of T'(1, 2; 3), Eq. (10.4.47), we have

¥*(1,3)S1(3,2) = —iGly (1)S(1, 4T (4,5; 6)S} (5,2) DY (6, 1), (10.4.51)
*(1,3)DY(3,2) = iG3try (1)SY(1, 4T (4,5; 6)SZ(5,1) DY (6, 2). (10.4.52)

Namely, we obtain

¥*(1,2) = —iGly(1)S(1,3)T(3,2; 4 D! (4, 1), (10.4.53)
%(1,2) = iGatry (1)SY(1,3)T (3, 4; 2)SY (4, 1). (10.4.54)
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Equation (10.4.30) can be expressed after setting n =77 = 0 as
K(l)(é(l))J + iGOtr(y(l)S/Fj(l, 1)) = —J(1). (10.4.55)

System of equations, (10.4.41), (10.4.42), (10.4.43), (10.4.44), (10.4.48), (10.4.53),
(10.4.54), and (10.4.55), is called the Schwinger—Dyson equation. This system of
the nonlinear coupled integro-differential equations is exact and closed. Starting
from the Oth-order term of I'(1,2; 3), we can develop the covariant perturbation
theory by iteration. In the first-order approximation, after setting | = 0, we have
the following expressions:

TH1—2) = —iGly(1)S5(1 - 2)y(2)D5(2 — 1), (10.4.56)
I*(1 — 2) = iGatr{y (1)S5(1 — 2)y (2)SE(2 — 1)}, (10.4.57)

and

T(1,2:3) = y(1)8(1 — 2)8(1 — 3) — iGy (1)SE(1 — 3)y(3)
x S8(3 —2)y(2)D5(2 —1). (10.4.58)
We point out that the covariant perturbation theory based on the Schwinger—Dyson
equation is somewhat different in spirit from the standard covariant perturbation
theory due to Feynman and Dyson. The former is capable of dealing with the

bound-state problem in general as will be shown shortly. Its power is demonstrated
in the positronium problem.

Summary of Schwinger—Dyson Equation

Dn(1,3)S7(3,2) =8(1—2), Dm(1,3)D!(3,2) =8(1—2),
D (L,2) = {D(1) — Goy (1/($(1))18(1 — 2) — £*(1,2),
Du(1,2) = K(1)8(1 — 2) — TT*(1,2),

K1)((1) + iGotr(y (1)SY(1, 1)) = —J(1),

$*(1,2) = —iGly (1)SY(1,3)T (3, 2; 4 DY (4, 1),

*(1,2) = iGatr{y (1)SY(1,3)T (3, 4; 2)SY (4, 1)},

. :_i s ul -1
F(L2:3) = =g ooy (5e(1.2)

1

=y(1)3(1=2)(1—-3) + o303

(1, 2).

381



382 | 710 Calculus of Variations: Applications

D/ (4,1)

v¥1,2) =

r(1)

S (1,3)

Fig. 10.1 Graphical representation of the proper self-energy part, £*(1, 2).

Fig. 10.2 Graphical representation of the proper self-energy part, II*(1, 2).

I(1,2:3) = y(1)5 (1-2)5 (1-3) 12 .3

D¢ (5,1)

1 8
+ —

Gy 5(2 (3)>J y(1)1

S (1,4)

Fig. 10.3 Graphical representation of the vertex operator, T'(1,2;3).

Df (2-1)
1 . 2
sh(1-2)

Fig. 10.4 The first-order approximation to the proper self-energy part, £*(1, 2).
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sF(2-1)

n(1-2)= (1) ¥(2)
1 2

F
S, (1-2)
Fig. 10.5 The first-order approximation to the proper self-energy part, II* (1, 2).

T(1,2;3) = y(1)§ (1-2)5 (1-3) e3

1
2

Fig. 10.6 The first-order approximation to the vertex operator, I'(1,2;3).

We consider the two-body (four-point) nucleon “full” Green’s function S/Fj(l, 2;3,4)
with the Yukawa coupling, Egs. (10.4.20) and (10.4.21), in mind, defined by

1 5§ 1 6 ., 686 . 6 11 211 7
T3 T ) ) ) 1
1 2 . == . . ~ =~
(—.) (WOFQTETEY — (b O)T QY TG @)

1

s7(1,2;3,4)

(=1

n=n=

+ TR QT @Y — 0T TN
2 o~ ~
- (%) <o, out ‘T(«/}(1)¢(2)E(3)$(4))’ 0, in>]c (10.4.59)

Operating the differential operators, Dy(1,5) and Dy(2,6), on Sg(S,G; 3,4) and
using the Schwinger—Dyson equation derived above, we obtain
{Dn(L,5)Dn(2,6) — I(1,2; 5,6)}SL (5, 6; 3,4)
=5(1—3)5(2—4) — 8(1 — 4)5(2 — 3), (10.4.60)

where the operator (1, 2; 3,4) is called the proper interaction kernel and satisfies
the following integral equations:

1(1,2: 5,6)S(5,6; 3,4)
= ig2tr™ [y ()T () DY (5, 6)]S1 (5, 6 3, 4)
8

/ 1 /
+ igltr™) [y(l)st(l, 5)% W] 1(5,2; 6,7)S2(6,7; 3,4) (10.4.61)
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= ightr™[y T (1) DY (5,6)157 (5, 6: 3,4)
1 6

+igdr™ [y(z)sg 2.5); 76

] 1(1,5: 6,7)S7(6,7; 3, 4). (10.4.62)

Here tr™) indicates that the trace should be taken only over the meson coordinate.
Equation (10.4.60) can be cast into the integral equation after a little algebra as

s(1,2;3,4) = s7(1,3)8Y(2,4) — s¥ (1,451 2,3)
+57(1,5)81(2,6)1(5,6; 7,8)SL(7,8; 3,4). (10.4.63)

System of equations, (10.4.60) (or (10.4.63)) and (10.4.61) (or (10.4.62)), is called
the Bethe—Salpeter equation . If we set t; =t =t > t3 =4 =t' in Eq. (10.4.59),
Sg(l, 2; 3,4) represents the transition probability amplitude whereby the nucleons
originally located at x3 and x4 at time ¢’ are to be found at X; and x, at the later time ¢.
In the integral equations for I(1, 2; 3,4), Egs. (10.4.61) and (10.4.62), the first terms
of the right-hand sides represent the scattering state and the second terms represent
the bound state. The bound state problem is formulated by dropping the first terms
of the right-hand sides of Eqs. (10.4.61) and (10.4.62). The proper interaction kernel

. S5

]
5 (1-3)
1(1234)= Df (1-2)
5 (2-4)
2
()
y(1)
1 3
_ 5 (2-3)
¥ D" (1-2)
0 5 (1-4)
250 ‘

Fig. 10.8 The first-order approximation of the proper interaction kernel, I(1,2;3,4).
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I(1,2; 3,4) assumes the following form in the first-order approximation:

1(1,2; 3,4) = igly (1)y (2) D5 (1 — 2)(8(1 — 3)8(2 — 4) — 8(1 — 4)5(2 — 3)).
(10.4.64)

10.5
Schwinger—Dyson Equation in Quantum Statistical Mechanics

We consider the grand canonical ensemble of the Fermion (mass m) and the Boson
(mass «) with Euclidean Lagrangian density in contact with the particle source u,

Ly (Ve (T, %), 0 VEa (T, X), §(7, X), 3u0(7, X))

_ . . 0 N
:wEa(Trx){le3k+’V4 <— —M) —m} Ve p(T,X)
ot op
aZ

#3003 (31 =) 96,3+ STy Tale 3 vele, Ao, ).
(10.5.1)

The density matrix pgc(B) of the grand canonical ensemble in the Schrédinger
Picture is given by

N . 1
poc(p) = expl—B( — ul)), B = —. (105.2)
B
where the total Hamiltonian H is split into two parts,
Hy = free Hamiltonian for Fermion (mass m) and Boson (mass ).
— / P% (%) (%), (10.5.3)
with the “current” given by
1 = s
J&) = SeTrly Ve (), V@), (10.5.4)
and .
N= 3 / FxTr{—y* [V (%), Ye(X)]). (10.5.5)

By the standard method of quantum field theory, we use the Interaction Picture
with N included in the free part, and obtain

poc(B) = po(B)S(B), (10.5.6a)
Do(B) = exp[—B( ulN), (10.5.7)

(Ho —
|: / dr/d3x7-l1 T, xi|} (10.5.8a)
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and
Fli(z, %) = —j0(z, %)V (7, %). (10.5.9)

We know that the Interaction Picture operator f()(z, %) is related to the Schrédinger
Picture operator f (%) through

FO@, %) = g (1) - F ) - po(o). (10.5.10)

We introduce the external hook {J(t, X), (7, X), ng(t, %)} in the Interaction Picture,
and obtain

HM (T, %) = (" (. %) + (T, x>1¢“ (t,%)
+ na(t,x)wEa(r,x) + WE (T, X)np(t, X))} (10.5.11)

We replace Egs. (10.5.6a), (10.5.7), and (10.5.8a) with

A

pac(Bs U7, m)) = po(B)S(B; U, 7, 7)), (10.5.6b)
po(B) = exp[—p(Fo — )], (10.5.7)
S(6: 1,77, 1) {exp / dr/d3>c7wﬂ“t T, ?c]} (10.5.8b)
Here we have
(@) 0<rt<B§.
s et U )|
5](1_,5&)ch sUsmn R

B
— holp) Tr{é“’wc)exp [ f d%*cmim(n?c)]”

B .
= po(B)T: {exp |:—/ dr/d3?c7:l11nt:|}
x ¢W(z,%) T, {exp |:— /f dr / d3§c7:ti1ntj| H
0 J=T=n=0

o(B) 3(8: U, 7 St U7, )" e, 23 U, 7o) |

J=n=n=0

= pac(Bs U, m) (bo(r)S(r: [, 7,m)} ' $(E) (o(r)S(: U, 7.m) }] I
= poc(B)d(t, %).

Thus we obtain

B
5J(z, %) o Um - 10.5.12
5% pac(Bs 1.1 m) P = pac(B)d(T, ). ( )
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Likewise we obtain

Sﬁcjr, 7 ecBUm ”])Ln:nzo = pcc(B)VEal(r, %), (10.5.13)
3 ﬂi,&) boc(B: U7, n])‘jzn:n:o = —ﬁcc(ﬂ)ﬁw(r,%), (10.5.14)
and
52
Wﬂ«:(ﬁ U.m n])‘1=n=n=o
= —PocB)Tel T a(r, Vg (7, 9). (10.5.15)

The Heisenberg Picture operator f(z,%) is related to the Schrédinger Picture
operator f(¥) by

Fle.%) = pglx) - @) - poclr). (10.5.16)

(b) = ¢ [0, B].

As for t ¢ [0, B], the functional derivative of pgc(B; [J,7, n]) with respect to
{J,7, n} vanishes.

In order to derive the equation of motion for the partition function, we use the
“equation of motion” of /g (7, X) and ¢(z, X),

{iykak +iy* (% - u) —m +gy¢3(r,ic)} Uk a(T,%) =0, (10.5.17)
B.a
=~ 0 T
Vg (T, %) {W O + iy (5 - M) - m+gy¢3(r,$c)} =0, (10.5.18)
B.a
( ) (z, x)+gTr{y1//E(r X)VE(r, X)) =0, (10.5.19)
and the equal “time” canonical (anti-)commuters,
8(t — r'){IZ/Ea(r %), iEﬁ(r,?c)} = 8488(t — T)8(x — X/), (10.5.20a)
S(r — 1) [&)( X), aiqs(r/,?c’)] =8t — 1) xE-7) (10.5.20b)

with all the rest of equal “time” (anti-)commutators equal to 0. We obtain the
equations of motion of the partition function of the grand canonical ensemble

Zc(Bs U, ) = Trpcc(Bs U, n,n) (10.5.21)

in the presence of the external hook {J,7,n} from Egs. (10.5.12), (10.5.13), and
(10.5.14) as
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YA 1 6 L6

iyop + iy (a_r —pc> _m+gy?5](f,3€)}ﬂ>a?550((1',%) cc(Bs U, m )

= —np(v, %) Zoc(B: U, 1, 1)), (10.5.22)

g 4t (2 1 s ' s [

iy o, + iy (8_r+ﬂ>+m_gy?5](t,?c)}ﬂalén,s(t,?c) ce(Bs U, m )

= 7o (t, %) Zcc(B; [, 7, ), (10.5.23)
32 N1 08 8? L

<8x6 o ) T R TR T } Zeclps U

= J(t. %) Zcc(B: [J, 7, 7)) (10.5.24)

We can solve the functional differential equations, (10.5.22), (10.5.23), and (10.5.24),
by the method discussed in Section 10.3. As in Section 10.3, we define the functional

Fourier transform Zgc (B; [¢, Ve, V) of Zoc(B: UJ, 7, n]) by
Zec(Bs . mom) = /D [V £]D [WeID [¢]Zcc(B; [0, Ve, Vi)
B
X exp [1/0 dr/d3?c{](r,?c)¢(r,$c)
+ 7o (T, %) Ve (T, %) + g g7, X)1p(T, ;C)}} .

We obtain the equations of motion satisfied by the functional Fourier transform
Zcc(B; [¢, v, ¥g]) from Egs. (10.5.22), (10.5.23), and (10.5.24), after the functional
integral by parts on the right-hand sides involving 7,,, g, and J as

’ 7 5 W = 8 ’ 32
mlnzcc(ﬂ, (&, ¥E, Vgl = W/o dr fd xL5((10.5.1)),

8

g (1, %)
) Vi 5 A = 8 p 32 1
] InZgc(Bs (9, Ve, Ve]) = W./(; dr /d %L} ((10.5.1)),

which we can immediately integrate to obtain

- . ) B -
InZgc(B; 9, Y, VE) = m/o dt fd3x.cE((1o.5.1)),
EplT,

N -~ B
Zcc(B: [, Ve, Wg]) = Cexp [/0 dr /d3&£;5((10.5.1))]. (10.5.25a)

Thus we have the path integral representation of Zgc(B; [J, 7, 1)) as
_ B
Zge(B: U, mm) = C/ D [Yrg]D [Ye]D [¢] exp UO dr / PX{L((10.5.1))

+iJ (T, %¥)p(T, %) + i, (T, X)VEa (T, ¥) + Ve (T, X)np(t, 5c)}i|
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B 5., 81 8 1 8
= Zyexp —gy,_«;a/ dr/dxt — - — — - -
0 dnp(z,x) i 8ny (7, %) 1 8](T, %)

B B
X exp [/0 dr/d3§c/0 dr/d3%/{—%](r,?¢)Do(r — 1, x=xJ(t, %)

+7,(7,%)S %(r T 37);75(1',?6')” : (10.5.25b)

The normalization constant Z; is so chosen that

Zo=Zcc(B;J=n=n=0,g=0)
= 1—[ {1+ exp[—B(ep — w1 + exp[—B(ep + 1)1 — exp[—Bawy]} ",

a)k|

(10.5.26)
with

=@ +m), wp= @+l (10.5.27)

Do(t —t/,x — %) and S (t — 7/, % — X') are the “free” temperature Green’s func-

af
tions of the Bose field and the Fermi field, respectively, and are given by

/2 =/ d?ﬁé o byl 4
Do(r—r,x—x)=[M{(ﬁ;—l—l)exp[tk(x—x)—wg(r—r)]

+f: expl—ik(x — %) + oz (t — 7)),

S _ /y—'_—'/ — (iv"9 N
G m T x=x) =y o+ m) "’/(2n)3zeE

{(N+ -1) EXP[lk(x — %) = (e — )z — T')]
+N;exp[— k(% — %) + (g + )T =)L
fort > 7/,
X N -,
(N exp[—ik(x — %) — (e — w)(z — 7')]
+(N; = 1) explik(% — %) + (e + 1) (T — T}
fort <7/,
_ 9 _ S N S
e s B U Sy T Ny

The f; is the density of the state of the Bose particles at energy wy, and the Nki is
the density of the state of the (anti-)Fermi particles at energy ;.
We have two ways of expressing Zgc(B; [J, 7, n]), Eq. (10.5.25b):

Zac(B: [J, 7, m))

o Lo fr o
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1 1)
X - ———F——=:
1 874 (7, X)

x Do(t — ', = ¥){ J(r/, X') — gvpai ) = ! ) =
Snp(t/, %) i 87, (', %)

B B
X exp |:/ dr /d%?/ dr’fd3%’ﬁa(t,3¢)5%(t - tﬂ?c—?c/)n,_«;(r’,ic/):|
0 0 «Q

(10.5.28)

-1
B B
= Zo{Det(l +gSo(t,?c)y%ﬁ)} exp|:/0 dr /d%?/o dt’ /d%*a

-1
- .13 - - -
xﬁa(t,x)<l —l—gSo(t,x)y?m) Sg%(f_fl’x_x/)ﬁﬁ(t,,x’)}
oe

B B
X exp [_ %/0 dr /d%%/o dt’ /d3§c/j(r,?c)Do(r — % - ic/)](r/,&/)}.

(10.5.29)

The thermal expectation value of the t-ordered function

ﬂ-ordered(‘/}y E; (i))
in the grand canonical ensemble is given by

PN Tr{p T-ordere Arir b
Foonderca(V, 7, 8)) = t{pcc(B)fr-ordered (¥, ¥, @)}

Trpce(B)
_ 1
" Zec(Bs 1], 7))
xf(z EIE ;ﬁ)ZGC(’B’ U 77])‘ =n=n=0
(10.5.30)

According to this formula, the one body “full” temperature Green’s functions of
the Bose field and the Fermi field, D(r — t/,x — ¥/) and Sus(t — 7/, X — X), are
given, respectively, by

Dlr '3 — ) — TG (e’ 3))

Trpcc(B)
o 1 168 1
T Zoc(B:i UL W) i 8)(T.X) i
1)
Zac(B; [, 1 1)) , (10.5.31)

x v
8J(t', %) J=n=n=0
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_ Trlpec(B)u(r, DY 47 7))
B Trpce(B)
_ 1 1
© Zec(Bi UL i
) . 1)

X — -1 =

My (T, %) dng(t/,x)

Sep(t — 1, % — X))

Zgc(Bs [J,m, 1))
J=n=n=0
(10.5.32)

From the cyclicity of Tr and the (anti-)commutativity of ¢(t, X) (¥ (7, X)) under the
T.-ordering symbol, we have

Dt —7v' <0,x—X)=4+D(t -1t +B,x— %), (10.5.33)
and

Sup(t — 7' < 0,7 —X) = —Sup(t — T’ + B, % — ¥), (10.5.34)
where

0<r,7' <8,

i.e., the Boson (Fermion) “full” temperature Green’s function is (anti-)periodic
with the period 8. From this, we have the Fourier decompositions as

| Bl - B,
o(r,%x) = E Z/ m{ exp[i(kx — w,T)]a(wy, k)

+ exp[—i(k% — wu1)]a’ (@, %)}, (10.5.35)
2nmw .
Wy = ——, n= lnteger,
B

1 &Sk . D
Yalr.3) = 5 Xn: / M{exp[z(kx — 0 T)]thne (F) b (0, F)

+ exp[—i(k% — 0 T)[Tna(F)d (0n) ié)], (10.5.36)
Wy = M, n = integer,
B
where

[a(@n, k), T (@, k)] = 207(27)38% (k — k)80, (10.5.37)
[@(n, K), a{w, )] = [aT (@n, K), @' (0, K)] = 0, (10.5.38)

[b(wn, %), bt (@, E/)] - [d(wn, B), d" (@, )} = 26;(27)%83(k — K)8,,,,
(10.5.39)

the rest of anticommutators = 0. (10.5.40)
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We shall now address ourselves to the problem of finding the equation of motion
of the one-body Boson and Fermion Green’s functions. We define the 1-body Boson
and Fermion “full” temperature Green’s functions, D/(x,y) and S{L (%), by for
Boson field Green’s function:

Dl(x,y) = — (TG | (10.5.41)

I
|
=
=

and for Fermion field Green’s function:

Si,ﬂ (x,y) =+ (Tf(lira(x)%(y)))f ‘ﬁ:n:O (10.5.42)

1 ) 1)
= - Z U, .
Zoc(B: Uo7 m) 57, ampl) <P

From Egs. (10.5.22), (10.5.23), and (10.5.24), we obtain a summary of the
Schwinger—Dyson equation satisfied by D/(x, y) and Si, 5% 7):

Summary of Schwinger—Dyson equation in configuration space

(i7" — m + gy (B9 )ae S, (x,7) — ffd (%25, )

)

e—0T

=1gy [S] (T,%T—6%)+S %t +e Fc)]
2 Ba ap\tr ’ ap\tr X ’
Gl 2\p/ 4 D/ 4

(5 ) ) = [tz (5, 2)D) ) = 56— ),

Z;ﬁ(x, y) = g2 /d4ud4vya,gS§v(x, W) g (1, y; v)D](v,x),

M*(x,y) = g° fd4ud4vyaﬁ S{%(x, W5, (1, v: ) Sha (v, %),

18X ,(%,y)
Tup(x, ¥: 2) = vap(2)8*(x — Y)8*(x — 2) + - —2 =2
8(%,Y: 2) = Yap(2)87 (x — y)8" (x — 2) ¢ 30

This system of nonlinear coupled integro-differential equations is exact and
closed. Starting from the Oth-order term of Tug(x,y;2), we can develop
Feynman-Dyson-type graphical perturbation theory for quantum statistical
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3 (% y) = 9% 7, ;)
af

X, & u, v y, B
Fig. 10.9 Graphical representation of the proper self-energy part, X 4(x, ).

H(xy) = g 1,
X

u,é

Fig. 10.10 Graphical representation of the proper self-energy part, IT*(x, y).

mechanics in the configuration space by iteration. We here employed the following
abbreviation:

B
x = (T4, X), /d4x = / dty /d%ﬁc.
0

;X/e note that Siﬂ (x,y) and D/ (x,y) are determined by Eqs. (10.5.3a)—(10.5.3f) only
or

=1 €68

and we assume that they are defined by the periodic boundary condition with the
period 28 for other

=1 &[=5, Bl

Next we set

J=0

and hence we have

(P(x))=

0,

restoring the translational invariance of the system. We Fourier transform Syg(x)
and D(x),
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Z f ey Sup (P4 ) expli(pX% — paty)], (10.5.43a)
Z[ D(pa, p) exp[i(px — patx)], (10.5.43D)
Bpdk
Fupbor )= Tupte—px =3 = 5 Z / e Tesl

x exp[{p(X —Y) — pa(rx — Ty)} — k(% — 2) — k(2 — 7)1,

(10.5.43¢)
_ (2n+ 1) /B, Fermion, n = integer,
pe= { 2n /B, Boson, n = integer. (105.43d)
We have the Schwinger—Dyson equation in the momentum space:
Summary of Schwinger—Dyson equation in the momentum space
. , 2n+ 1)
(=754 ¥*(ps — i) —~(m+ 5" (0], Sep 0) = bus Z«S(m - %)
n

{—kﬁ—(x2+r1 } Za(h—m)
%) = Z/ 3Va8568(l’+k) (5 + k. ) D(K),

1
(k) = gzg ;/Wmsm(p + RT3, (2 + kK S, (1),

n,,m

+ Aaﬂ(py k):

where Ayp(p, k) represents the sum of the vertex diagram except for the first term.
This system of nonlinear coupled integral equations is exact and closed. Starting
from the Oth-order term of Tug(p, k), we can develop a Feynman-—Dyson-type
graphical perturbation theory for quantum statistical mechanics in the momentum
space by iteration.

From the Schwinger—Dyson equation, we can derive the Bethe—Goldstone
diagram rule of the many-body problems at finite temperature in quantum statistical
mechanics, nuclear physics, and condensed matter physics. For details of this
diagram rule, we refer the reader to A.L. Fetter and J.D. Walecka.
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10.6
Feynman’s Variational Principle

In this section, we shall briefly consider Feynman svariational principle in quantum
statistical mechanics.

We consider the canonical ensemble with the Hamiltonian H({g;, p; fi 1) at
finite temperature. The density matrix pc(B) of this system satisfies the Bloch
equation,

9 N
—h——hc(r) = H({G B}Li)bc(x), 0=t =8B, (10.6.1)
with its formal solution given by

pe(v) = expl—t H({g;, B}, /Ploc(0). (10.6.2)

We compare the Bloch equation and the density matrix, Egs. (10.6.1) and (10.6.2),
with the Schrédinger equation for the state vector [/, t >,

. d PR,
ih— 1.t > = H((G, BYL) 1.t >, (106.3)
and its formal solution given by

[, t > = exp[—itH({G;, B}L,),/h] 1Y, 0 > . (10.6.4)
We find that by the analytic continuation,

t=—itr, 0<t<B=h/ksT, (10.6.5)

ks = Boltzmann constant, T = absolute temperature,

the (real time) Schrédinger equation and its formal solution, Egs. (10.6.3) and
(10.6.4), are analytically continued into the Bloch equation and the density matrix,
Egs. (10.6.1) and (10.6.2), respectively. By the analytic continuation, Eq. (10.6.5),
we divide the interval [0, 8] into the n equal subinterval, and use the resolution
of the identity in both the g-representation and the p-representation. In this way,
we obtain the following list of correspondence. Here, we assume the Hamiltonian
A ({ij,f)j}Ji 1) of the following form:

N

. 1 .
AG B4 = D 5B + D Vidi G- (106.6)
j=1 j>k
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List of Correspondence

Quantum mechanics

Schrédinger equation
ihl |yt >
= H({qj B .t >
Schrodinger state vector
vt >
= exp[—itH({g;, i}
Minkowskian Lagranglan

LM({‘JJ() G,
= f’l Lma (1)
Zj>k V(. Gr)-
i x Minkowskian action
functional
ivl(G)}: G 4]
= i [, ({0, G500,
Transformation function
<qf tf! Gt

f (t; ) q
x eXp[llm[{qJ 1 4 Gil /Bl
Vacuum-to-vacuum
transition amplitude

(0, out| 0, in)
= [ D [q) explilu[{G}}L,]/Fl.
Vacuum expectation value
(0(@))
/D @0@) explilm (G}, 1)
D @explitvlig)L, 1 m

Cegerr

Partition function:

)/, 0> .

Quantum statistical mechanics

Bloch equation
—h pe(r)
= H({G B}, )bc(0)-
Density matrix
pc(r)
= exp[~TH({g;, pi}%;)/Nc(0).
Euclidean Lagrangian
Le({4(7), g5z )}“1)
= Zf% Smi}(z)
Zj>k V(). Gr)-
Euclidean action
functional
IE[{q]} —17 qf %]
= J drLe((g(o). )Y,).
Transformation function
Zfi
=/ Tg‘; qqf D [
x explIE[{Gi}Ls: G, Gil /B

Partition functionx
Zc(B) = Trpc(B)
= “ [ dgrdqis (G — ) 25"

Thermal expectation value*
@)
_ Trpc(f)OW)
Trpc(P)

are given, respectively, by

Zc(B) = Trpc(B) = / Pyd’ 58> (G — 4)Zri "

1 - - - -
=N Z‘Sl’/ds‘]fd3qi53(‘1f — qpi) Zf,pi
TP
1 = b - -
=N > o / PG dGpid’ G — )
TP

(B)=dr . . oo
x / - D{@lexpllel{GLs: dr Gril /R, (10.6.7)
q

4(0)=Gp;
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Thermal expectation value:
oo Trpc(B)O(d)
0@) = 7
D= "Tpep)
_ P8 G — 6) % 0@ I
[ B d*qi83 (@G — G) Z s

_ 11 32 32 (3= o = LA |3
= Z B N XP:Sp/d qrd’dpid (Gr — dpi) Zr.pi (dri| O@) [dr).  (10.6.8)
Here, §; and gf represent the initial position {éj(O)}fi , and the final position
{éj(ﬂ)}fi ; of N identical particles, P represents the permutation of {1,..., N}, Pi

represents the permutation of the initial position {é(O)}j:1 and §p represents the
signature of the permutation P, respectively.

In this manner, we obtain the path integral representation of the partition func-
tion, Zc(B), and the thermal expectation value, (O(g)). Functional IE[{éj}Ji 154> G
of Eq. (10.6.7) can be obtained from IM[{éj}fiﬁ df, Gi] by replacing t with —iz. Since
Pc(B) is a solution of Eq. (10.6.1), the asymptotic form of Z¢(B) for a large 7 interval
from ; to 7y is

Zc(B) ~ exp[—Eo(tr — ), /N as 1 — 17 —> 00.

Therefore, we must estimate Zc(B) for large 77 — 7;.
We choose any real I; which approximates IE[{éj}fi 15 Gf» 4i] and write Z¢(B) as

| P el 3317
= /D [4(2)] eXP[(IE[{éj}fiﬁ qr.Gi] — 1),/ Bl expl /D). (10.6.9)
The expression (10.6.9) can be regarded as the average of exp[(Ig — I1),/h] with
respect to the positive weight exp[I; /7). This observation motivates the variational
principle based on Jensen’s inequality. Since the exponential function is convex,

for any real quantities f, the average of exp[f] exceeds the exponential of the
average (f),

(exp[f]) > exp[(f)]- (10.6.10)

Hence, if in Eq. (10.6.9) we replace 115[{@'}}11; 4, qi] — I1 by its average

S D) (el{@}ss 4. @] — I exp[l1,/ 7]
J D) exp[l1,/7]

(IE[{éj}JI'il; 4. il — I) =
(10.6.11)
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we will underestimate the value of Eq. (10.6.9). If E is computed from

| P Genexplteltatyi .3 - ) Mexpin,

~ exp[—E(tf — ©),/h], (10.6.12)

we know that E exceeds the true Ey,

E > K. (10.6.13)
If there are any free parameters in I;, we choose as the best values those which
minimize E.

Since (IE[{éj}fil; 4r. Gi] — I1) defined in Eq. (10.6.11) is proportional to zr — T;,
we write

@)Yy 4] — 1) = s(zr — ). (10.6.14)
The factor exp[(IE[{Fjj}j:l; dr, i1 — ) /h] in Eq. (10.6.12) is constant and can be

taken outside the integral. We suppose the lowest energy E; for the action functional
I; is known,

/D [4(¢) exp[ 1,/ R ~ exp[—Fi(ty — ) /h] as 17— 1 —> oo. (10.6.15)
Then we have
E= El — S

from Eq. (10.6.12), with s given by Eqgs. (10.6.11) and (10.6.14).
If we choose the following trial action functional:

1 g \*
L __E/ (dT) dr, (10.6.16)

we have what corresponds to the plane wave Born approximation in standard
perturbation theory. Another choice is

1 g\’ .
L= _E/ (E) d‘K—F/.Vtrial(q(r))dt’ (10'6'17)

where Viia1(4(7)) is a trial potential to be chosen. This corresponds to the distorted
wave Born approximation in standard perturbation theory.
If we choose a Coulomb potential as the trial potential,

Viial(R) = Z/R, (10.6.18)
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we vary the parameter Z. If we choose a harmonic potential as the trial potential,
L)
Virial(R) = EkR , (10.6.19)

we vary the parameter k.

A trouble with the trial potential used in Eq. (10.6.17) is that the particle with
the coordinate g(r) is bound to a specific origin. A better choice would be the
interparticle potential of the form

Virial (4(7) — 4(0))-

Polaron Problem: We shall apply Feynman’s variational principle to the polaron
problem. The polaron problem is the following. An electron in an ionic crystal
polarizes the crystal lattice in its neighborhood. When the electron moves in the
ionic crystal, the polarized state must move with the electron. An electron moving
with its polarized neighborhood is called a polaron. The coupling strength of the
electron with the crystal lattice varies from weak to strong, depending on the type
of the crystal. The major problem is to compute the energy and the effective mass
of such an electron. We assume for the sake of mathematical simplicity that

(1) the crystal lattice acts much like a dielectric medium, and

(2) all the important phonon waves have the same frequency.

The trial action functional of the form specified by

1 (P /dg\? 1 [F B .
11:‘5/0 <d_q) d"cho d’/o dor (d(r) — ()" expl—w |t — o]

was used in the polaron problem by Feynman, after the phonon degrees of freedom
were path-integrated out, leaving the electron degrees of freedom for the variational
calculation of the ground state energy and the effective mass of the electron in a
polar crystal. We shall use the simpler trial action functional with w = 0,

1 [P /dg\* 1, (? o NG
Il_—E/O (E) dT_EC/O dr/o do (4(r) — (o))",
to simplify the mathematics involved considerably.

For the polaron problem, i.e., for a slow electron in a polar crystal, we usually
choose the following action functional:

1 dg\* 1 . R
L = —2/ (TZ) dr — EC// (q(r) - q(a))zexp[—wlr — olldtdo,
(10.6.20)

as the trial action functional with C and w as the adjustable parameters for the
variational calculation.
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We begin with the Lagrangian for the electron—phonon system in a polar
crystal and path-integrate out the phonon degrees of freedom. We then apply the
Feynman’s variational principle to the electron degrees of freedom.

We write the Lagrangian for the electron—phonon system in a polar crystal as

-2

1
L=- -
Ut ey

) Pk -
qk} — W Vig; exp[ik - g], (10.6.21)

where g is the coordinate of the electron, g; is the mode of the phonon with
momentum hk, V; is given by

h B\
Vp = ‘Ta) <—2W]L ) (47r0t)1/2, (10.6.22)
k] w

and « is the coupling constant given by
1/1 1\ & [2mo\Y? 106,23
a=-|——-—-)—|— . .6.
2\ €) hw h ( )
We note that £, and ¢ are the dielectric constants of the vacuum and the medium,

respectively. We now employ the unit system in which i = m = @ = 1. In this unit
system, we have

2 dra e [ 1 1
Vi"=—/—— and a=—(——=). (10.6.24)

Path-integrating out the phonon degrees of freedom, after a little algebra, we have
the reduced density matrix p(qy, i) for the electron degrees of freedom as

o) = [ D Eexplifil (10.6.25)
where the trial action functional Ig[q] is given by

g cosh[— |t —o|+ B,2]
Teld) = 2/0 (E) dt+a/ dtf 7272 sinhiB, 2] [4(r) — d(o)]

(10.6.26)

which contains the retardation factor cosh[— |t — o| + 8,72] to account for the
effect of the interaction with the phonon degrees of freedom in the original
problem.

As a trial action functional, Feynman used the trial action functional, (10.6.20).
To simplify the mathematics involved, we apply the following simpler action
functional:

1 [F/dg\* 1 (F b L2
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which is the w = 0 version of (10.6.20). We recall from the previous section that
E=E —s. (10.6.28)

Thus we have

s= A+ B, (10.6.29)
where
A= 23/2,3 / d‘[/ d0<|q |>exp[ lt —ol], (10.6.30)
S L \2
B= ﬁfo dr/o dcr (q(r)—q(a)) > (10.6.31)
with (F) given by
J Fexp[lh]D [g]
F)=—/F——7——-. 10.6.32
)= Temp 1062
To compute A, we note
% _ iz explik - (é&f) —4(0))] pee (10.6.33)
ld(z) —d(o)| 27 k2
It is sufficient to compute
S k- (G(c) — LD G
(explik - (3(r) - (o)) = L expli (‘?Te)xp[gg‘g)[gxl’[ Pl (10.6.34)
Writing the numerator of the right-hand side of (10.6.34) as J, we have
d
J= fexp|:——/ <£> dt ——C/ dr/ do (4(z) — ))
/ f() )dr] (d. (10.6.35)
where
Fls) = ils(s — ) — (s — o). (10.6.36)

We note that | is factorized to the form J = J,J, /., and we are concerned with J,
for the time being. We observe that the exponent of J, is quadratic in g(t) which
we write as

x(7) = X(7) + 84x(7), (10.6.37)
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where X(t) extremizes the exponent of (10.6.35). The 8qy(tr) path-integral is
Gaussian and we write the result as N,. We then have

1 [F[dx\? 1 [P B
Jx = Nxexp[_ifo (E) dt — EC_/(; dffo do (X(‘L’) — X((I))Z
+/ﬁﬂc(r)X(t)dr], (10.6.38)
0
where
Jx(s) = iku[d(s — 7) = 8(s — o)]. (10.6.39)

Since we have N, both in the numerator and the denominator of (10.6.34), we
can set Ny = 1 without loss of generality. As the maximization condition of the
exponent of (10.6.35), we obtain the integro-differential equation for X(s) as

#X(s) _ /
o= /0 [X(c) — X(0)ldo — fi(s), (10.6.40)

with the boundary conditions specified as
X(0) = X(B) = 0. (10.6.41)
With (10.6.40), we have
1 1P
Je = exp [E /0 fx(t)X(r)dr:| . (10.6.42)

For the later convenience, we set

vt =2C8. (10.6.43)

Writing
B
F= / X(o)do, (10.6.44a)
0
and
2CF
Y(e)=X() — 7 (10.6.44D)

we can reduce the given integro-differential equation for X(s) to the second-order
ordinary differential equation for Y(s) as

2
gV = v*Y() = f(s)- (10.6.45)
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Observing that

a2 2
(f —v )exp[—v ¢ —ol] = =2v8(c — o),

we obtain the general solution for Y(s) as

2CF
Y(c) = X(s) - = Pexp[—vg] + Q exp[vg]

B
+ %/0 f(o)exp[—v ¢ — ol]do. (10.6.46)

We shall determine the integration constants for X(¢) from the boundary conditions
of X(¢) in terms of F as

2CF

P+ Q= 7 ;{exp[ vT] — exp[—vol},
2CF ik
Pexp[—vp] + Q exp[vff] = ——7~ — —{exp[~v(f — 7)] — exp[—v(f — 0)]}.

From this, we obtain

CF(1 —exp[—vp])  ikexp[—vp](sinh vt — sinhvo)

Q=- vZsinh vB 2v sinh vB ’
2CF ik
P= Tz ;(exp[ vt] — exp[—vo]) — Q.

In order to determine F from the definition for § — oo, we first observe that Q = 0
as B — o0, and hence we have

P=—— — %(exp[—vr] —exp[—vo]) as B — oo, (10.6.47)
so that
1 o0 o0
P [ de [ aniksn =) s - olexpi-vic — nll =

Carrying out the integral above and comparing with the expression for Pas f — oo
given above, we obtain

ik 2CF ik
P = —Z(exp[—va] —exp[—vt]) and ) (exp[ vo] — exp[—vT]),

so that
ik ik
X(s) = ;(CXP[—UU] — exp[—vt]) — Z(exp[—vﬂ] — exp[—v7]) exp[—vg]

+ % /:cfx((r) exp[—v|¢ — o|]do. (10.6.48)
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From (10.6.42), we have
Ji = exp | F0x(0) = Xio)|.

From (10.6.48), we have

X(r) — X(0) = iky <(exp[—vr] — exp[—vo])? . 1 —exp[—v|t — U|]> ‘
2v >

We have the identical results for J, and J, with the replacement of k, with k, and
k., respectively. Thus we obtain
(explik - Gi(r) — (o))

— exp |:_E2 ((EXP[—W] — exp[—va])* L L-eplvir - a|]>] .
4v 2

(10.6.49)

Substituting (10.6.49) into (10.6.33) and carrying out the integral over k, we obtain

<;> -4 (expl - @) o)

la(r) —d(o)| [ 27? k2
1 [(exp[—vr] — exp[—vo])®
712 4y
v -1/2
4 lzelef 6”} . (10.6.50)
2v
From (10.6.30), we have
o (P[P
= dt/ do
kY 27Tﬂ /0 T
_ _ . 2 _ . . -1/2
y [(exp[ vt] — exp[—vo]) n 1 —exp[—v]|t al]]
4v 2v
x exp[—(o — 1)]- (10.6.51)
Setting
o =71+Xx,

we find that the first term inside the square bracket above is negligible in the limit
B — 00 (v—> )

so that we have

_ exP[ x]dx
a\/7/ (1 — exp[ vx])l/2 (10.6.52)
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To compute B, we expand both sides of (10.6.49) in power of k2 and equate the
coefficient of the k? term. Noting

1, . R
(X(z) = X(0))*) = 3 (@) —400)?),
we have
L= - i —vol)? | 1-— —v|t — o]
g((q(t) —q(a))z) _ (exp[—vT] 4veXP[ Vo)) i eXP[Z;’ T ],

and from (10.6.31), we obtain
B=—.
4
To compute Ej, we take the logarithm of the following expression:
/D [qlexp[l1] ~ exp[—F18] as B —> oo, (10.6.53)
and take the derivative with respect to C to obtain

Zil—zﬂ/d‘t/da O'))> B:%.

We integrate this equation with the boundary condition
Ei=0 for C=0,
obtaining
3v

B = —.
=9

Since we have obtained s = B+ A = (3v,/4) + A, we have

3v 3v 3v
E=F—-s=——|—+A)=——A. 10.6.54
1—S 2 <4 + ) 7 ( )

As an application of (10.6.54), we consider the case v > 1. In this case, we can
ignore exp[—vx] term in (10.6.52), resulting in

v [ v
Arxa /—/ exp[—x]dx =, [—.
T Jo T

With this A, we have E as

3
E=2 /2 (10.6.55)
4 T
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attaining the minimum at
402 o?
v=— with E=——.
R 3T
We observe that

v=40’/97 > 1= a > 1.

Hence we have the strong coupling result.
Feynman employed the trial action functional,

1 [ (dq\’ 1 S
I = —5/ (ﬁ) dr — EC// (d(x) — q(a))2 exp[-w |t — o||drdo.

What we discussed so far corresponds to the case w = 0. We can perform similar
but lengthy calculation to obtain

3 2
E= —(v—w -4 (10.6.56)
with
00 2 —-1/2
A= % O [wzx +2 - W (1— exp[—vx]):| exp[—x]dx. (10.6.57)

Here v and w are the variational parameters. If we set w =0 in (10.6.56) and
(10.6.57), we recover our results,

3
E:—U—A

\/7 _exp[—xjdx
- / (1 — exp[—vx])/ 2"
We can compute the effective mass m*(«) and the mobility of the polaron as well.
The polaron problem has a long history. It was introduced for the first time
by Landau in 1933. Feynman showed the essence of this problem in 1950 by
performing similar calculations in QED. The polaron problem to this day still
attracts considerable attention due to the existence of the large number of different
physical problems with the same conceptual origin. Others in this category include
problems in electrodynamics, gravitation, quark models of hadrons, and so on. The
method of collective coordinates, which is used in quantum statistical mechanics
and quantum field theory, was developed in conjunction with the polaron problem.
The general feature of the polaron problem was explained by Adler in 1982,
who considered the two fields, a “light field” and a “heavy field.” If it is somehow
possible to path-integrate out the heavy field, the problem of evaluation of the
transformation function is reduced to that of path integral over the light field with
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a rather complicated effective action functional for the light field. The distinction
between the light field and the heavy field refers to the bulk masses of the physical
system under consideration.

The treatment of the polaron problem in Feynman’s variational principle in
quantum statistical mechanics is based on the particle trajectory picture. The
particle trajectory picture was once abandoned in 1920s at the time of the birth
of quantum mechanics. It was subsequently resurrected in 1942 by Feynman in
his formulation of quantum mechanics based on the notion of the sum over all
possible histories. It was then applied to the polaron problem in 1955 by Feynman
by path-integrating out the phonon degrees of freedom and retaining the electron
degrees of freedom for the variational calculation. In relativistic quantum field
theory, the particle trajectory technique was originally applied to the pseudoscalar
meson theory in 1956, and recently applied for the Monte Carlo simulation of the
scalar meson theory in 1996.

Back in 1983, the direct path-integral treatment of the polaron problem was
carried out, after the phonon degrees of freedom was path-integrated out, by
Fourier transforming the electron coordinate and Laplace transforming the elec-
tron time in the evaluation of the transformation function . The result is the
standard many-body graphical perturbation theory. The ground state energy and
the effective mass of the polaron were obtained perturbatively in the limit of weak
coupling.

As for the details of Feynman’s variational principle in quantum statistical
mechanics and its application to the polaron problem, we refer the reader to the
monographs by R.P. Feynman and A.R. Hibbs, Quantum Mechanics and Path
Integrals, and R.P. Feynman, Statistical Mechanics.

10.7
Poincare Transformation and Spin

The operator v (x) acts in Hilbert space and |¢) is the state vector in Hilbert space.
Under Poincaré transformation,

xt — " = AP x" +at,
the state vector |¢) transforms as
[@)— |¢') = U(r,a)|9).
where U(A, a) is a unitary operator of Poincaré group in Hilbert space.

Transformation law of the wavefunction is given by, with the use of the unitary
representation matrix L(A) of space—time rotation A upon v (x) as

V(%) — ¥'(x) = LAY ().
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Transformation law of the field operator is given by
V(%) — UA, a)d (x)U YA, a) = LHA) (). (10.7.1)

Rational for the field operator transformation law is that the matrix element of the
field operator at the transformed point ’, ¥/ (x'), evaluated between the transformed
states should act like the wavefunction. So we demand that the following equation
is true:

(|76 | @) = () 90

llf(x)’ ¢ﬂ>-

Thus we have

(e | U (A @) () U )| ) = L)

¥ 45).
or, as the operator identity, we have
U™ (A, @) () U(A, @) = LA (x),
which is inverted as
UA, @)l (x) U™ (A, ) = LN A) ().
Consider the infinitesimal Poincaré transformation
Xt — = x* 4 Sxt; Sxt = SV x, + St
For an infinitesimal Poincaré transformation, we have the unitary operator
U(1 + 8w, 8e) = 1 + 86" P, — %Sw””],LU, (10.7.2)
where P, (J,.v) is the generator of space—time translation (rotation).
Composition law of two successive Poincaré transformations parameterized by
(A1,a1) and (A3, ay) is given by

(A2, a2) (A1, o) = (A2A1, Ao+ a),
U(Az,az) U(Al,ul) = U(A2A1,A2a1 +a2).

(10.7.3)
Consider the following three successive Poincaré transformations:
U™Y(A, @) U(1 + 8w, 82) U(A, ).

Since we know

U YA, a)U(A,a) = U(1,0),
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we have
Ul A,a) = UAL, —A1a).
We can simplify the above Poincaré transformations as
U™ YA, a)U(1 4 8w, 88)U(A, a)
UYL, —A"la)U(1 + 8w, 86) U(A, a)
UA™, —A'a)U((1 + Sw)A, (1 + Sw)a + 8¢)

= UA Y14+ 8w)A, A7 (1 + sw)a + 5] — A~ 1a)
= U(l4 A '8wA, A" wa + A7 18¢).

Thus we have
UY(A, a)(1 + i8e" P, — %Sw“”]MU)U(A,a)
=14+i(A Swa+ A1) Py — %(A’léa)A)’\"]M.
Recalling that (A~1)", = A", we have

(ATTSwAY™ = (AT 80 A = 8w A} A S,
(A 'Swa+ A"6e)" = (A7), (80 ay + Se*)

= A 8w a, + A oe"

1
= S0 (A ey — AVay) + 86" A L
We thus have

U YA, a)(1 + ise"P —ia w1 ) U(A
(A, a) (1 +i8e" Py ki Juw)U(A, a)

i
=1+ A/ Py = 80" (A A i+ (@A) = au A [)P).

Hence, for arbitrary §¢ and Sw, we have

U YA, 0P, U0 = AP,
UNA0JwUMBa) = AT+ (@A) —a,A )P

I
We further specialize to the following case:
AV =t + 8wt o =det.

P, transformation:

U1 + 8w, 8¢) P, U(1 + 8w, 88) = Py, + Swy, P
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We recall

U(1 + 8w, 8¢) 1+i8e" P, — £80™ [y,
Ul (146w,8e) = 1—i8e"P, + 580™ [y

To the first order in the infinitesimals, 8¢ and §w, we have
fQ D i s v
P, —i8e"[P,, P ] + an Uni» Pu]l = Py + Sy PP
From 8¢ term, we obtain
[P, P,] =0. (10.7.4)
From Sw term, we observe
v Ak 1 s
Swyy P’ = 8™ 0y, P = i&o (M Pe — i Pa),
and obtain
i[P;L:]AK] = nK,u.PA - nMI.PK- (1075)
J,v transformation:
U™ (A, @) U(A, ) = Juw — 80, oy — 80, Juc + 86, Py — 8&, Py
Thus we have
) i
Juv — 188 [Po, Juv] + an“wk, Juw) = Juv + 82, Py = 88, Py — 8, oy — 8, J -
We observe that

80, o + 80, e = N80 Joy 4 10280 J i
1
= EBO)AK (n;uc]vk - UMAJUK + 77U)J;uc - 77\)/(];1,)\)'
We thus obtain
iU;w:]AK] = nu)Jw( - r]lu(_]l})\ + TIW(];M - 7]ka;}./(~ (1076)
We finally consider the transformation property of the field operator with the

allowance for the case of the multicomponent field operator. Transformation law of
the field operator is given by

V(%) — U(A, @), (x) U™ (A, ) = (L7 (A)) o Yo (¢)-
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Infinitesimal translation:

U(L,8e) = 1+i8e"P,,

XM = xM 4 ek (L(A =1))po = po-

We observe that

Urp () 18" (P i (4)] = Urp (¢ + 8) = () + 8678, ().
We thus obtain

[Py, ()] = 0 (). (10.7.7)
Infinitesimal rotation:

Ul+68w,0) = 1— L8],

i
XM = x4 8x,, (L1 4+ éw))ps = (1 + E&UW Suv)po-

We observe that

(%) — éawﬂ“wu, V(9] = (1 - %Jw”vsuv)pa% (¥ + 80 - %)
=(1- %‘awws,w)m(lz?(, (%) + 8™ %, 8, o (%))
=Vp(x) — %5w“”(5uu)potffa (%) + 800" x,8,, 1, (%)
=Vp(x) — %M“”(Suu)pa%(x) + %Bw““(xvau — %,00) ¥y (%)
We thus obtain
Uiws o ()] = (Suw) po Vo (%) + 1308y — %,,80) ¥ (%)
= (Su)po Vo (%) + (xu%av - xu%am/?p(x). (10.7.8)

The mixing matrix S, of the multicomponent field is thus identified as the spin
of the field operator.

10.8
Conservation Laws and Noether’s Theorem

There exists the close relationship between the continuous symmetries of the
Lagrangian L(q,(t), g-(t), t) (the Lagrangian density £(¥4(x), 9,,14(x))) and the con-
servation laws, commonly known as Noether’s theorem.
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We shall first consider classical mechanics, described by the Lagrangian
L(gr(t), - (%), ). Suppose that when we perform the variation,

gr(t) — qr(t) + 89 (1),
we have
8L(ar (), qr (1), 1) = %BA, (10.8.1)

where §A is the function of ¢,(t)’s and ¢, (t)’s. Then, without the use of Lagrange
equation of motion, we have

i[aLa + s } YN,
o T TR R '
Now, with the use of Lagrange equation of motion, we have

S f

d (oL oL d d d 9L

T\ 9 r ——0q, | — —=0A = — —348g, —S6A | =0.
Z[dt<aq7>8q +8qr dtsq] dt(s dt |:Z aqrsq ' :| ’

r=1 r=1

(10.8.2)
We have the conserved Noether charge §Q as
f
oL
8Q = —8q, — SA, 10.8.3
Q ; R (10.8.3)

which is independent of ¢.
For the ease of presentation, we consider the n particle system with the three
spatial dimension,

Yo = (Ba-1)41 Bla-1)+2, Ba-143), a=1,...,n, f=3n

(1) 8x, = 8, a fixed displacement with L(qy, g, t) invariant,

n n n
8Q=) pa-8=8"> pa=8-» Vgl
a=1 a=1 a=1

Ve co Lo L0
g —€x— +eé— t+é;—.
0%, oy, 0z,

The following quantity is conserved:

n
P=>) VL (10.8.4)
a=1
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Total momentum conservation results from the translational invariance of L.
(2) 8x, = 860 x x,, a fixed rotation about the origin with L(g, g, t) invariant,

n n
5Q =) Vi L (80 xX3) =80+ Xy X Vy,L.
a=1 a=1
The following quantity is conserved:
n
L= x,x VgL (10.8.5)
a=1
Total angular momentum conservation results from the rotational invariance of L.
(3) The Lagrangian L(gy, g, t) does not depend on t explicitly. Then we have
39, = @8t and 8g,() = G0t under t—> t+ 68,
so that, with the use of Lagrange equation of motion, we have
f f
oL aL d dL oL d
5L = g —G | St = — g+ ——q |5t
2 [aqr " 5 q’] 2 [(dt aqr> " 5 dtq']

r=1

f
a L\ . aL
T 2 [(3_(1,) q’] o= g0

r=1

The following quantity is conserved:
E= Z %q — L. (10.8.6)

Total energy conservation results from the explicit t independence of L.
We shall now consider classical field theory, described by the Lagrangian density
L(Ya(x), 3, ¥a(x)). Suppose that when we perform the variation,
Va(X) = Val(x) + v (x),
we have §L(V4(x), 9, ¥a(x)) as
SL(Wa(x), 9ua(x)) = 3,8 AF, (10.8.7)
where §A* is the function of ¥, (x)’s and 9,V,(x)’s. Then, without the use of

Euler—Lagrange equation of motion, we have

L AL
Xa: [a—%wa + WN%W)] — 8, 8A" =0.
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Now, with the use of Euler—Lagrange equation of motion, we have

oL oL
; [(3 a(%%)) RERNTER) a“‘a‘”“)] ~ BB

L
=9, [Xa: mam - 8A“i| =0. (10.8.8)

We have the conserved Noether current SC* as

L
§CH =) wldya — A", with 7l = . (10.8.9)
a

(3 ¥a)
(4.) 8x* = &*, a space—time translation with &* constant
SYa = "W, and SAF =ehL,

where we assume that the Lagrangian density £ has no explicit space—time
dependence.
The conserved “current” § C* is given by

8CH =Y mlet i, — ML =g, (Z 9 e — "”A[:) :
a a

We call the object in the bracket as the canonical energy—momentum tensor @+,

O = gl ot . — "L, with 8,0" =0. (10.8.10)
a

We can define the conserved four-vector P*, from the canonical energy—
momentum tensor @** given above, by

- d

Pt = / #x%0%  such that ﬂp* =0, (10.8.11)
x

which is the energy—momentum conservation law. The space—time translation

charge P* generates the space—time translation as it should.

(5) 8" = eqp(n**xP — nPrx®), Lorentz transformation with &, infinitesimal and

antisymmetric with respect to « and 8,

8a = eapldun(x°0F — xP0%) + SI2, .
Here, SZ} ),\b) is the spin matrix of the multicomponent field v,, given by

0 for scalar field,
Sty =1 (/2" y"la for spinor field, (10.8.12)
8’;8% — 828’; for vector field.
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Since the Lorentz transformation law is coordinate dependent, the derivative of the
field variable, 9,,,, transforms as

89, Va = eu {8un (60" — 50%) + {0, Yo + S0 — nffo®) [,

resulting in the Lorentz covariance condition

o L o o
Tua S U+ 5" Suy ¥ = 70 =75 e,

SA" = eag(n"Px* — " *xP)L.

The conserved “current” §C* is given by

5CH = () Sa — SAM) = eqp (0" — XPO1 17 S0, ).

We write the third-rank tensor inside the bracket as
MM = 2@ — xPer 4 n;sffb)pr, with 9, M"*# = 0. (10.8.13)

We can define the conserved second-rank tensor L%, from the third-rank tensor
MHep given above, by

. d
1%F — / #xM% | such that WLO"B =0, (10.8.14)
%

which is the angular momentum conservation law. To be more precise, the spatial
(i,j)-components provide the angular momentum conservation law and the time-
spatial (0, k)-components provide the conservation law of the Lorentz boost charge.
The conserved Lorentz charge L% generates the Lorentz transformation as it
should.

The energy—momentum tensor ®** is not symmetric with respect to i and A
in general. We can construct the symmetric energy—momentum tensor T** from
the explicit inclusion of the spin degrees of freedom. We define the symmetric
energy—momentum tensor T** by

Tp,k — @,U.)» + 9, ¢GV«)»Y (10.8.15)
with
1
PoHE — 5 Z(”g Sﬁjb) _ néxsa\h) _ ﬂgsi’a/fb)),/,b. (10.8.16)
a,b

The new tensor T#* differs from the old tensor @** by the divergence of ®*#* with
respect to x°. The construction of the symmetric energy—momentum tensor T
is properly accomplished with the inclusion of the spin degrees of freedom. We
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can define the conserved four-vector P*, from the symmetric energy—momentum
tensor T** given above, by

P = / PET%  such that d%ﬁk =0, (10.8.17)

with the requisite identity, P* = P*.
We can also define the third-rank tensor M**# in terms of the symmetric
energy—momentum tensor T*# given above by

MHeB = xoTHE _ P THY with g, MMP =0, (10.8.18)

also leading to the angular momentum conservation law
Tap 321 0ap d Tap
[ = | #ZM*P suchthat 51 =0, (10.8.19)
x

with the requisite identity L% = [

The space—time translation and the Lorentz transformation are unified to
the 10-parameter Poincaré transformation. Beyond the 10-parameter Poincaré
transformation, we have the 15-parameter conformal group, which constitutes the
space—time translation, the Lorentz transformation, the scale transformation (the
dilatation) and the conformal transformation, where the last one consists of the
inversion, the translation followed by the inversion.

We consider the scale transformation and the conformal transformation.

(6.) 8x* = xt8p, the scale transformation with 8p infinitesimal,

8Ya = 8p(d+ x - 0)Va,

and
SAH* = Spxt L,

with the scale invariance condition

oL
—4L + mya(d+ 1) Yo +

RAUM Ve =0,

where d is the scale dimension of the field ¥, given by

1, for  boson field,

d= 3,2, for fermion field.

(10.8.20)

The above-stated scale invariance condition demands that the scale dimension of
the Lagrangian density £ must be 4. Namely, any dimensional parameter in the
Lagrangian density £ is forbidden for the scale invariance . The mass term in the
Lagrangian density violates the scale invariance condition.
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The conserved “current” § C* is given by
SCH = 718y — SAM = 8p(xa O + 7 - d - ).
We write the four-vector inside the bracket as
D' =%, 0" 47wl -d-,, with 9,D" =0. (10.8.21)

The dilatation charge D is given by

D= / $%D°  such that diODz 0. (10.8.22)
X

The dilatation charge D generates the scale transformation as it should.
(7.) 8xH = 8cq(2x% %" — n**x?), the conformal transformation with the four-vector
8¢, infinitesimal,

S = 8cq [ (235 — 1™ 3)0ua + 23, (B d = Sl

and
SAM = Scu (2% xH — n*MxP) L,

with the scale invariance condition

0L
Va

—AL + 7pa(d + 1) Y + <d-Y, =0,

plus the second condition that the field virial V* defined below must be a total
divergence,

VI = aa(Bapn ™' d — Sy )y = 8107

for some o*#,
The conserved “current” § C* is given by

8CH = dcg (25, — 1fx?)OM + 2yl (Sapnd — (i) ¥ — 20°%).
We write the second-rank tensor inside the bracket as

K = (2x%x, — 0§ x*)O" + 2x,7) (Sapn™d — Sy ), — 20,

with 3, K** = 0. (10.8.23)

The conformal charge K* is given by

- d
K* = / #%K*®  such that ﬂK‘x =0. (10.8.24)
X
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The conformal charge K* generates the conformal transformation as it should.

In contradistinction to the infinitesimal transformation forms discussed above,
the geometrical meaning of the scale transformation and the conformal transfor-
mation becomes clear in the finite transformation forms

scale transformation Xt = exp[p]x*,
conformal transformation x* = (x* — c*x?)(1 — 2cx + 2x?) "L

The conformal group as a whole is not the invariance group of the nature. The
mass term in the Lagrangian density violates the scale invariance. If the scale
transformation is the symmetry transformation of the theory, the theory must
possess the continuous mass spectrum, which is not the case in the nature. Still
for the conformal field theory, the conformal group is important.

All of the transformations discussed above, specifically, the space—time trans-
lation, the Lorentz transformation , the scale transformation and the conformal
transformation are space—time coordinate dependent. Generally, for the space—time
coordinate transformation, we have §A* # 0. On the other hand, for the internal
transformation, we have SA* = 0.

The global internal symmetry, which is space—time independent, results in the
internal current conservation. Extension to the local internal symmetry which is
space—time dependent is accomplished with the introduction of the appropriate
gauge fieldsby invoking Weyl’s gauge principle. This has been discussed in the
next section.

10.9
Weyl’s Gauge Principle

In electrodynamics, we have a property known as the gauge invariance. In the theory
of gravitational field, we have a property known as the scale invariance. Before the
birth of quantum mechanics, H. Weyl attempted to construct the unified theory
of classical electrodynamics and gravitational field. But he failed to accomplish his
goal. After the birth of quantum mechanics, he realized that the gauge invariance
of electrodynamics is not related to the scale invariance of the gravitational field,
but is related to the invariance of the matter field ¢(x) under the local phase
transformation. The matter field in interaction with the electromagnetic field has
a property known as the charge conservation law or the current conservation law. In
this section, we discuss Weyl’s gauge principle for the U(1) gauge field and the
non-Abelian gauge field, and Kibble’s gauge principle for the gravitational field.

Weyl’s gauge principle: Electrodynamics is described by the total Lagrangian
density with the use of the four-vector potential A, (x) by

Liot = Lmatter ($(%), P (%)) + Lint( (%), Ay (%)) + Lgauge (A (¥), v Ay (%))

(10.9.1)
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This system is invariant under the local U(1) transformations

Au(x) = Al (x) = Au(x) — e (%), (10.9.2)
¢(x) = ¢'(x) = exp[ige (x)]¢ (x). (10.9.3)

The interaction Lagrangian density Lint(¢(x), A, (%)) is generated by the substitution
9up(¥) = Du(x) = (9 + iqAu(x))$(x), (10.9.4)

in the original matter field Lagrangian density Limatter (¢ (x), 0, ¢(%)). The derivative
D, ¢(x) is called the covariant derivative of ¢(x) and transforms exactly like ¢(x),

Du¢(x) — (Dud(x)) = explige(x)]Du(x), (10.9.5)

under the local U(1) transformations, Eqs. (10.9.2) and (10.9.3).
The physical meaning of this local U(1) invariance lies in its weaker version, the

global U(1) invariance, namely,

e(x) = ¢, space—time independent constant.
The global U(1) invariance of the matter field Lagrangian density,

Linater (¢ (%), 9.9 (%)),
under the global U(1) transformation of ¢(x),

o(x) > ¢ (x) = explige]p(x), & = constant, (10.9.6)
in its infinitesimal version,

3p(x) = igepp(x), & = infinitesimal constant, (10.9.7)

results in

a‘cmatter((p(x)r 8,L¢(x)) 5(/)(96) + 3£matter(¢(x)r 3p.¢(x))8
99 (x) (0,9 (x))

(Oup(x) =0.  (10.9.8)

With the use of the Euler—Lagrange equation of motion for ¢(x),

3£matter(¢(x)r 3M¢(x)) _ 3 acmatter(¢(x)r au¢(x))

I =0,
99 (x) 9(9,.9(x))

we obtain the current conservation law

duJimatter (%) = 0, (10.9.9)
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s]” (x) = 9 Linatter (P(x), 0P (x))
matter - B(Bptd)(x))

S¢(x). (10.9.10)
This in its integrated form becomes the charge conservation law,

a
anatter(t) = 07 (10.9.11)

Omatter(t) = / X e (b X). (10.9.12)

Weyl’s gauge principle considers the analysis backward. The extension of the
“current conserving” global U(1) invariance, Egs.(10.9.7) and (10.9.8), of the
matter field Lagrangian density Lmater(¢(X), 9,0 (%)) to the local U(1) invariance
necessitates
(1) the introduction of the U(1) gauge field A, (x), and the replacement of the
derivative 9,,¢ (x) in the matter field Lagrangian density with the covariant derivative

D,¢(x),
dud(x) = Dud(x) = (9u + 1gAL (%)) P(%), (10.9.4)
and

(2) the requirement that the covariant derivative D, ¢(x) transforms exactly like the
matter field ¢(x) under the local U(1) phase transformation of ¢ (x),

Duo(x) — (Ducp(x))’ = exp[iqe(x)] Do (), (10.9.5)
under
p(x) — ¢'(x) = explige (x)]o (x). (10.9.3)

From requirement (2), we obtain the transformation law of the U(1) gauge field
A, (x) immediately,

Au(x) = AL (%) = Au(x) — due(x). (10.9.2)

From requirement (2), the local U(1) invariance of Lpater(¢(X), Dy (x)) is also
self-evident. In order to give dynamical content to the U(1) gauge field, we
introduce the field strength tensor F,,(x) to the gauge field Lagrangian density
Legauge (A (x), 9,A,.(x)) by the trick,

[Dy> Dule(x) = iq(3, Av (%) — 80 Ay (%)) (%) = iqgFpun (%) (). (10.9.13)
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From the transformation law of the U(1) gauge field A, (x), Eq. (10.9.2), we observe
that the field strength tensor F,, (x) is the locally invariant quantity

Fuv(%) = F, (%) = 0, A, (%) — 9 A}, (%) = 3, A0(x) — 0y Ay (%) = Fuv(%).
(10.9.14)

As the gauge field Lagrangian density Lgauge (Ay (%), 3, A, (%)), we choose
1
Caange(Au(x), By A (1)) = =7 Fuo(0)F* (). (10.9.15)

In this manner, we obtain the total Lagrangian density of the matter-gauge system
which is locally U(1) invariant as

Liot = Liatter(P(X), Duo(x)) + Egauge(F;w (%))- (10.9.16)

We obtain the interaction Lagrangian density Lin(¢(x), Ay (X)) as

Lint(@ (%), Au (%)) = Latter (P(x), D@ (%)) — Liatter ($(%), 3 b (%)), (10.9.17)

which is the universal coupling generated by Weyl’s gauge principle. As a result of
the local extension of the global U(1) invariance, we derived the electrodynamics
from the current conservation law, Eq. (10.9.9), or the charge conservation law,
Eq. (10.9.11).

We shall now consider the extension of the present discussion to the non-Abelian
gauge field. We let the semisimple Lie group G be the gauge group. We let the
representation of G in the Hilbert space be U(g), and its matrix representation on
the field operator 4, (x) in the internal space be D(g),

U@)Vu(x)U™"(8) = Dum(@¥m(x), geG. (10.9.18)

For the elementg, € G continuously connected to the identity of G by the parameter
{eo})_,, we have

U(ge) = expliea Tyl = 1+ iq Ty + -+, Ty : generator of Lie group G,
(10.9.19)

D(g.) = expliegty] = 1 +iguty +---, t, : realization of T, on ¥, (x),
(10.9.20)

[To, Tg] = iCapy Ty (10.9.21)

[ta, tg] = iCapyty . (10.9.22)
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We shall assume that the action functional Ipaye[tn] of the matter field
Lagrangian density Limatter (¥n (), 0 ¥n (%)), given by

Innatter[Yn] = / A% Lonater (U (%), 8, ¥n (%)), (10.9.23)
is invariant under the global G transformation,
3Yn(x) = igq (ta)nm¥m(x), €y = infinitesimal constant. (10.9.24)

Namely, we have

aLmatter(‘/’n(x)r ap. Wn(x)) a‘cmatter(lpn(x)y ap_ Y (x)) s

SYrn(x) + 0, Yn(x)) = 0.
3Un) ¥n(x) 30 m () (0 ¥n(x))
(10.9.25)
With the use of the Euler—Lagrange equation of motion,
acmatter(‘//(x): 3mlf(x)) . M(acmatter(w(x)r 3;41/1(96)) -0, (10.9.26)
dYn(x) (3 ¥rn(x))
we have the current conservation law and the charge conservation law,
al/«](l;,matter(x) =0, a=1,...,N, (10.9.273)
where the conserved matter current Jl, .uer (%) is given by
aﬁmaﬁer(w(x)ra 1//(x))
Ea i matter (%) = Sy (), 10.9.27b
S ) TORT ) (109:27b)
and
d matter
Z AW =0, a=1...N (10.9.28a)
where the conserved matter charge Q"' (t) is given by
Qumatter () — / BE e (B%), @ =1,...,N. (10.9.28b)

Invoking Weyl’s gauge principle, we extend the global G invariance of the matter
system to the local G invariance of the matter-gauge system under the local G
phase transformation,

8Yn(x) = ieq (%) (ta) nmVm(X)- (10.9.29)

Weyl’s gauge principle requires the following:
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(1) the introduction of the non-Abelian gauge field Ay, (x) and the replacement
of the derivative 9,y (x) in the matter field Lagrangian density with the covariant
derivative (D, (X))n,

OuWn(%) = (D (%) = @ubnm + ity )nmAy (%)) Y (x), (10.9.30)
and

(2) the requirement that the covariant derivative (D, ¥ (x)), transforms exactly like
the matter field v, (x) under the local G phase transformation of ¥,,(x), Eq. (10.9.29),

8Dy (%))n = i€ (%) (te)nm (D ¥ (%)) m» (10.9.31)
where t, is the realization of the generator T, upon the multiplet 1/, (x).

From Egs. (10.9.29) and (10.9.31), the infinitesimal transformation law of the
non-Abelian gauge field A, (x) follows,

8 Aap (%) = —Bu€a(%) + igp(0) (5 )y Ay () (10.9.32a)

= — 0,60 (%) + £4 (%) Coay Ay (%). (10.9.32b)
Then the local G invariance of the gauged matter field Lagrangian density
Lmatter (¥ (%), D, (x)) becomes self-evident as long as the ungauged matter field
Lagrangian density Lmater (¥ (%), 9% (%)) is globally G invariant.

In order to provide dynamical content to the non-Abelian gauge field Ay, (x), we
introduce the field strength tensor F, . (x) by the following trick:

[Dyes DY (%) = () Fyps (4)9 () (10.9.33)

Fypv (%) = 8 Ay (%) — 9uAy (%) — Copy Aup (%) Apv (%) (10.9.34)
We can easily show that the field strength tensor F,,,(x) undergoes the local G
rotation under the local G transformations, Egs. (10.9.29) and (10.9.32a), under the

adjoint representation

8Fy (%) = iea (%) (") 5 Fpyon (%) (10.9.35a)

= €a(%) Cayp Fppun (%)- (10.9.35b)

As the Lagrangian density of the non-Abelian gauge field Ay, (x), we choose

1
Lgauge(Aypn(¥), Ay (¥) = = 7 Fyun (%) F " (). (10.9.36)
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The total Lagrangian density Ly, of the matter-gauge system is given by
Ltotal = Ematter(l//(x)r Du‘/’(x)) + [:gauge(Fyuv (x)) (10937)

The interaction Lagrangian density Ly, consists of two parts due to the nonlinearity
of the field strength tensor F,,,, (x) with respect to A, (x),

Eint - [fmatter(w(x)? D/ﬂ/f(x)) - [/mat‘ter(w(x)r aul/f(x))
+Lgauge(Fyn () — Lesige(Fyun (4)), (10.9.38)
which provides the universal coupling just like the U(1) gauge field theory.

The conserved current J// total(¥) and the conserved charge {QLal(HIN_, after the
extension to the local G invariance also consist of two parts,

__ 1 gauged _ (SItotal[‘//: Aau]
Z,total(x) = Ja,matter (x) +.]g,gauge(x) = W’ (10'9-393-)

loalV, Aay] = / d*%(Linater (¥ (%), D (%)) + Loauge(Fyuv (x)}, (10.9.39b)

N d,, - N
QU (1) = Qe () + QF" (1) = / PR Ster (6,3) + O gauge (b 5)-
(10.9.40)

We note that the gauged matter current J/; gaugEd(x) of Eq. (10.9.39a) is not identical

«,matter

to the ungauged matter current J}, e, (%) of Eq. (10.9.27b):

0 Lmatter (¥ (%), 0 (x)) 5
(0, ¥n(x))

sa]g,matter(x) Of(10'9'27b) = ')//n(x):

whereas after the local G extension,

Limatter (V (), Dyt (x))
D)
9 Lmatter (¥ (%), Dpr (%)) .
= 3(Dud () i€q (ta)nm ¥ (%)
aﬁmatter(‘/f(x): D/ﬂ//(x)) 8(D,)1//(x))n
(Do (x))n 9 Ay (%)
0 Lmatter (Y (%), Dp ¥ (%))
1 Aar ()

) d
=g, 188y D). 10.9.41
& (SAap, (x) matter [1)// M]/’] ( )

9
£oJl B8 () of (10.9.392) =

«,matter

- cu

— 1

d . o
Here we note that IS5 [y, D, %] is not identical to the ungauged matter ac-

tion functional Imaer[¥y] given by Eq. (10.9.23), but is the gauged matter action
functional defined by

1521y, D,y = / d*%Lonatter (V (%), Dt (%)) (10.9.42)
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We emphasize here that the conserved Noether current after the extension of the
global G invariance to the local G invariance is not the gauged matter current
Zﬁf;f:rd(x) but the total current J” oral (%), EQ. (10.9.392). At the same time, we
note that the strict conservation law of the total current J* total(¥) 1s enforced at
the expense of loss of covariance, which we will see further . The origin of this
problem is the self-interaction of the non-Abelian gauge field Ay, (x) and the
nonlinearity of the Euler—Lagrange equation of motion for the non-Abelian gauge
field Ay, ().

We shall make a table of the global U(1) transformation law and the global G
transformation law.

Global U(1) transformation law  Global G transformation law

5Yn(x) = iequin(x), charged  8Yn(x) = it (fa)nmUm(x), charged

8A,(x) =0, neutral 8Aau(x) = ie,g(t;dj)wAW(x), charged.
(10.9.43)

In the global transformation law of internal symmetry, Eq. (10.9.43), the matter
fields ¥, (x) which have the group charge undergo global (U(1) or G) rotation.
As for the gauge fields, A, (x) and Ay, (x), the Abelian gauge field A, (x) remains
unchanged under global U(1) transformation while the non-Abelian gauge field
Ay, (x) undergoes global G rotation under global G transformation. Hence the
Abelian gauge field A, (x) is U(1l)-neutral while the non-Abelian gauge field
Ayu(x) is G-charged. The field strength tensors, F,,(x) and Fg,,(x), behave
like A,(x) and Ayu(x), under global U(l) and G transformations. The field
strength tensor F,,(x) is U(1l)-neutral, while the field strength tensor Fg,,(x)
is G-charged, which originates from their linearity and nonlinearity in A, (x) and
Aqpu(x), respectively.

Global U(1) transformation law  Global G transformation law
8F,(x) =0,  neutral 8 Fayun(%) = i€ (£ Jay Fypuv (), charged.
(10.9.44)

When we write the Euler—Lagrange equation of motion for each case,
the linearity and the nonlinearity with respect to the gauge fields become
clear.

Abelian U(1) gauge field non-Abelian G gauge field.
3y F' (%) = jhatrer (%), linear Did] Fy" (%) = Jty matter (¥), nonlinear.
(10.9.45)

From the antisymmetry of the field strength tensorwith respect to the Lorentz
indices, u and v, we have the following current conservation as an identity:
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Abelian U(1) gauge field nc:g-’i\belian G gauge field (10.9.46)

aujﬁlatter(x) =0. DM .]a,matter(x) =0.

Here we have

DY =3, + itV A, (). (10.9.47)

As a result of the extension to the local (U(1) or G) invariance, in the case of the
Abelian U(1) gauge field, due to the neutrality of A, (x), the matter current ji o (%)
alone that originates from the global U(1) invariance is conserved, while in the
case of the non-Abelian G gauge field, due to the G-charge of A, (x), the gauged
matter current jj, ..o (%) alone that originates from the local G invariance is not
conserved, but the sum with the gauge current jﬁ,gauge(x) which originates from the
self-interaction of the non-Abelian gauge field Ay, (x) is conserved at the expense
of the loss of covariance. A similar situation exists for the charge conservation
law.

Abelian U(1) gauge field non-Abelian G gauge field
4 gmatter(y) = 0, 4ol = 0. (10.9.48)

Qmatter(t) = f % 'jronatter(ty ;C) Q;Ot(t) = f Px '.jg,tot(t’ ;C)

We discuss the finite gauge transformation property of the non-Abelian gauge
field Ay, (x). Under the finite local G-phase transformation of ¥, (x),

V(%) = V(%) = (explice (%)ta])nmPm(x), (10.9.49)

we demand that the covariant derivative D,, 1/ (x) defined by Eq. (10.9.30) transforms
exactly like ¥ (x),

Dy (%) = (Du¥ (%)) = (9 + ity A, () (%)
= explicq (X)ta] Dy (x). (10.9.50)

From Eq. (10.9.50), we obtain the following equation:
expl—ica (X)ta](dy + ity Ay, (x)) explica (x)ta]¥ (¥) = (3 + ity Ay () ¥ (%).
Canceling 9, ¥ (x) term from both sides of the above equation, we obtain

expl—ieq (¥)ta](dy explics (¥)ta]) + exp[—ica (¥)ta](ity A}, (x)) expliey (¥)ta]
= ity Ay (%)
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Solving the above equation for t, A}, (x), we finally obtain the finite gauge transfor-
mation law of A}, (x),
t,A

u®)

= explica (¥)ta]{ty Ay, (%) + exp[—iep (x)tp](i0, explies (x)tp])} exp[—ieq (X)ta]-
(10.9.51)

At first sight, we get the impression that the finite gauge transformation law of
Al (%), (10.9.51), may depend on the specific realization {t},}i’=1 of the generator
{T],})I:’:1 upon the multiplet ¥/ (x). Actually, A}, (x) transforms under the adjoint

representation {tidi}yzl. The infinitesimal version of the finite gauge transforma-
tion, (10.9.51), does reduce to the infinitesimal gauge transformation, (10.9.32a)
and (10.9.32D), under the adjoint representation.

Unity of All Forces: Electro-weak unification of Glashow—Weinberg—Salam is
based on the gauge group

S U(z)weak isospin X U( 1 )weak hypercharge-

It suffers from the problem of the nonrenormalizability due to the triangular
anomaly in the lepton sector. In the early 1970s, it is discovered that non-Abelian
gauge field theory is asymptotically free at short distance, i.e., it behaves like a
free field at short distance. Then the relativistic quantum field theory of the strong
interaction based on the gauge group SU(3)color is invented and is called quantum
chromodynamics.

Standard model with the gauge group

SU(?’)color X SU(Z)weak isospin X U(l)weak hypercharge,

which describes the weal interaction, the electromagnetic interaction and the strong
interaction is free from the triangular anomaly. It suffers, however, from a serious
defect; the existence of the classical instanton solution to the field equation in the
Euclidean metric for the SU(2) gauge field theory. In the SU(2) gauge field theory,
we have the Belavin—Polyakov—Schwartz—Tyupkin instanton solution which is a
classical solution to the field equation in the Euclidean metric. A proper account
for the instanton solution requires the addition of the strong CP-violating term to
the QCD Lagrangian density in the path integral formalism. The Peccei—Quinn
axion and the invisible axion scenario resolve this strong CP-violation problem. In
the grand unified theories, we assume that the subgroup of the grand unifying
gauge group is the gauge group SU(3)color X SU(2)weak isospin X U(1)weak hypercharge-
We now attempt to unify the weak interaction, the electromagnetic interaction and
the strong interaction by starting from the much larger gauge group G which is
reduced to SU(3)color X SU(2)weak isospin X U(1)weak hypercharge and further down to
SU(3)color X U(1)EM.-
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Gravitational field: We can extend Weyl’s gauge principle to Utiyama’s gauge
principle and Kibble’s gauge principle to obtain the Lagrangian density for the
gravitational field. We note that Weyl’s gauge principle, Utiyama’s gauge principle
and Kibble’s gauge principle belong to the category of the invariant variational
principle.

R. Utiyama derived the theory of the gravitational field from his version of the
gauge principle, based on the requirement of the invariance of the action functional
I[¢] under the local 6-parameter Lorentz transformation. T.W.B. Kibble derived the
theory of the gravitational field from his version of the gauge principle, based
on the requirement of the invariance of the action functional I[¢] under the local
10-parameter Poincaré transformation, extending the treatment of Utiyama.

We let ¢ represent the set of generic matter field variables ¢, (x), which we regard
as the elements of a column vector ¢(x), and define the matter action functional
Imatter[¢] in terms of the matter Lagrangian density Lmatter (¢, 9,.¢) as

Imatter[®] = /d4x£matter(¢r 3M¢) (10.9.52)

We first discuss the infinitesimal transformationof both the coordinates x* and
the matter field variables ¢(x),

= X=X+ Sx, P(x) > (X)) = P(x) + SP(x), (10.9.53)

where the invariance group G is not specified. It is convenient to allow the possibility
that the matter Lagrangian density Lmater explicitly depends on the coordinates x*.
Then, under the infinitesimal transformation, (10.9.53), we have

il £matter il Ematter a ﬁmatter
8 Lomatter = ) 8(0
atte 3¢ d’ + 8(8M¢) ( lt¢) +

Sxt.

dxt ¢ fixed

It is also useful to consider the variation of ¢(x) at a fixed value of x*,

Sodp = ¢/ (x) — P(x) = ¢ — 5x"Dup. (10.9.54)
It is obvious that §) commutes with 9,,, so we have

8(0,9) = 0,,(50) — (3,,6%") 3. (10.9.55)

The matter action functional, (10.9.52), over a space—time region 2 is trans-
formed under the transformations,(10.9.53), into

matter

patter[ 2] = /Q Lo () det(d, %) d* x.
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Thus the matter action functional Iauer[€2] over an arbitrary region  is invariant
if

8 Lonatter + (9,06%") Lonatter = 80 Lmatter + 0 (5" Lanatter) = 0. (10.9.56)

We now consider the specific case of the Poincaré transformation,

1
B = sl 4, 89 = SIS0, (10.9.57)
where {¢"} and {¢""} with e"" = —¢"# are the 10 infinitesimal constant parameters
of the Poincaré group, and S,,, with S,, = —S,,,, are the mixing matrices of the

components of a column vector ¢ (x) satisfying
[Suw Spa] = i(nvpsua + 77;/.0 Svp — o S,u.p - nup Svo)-

{S,w} will be identified as the spin matrices of matter field ¢ later. From
Eq. (10.9.55), we have

L. oo S P
8(0u0) = 56”7 S0 — ie[0,0. (10.9.58)
Since we have 9, (§x*) = ¢}, = 0, the conditions, (10.9.56), for the invariance of the
matter action functional Iyayer[¢] under the infinitesimal Poincaré transformations,
(10.9.57), reduce to

Sﬁmatter =0,

and result in 10 identities,

el £matter a ﬁmatter a ﬁmatter
CEMANE ) Lomatter — 3, — 9,0,6 =0, 10.9.59
OxP 0 atte: 8¢ p¢ a(au¢) 0 [Ld) ( )
0L matter . 0 Lmatter .
5“; TSyt + a(;;)r (iSpo 3@ + Nupdo® — Nuo o) = 0. (10.9.60)

The conditions (10.9.59) express the translational invariance of the system and are
equivalent to the requirement that Lpayer is explicitly independent of x*. We use
the Euler—Lagrange equations of motion in Egs. (10.9.59) and (10.9.60), obtaining
the ten conservation laws, which we write as

Ty =0, 0u(Shy =% T4 +%T,) =0, (109.61)
9L oL
TH = e 3¢ — 85 Linatter,  Shy = —i TS Spo®- (10.9.62)

’(0u9) 3(9u9)
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The ten conservation laws, Egs. (10.9.59) and (10.9.60), are the conservation laws
of energy, momentum, and angular momentum. Thus {S,,, } are the spin matrices
of matter field ¢ (x).

We shall also examine the transformations in terms of the variation §o¢, which
in this case is

, 1, 1 1
Sop = —ie”dpp + zts”"(Sm + %5505 — X5 < 0,). (10.9.63)
i i

On comparing with Weyl’s gauge principle, the role of the realizations {t,} of the
generators {T,} upon the multiplet ¢ is played by the differential operators,

1 1 1
?ap and Spg+xp?8[,—xagap.

Then, by the definition of the currents, we expect the currents corresponding to &
and &7 to be given, respectively, by

— 8 E matter

= 0(0.9)

9, and Ji =Si —x, % T4+ % % JE. (10.9.64)
In terms of §p, however, the invariance condition (10.9.56) is not simply
80Lmatter = 0, and the additional term 8x”9, Lmatter results in the appearance of
the term 9, Lmater in the identities (10.9.59) and thus for the term 8}, Liatter in T .

We shall now consider the local 10-parameter Poincaré transformation in which
the 10 arbitrary infinitesimal constants, {¢#} and {¢""}, in Eq. (10.9.57) become the
10 arbitrary infinitesimal functions, {¢*(x)} and {¢""(x)}. It is convenient to regard

e(x) and &*(x) = el (x)x" + ¥ (x),

as the 10 independent infinitesimal functions. Such a choice avoids the explicit
appearance of x*. Furthermore, we can always choose ¢/ (x) such that

E(x)=0 and e"(x)#0,
so that the coordinate and field transformations are completely separated.
Based on this fact, we use the Latin indices for £¥(x) and the Greek indices for

&" and x/*. The Latin indices, i, ], k, . . ., also assume the values 0, 1, 2, and 3. Then
the transformations under consideration are

Sx = gM(x) and Sp(x) = %ieij(x)sijd)(x), (10.9.65)
or

Bog(x) = —&E"(x)0.0(x) + %ia’j(x)squ’)(x). (10.9.66)
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This notation emphasizes the similarity of the £%(x) transformations to the linear
transformations of Weyl’s gauge principle. Actually, in Utiyama’s gauge principle,
the &¥(x) transformations alone are considered in the local 6-parameter Lorentz
transformation . The &/ (x) transformations correspond to the general coordinate
transformation.

According to the convention we just employed, the differential operator d,, must
have a Greek index. In the matter Lagrangian density Lpauer, Wwe then have the two
kinds of indices, and we shall regard L,uer as a given function of ¢(x) and 5k¢(x),
satisfying the identities, (10.9.59) and (10.9.60). The original matter Lagrangian
density Lmater is obtained by setting

(%) = 8} Dup(x).

The matter Lagrangian density £paier iS not invariant under the local 10-parameter
transformations, (10.9.65) or (10.9.66), but we shall later obtain an invariant
expression by replacing dy¢(x) with a suitable covariant derivative Dyg(x) in the
matter Lagrangian density Lmatter-

The transformation of 9,,¢(x) is given by

1, . 1 ..
80ud = SieS0u0 + S i0ue") Sy — (0u8") (000, (10.9.67)
and the original matter Lagrangian density Lmager transforms according to
sL = —(0,8°)J" — 1i(a el)st
matter = " o 2 " i

We note that it is J), instead of T that appears here. The reason for this is that we
have not included the extra term (9,,6%") Lmater in Eq,(10.9.56). The left-hand side
of Eq. (10.9.56) actually has the value

1,
8 Linatter + (9u8%") Limavier = —(3,£°) TH — EL(E)Msi)sg‘..

We shall now look for the modified matter Lagrangian density £ ., which
makes the matter action functional Iyayer[¢p] invariant under (10.9.65) or (10.9.66).
The extra term just mentioned is of a different kind in that it involves Lyauer and
not 9L mater 8(5k¢). In particular, the extra term includes the contributions from
terms in Lmater which do not contain the derivatives. Thus it is clear that we cannot
remove the extra term by replacing the derivative 9, with a suitable covariant
derivative D,,. For this reason, we shall consider the problem in two stages. First,
we eliminate the noninvariance arising from the fact that 9,,¢(x) is not a covariant
quantity, and second, we obtain an expression L, ..., satisfying

8L,

matter

=0. (10.9.68)
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Because the invariance condition (10.9.56) for the matter action functional Iayer
requires the matter Lagrangian density L] ..., to be an invariant scalar density
rather than an invariant scalar, we shall make a further modification, replacing

L with £ which satisfies

’
matter matter’

8 Linatter + (36" Linatter = 0- (10.9.69)

The first part of this program can be accomplished by replacing %o I Lonatter
with a covariant derivative Dy¢ which transforms according to

1, .
8(Dug) = 5ie? (D) — iey(Digh)- (10.9.70)

The condition (10.9.68) follows from the identities, (10.9.59) and (10.9.60). To do
this, it is necessary to introduce 40 new field variables toward the end. We first
consider the ¥ transformations, and eliminate the 8, & term in (10.9.67) by setting

1 o
Diu¢ = 9 + 5 AuSig, (10.9.71)

where A}, with
A=A,

are 24 new field variables.
We can then impose the condition

1 .
5D o) = Eisysij(Dm #) — (3.8")(Dyy B), (10.9.72)

which determines the transformation properties of Az uniquely. They are
SAL = —0,67 + el Al + &L A¥ — (,")Al. (10.9.73)

The position of the last term in Eq. (10.9.67) is rather different. The term
involving 9,¢Y is inhomogeneous in the sense that it contains ¢ rather than 8, ¢,
but this is not true for the last term. Correspondingly, the transformation law for
Dy, ¢, (10.9.72), is already homogeneous. This means that to force the covariant
derivative Dy¢ to transform according to Eq. (10.9.70), we shall add to Dy, ¢ not a
term in ¢ but rather a term in D), ¢ itself. In other words, we merely multiply by a
new field,

Dy = €' Dy, ¢. (10.9.74)

Here, the ¢ are 16 new field variables with the transformation properties deter-
mined by Eq. (10.9.70) to be

S = (3,6")e) — ielel. (10.9.75)
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We note that the fields €] and AZ are independent and unrelated at this stage,
though they will be related by the Euler—Lagrange equations of motion.
We find the invariant matter Lagrangian density £/ defined by

matter

‘C;natter = »Cmatter((f), Dk¢),

which is an invariant scalar. We can obtain the invariant matter Lagrangian density
L wer» Which is an invariant scalar density by multiplying £/ ..., by a suitable
function of the new field variables,

‘Cﬁqatter = g‘c/matter = Cicmatter((ﬁy Dk¢)-

The invariance condition (10.9.69) for L/ is satisfied if a factor & itself is an

matter
invariant scalar density,
3E + (0,6")E = 0.

The only function of the new field variable ¢, which obeys this transformation law
and does not involve the derivatives is

&= [det(e})] ", (10.9.76)

where the arbitrary constant factor has been chosen such that £ =1 when ¢ is
set equal to 8. The final form of the modified matter Lagrangian density £/ ...,
which is an invariant scalar density is given by

[’/riiatter(d)’ Bltd)’ 6;:, A;JL = Sﬁmaﬁer((f), Dk(/))- (10977)

As in the case of Weyl’s gauge principle, we can define the modified current
densities in terms of Lyater (¢, D) by

85// t i aErna’cter k
Tkﬂ = ﬁ = geL |: a(Dkd’) Di¢p — 5,’ Lomatter | » (10978)
aL" oL
Sy = 2 = jgg T g, (10.9.79)
dA], 9(Drg)

where ¢}, is the inverse of ¢!, satisfying

iV Qv iU gl
.6 =9, €€ =4 (10.9.80)
In order to express the conservation laws of these currents in a simple form, we
extend the definition of Dy, ¢. Originally, it was defined for ¢(x), and is to be
defined for any other quantity which is invariant under the &* transformations
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and transforms linearly under the ¥ transformations . We extend D, to any
quantity which transforms linearly under the ¢¥ transformations by ignoring the
&M transformations altogether. Thus we have

Dyl = — Akl (10.9.81)

according to the e transformation law of ¢/'. We call this the ¢ covariant derivative.
We calculate the commutator of the ¢ covariant derivatives as,

1
[Diw» Dy} = iR U Siih, (10.9.82)
where Rijuv is defined by the following equation:

R, = 0,A%, —0,A, — Al A%+ Al A (10.9.83)

This quantity is covariant under the e transformations. RiJ. v is closely analogous to

the field strength tensor Fy,,, of the non-Abelian gauge field. RU,;V is antisymmetric
in both pairs of the indices.

In terms of the ¢ covariant derivative, the ten conservation laws of the currents,
(10.9.78) and (10.9.79), are expressed as

Dy (T'6}) + T, (Dy ¢) = SR, (10.9.84)
Dy 8% = Tt — Tyudl. (10.9.85)

Now we examine our ultimate goal, the Lagrangian density L of the “free”
self-interacting gravitational field. We examine the commutator of Dy and D; acting
on ¢(x). After some algebra, we obtain

1. .
[Dy, Dijp = ELRUleij(b — ', Dig, (10.9.86)
where
Rykl = eze;’R,w, Cikl = (efe;’ - ef‘e;)D‘U eL. (10.9.87)

We note that the right-hand side of Eq. (10.9.86) is not simply proportional to ¢ but
also involves D;¢.

The Lagrangian density L¢ for the “free” self-interacting gravitational field must
be an invariant scalar density. If we set Lg = ELo, then £ must be an invariant
scalar and a function only of the covariant quantities Rykl and Cikl. All the indices of
these expressions are of the same kind, unlike the case of the non-Abelian gauge
field, so that we can take the contractions of the upper indices with the lower
indices.
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The requirement that £, is an invariant scalar in two separate spaces is reduced
to the requirement that it is an invariant scalar in one space. We have a linear
invariant scalar which has no analog in the case of the non-Abelian gauge field,
namely, R = RUij. There exists a few quadratic invariants, but we choose the lowest
order invariant. Thus we are led to the Lagrangian density L for the “free”
self-interacting gravitational field,

1

Lo=—
P

ER, (10.9.88)

which is linear in the derivatives. In Eq. (10.9.88), k is Newton’s gravitational
constant.

So far, we have given neither any geometrical interpretation of the local ten-
parameter Poincaré transformation , (10.9.65), nor any interpretation of the 40 new
fields, ¢ (x) and A}l (x). We shall now establish the connection of the present theory
with the standard metric theory of the gravitational field.

Under the & transformation which is a general coordinate transformation,
¢, (x) transforms like a contravariant vector, while e"j (x) and A}, (x) transform like
covariant vectors. Then the quantity

8uv (%) = €, (¥)ers (%) (10.9.89)

is a symmetric covariant tensor, and therefore may be interpreted as the metric
tensor of a Riemannian space. It remains invariant under the ¥ transformations.
We shall abandon the convention that all the indices are to be lowered or raised by
the flat-space metric 7,,, and we use g,, (x) instead as the metric tensor. We can
easily show that

E=/—g(x) with g(x)= det(gu.u(x)). (10.9.90)

From Eq. (10.9.89), we realize that €] (x) and eﬁ(x) are the contravariant and
covariant components of a tetrad system in Riemannian space. The ¢V transforma-
tions are the tetrad rotations. The Greek indices are the world tensor indices and
the Latin indices are the local tensor indices of this system. The original generic
matter field ¢(x) may be decomposed into local tensors and local spinors. From
the local tensors, we can form the corresponding world tensors by multiplying by
¢ (x) or €! (x). ‘

For example, from a local vector v*(x), we can form the world vector as

V(%) = e (x)v'(x) and v, (x) = e, (X)vi(x). (10.9.91)
We note that

U (%) = g (¥)0" (%),
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so that Eq.(10.9.91) is consistent with the definition of the metric g,,(x),
Eq. (10.9.89).

The field Aij (%) is regarded as a local affine connection with respect to the tetrad
system since it specifies the covariant derivatives of local tensors or local spinors.
For a local vector, we have

DLv' = 9 4 AL,
{ u ! v (10.9.92)

N , [
Dyvi = 8vvJ—Ajvvl.

We notice that the relationship between Dy, ¢ and Di¢, (10.9.74), could be
written simply as

Du¢ = Dy o, (10.9.93)

according to the convention (10.9.91). We shall, however, make a distinction
between D, and D), for a later purpose. We define the covariant derivative of
a world tensor in terms of the covariant derivative of the associated local tensor.
Thus, we have

Dot = gDy =Bt 4 Ty, (10.9.94)
Dy, = eﬂD‘uv,' =0V, — F‘wv;\,
I, =éDye, =—¢ De. (10.9.95)

We note that this definition of I'},, is equivalent to the requirement that the

covariant derivative of the tetrad components shall vanish,

D,)ef‘ = 0,
i 10.9.96
DveL = 0. ( )
For a generic quantity « transforming according to
L. Ay

Sa = ELSJ Sijo + (9.8") 2, e, (10.9.97)

the covariant derivative of « is defined by
_ 1. A w
Dya = d,a + ELAVSUO( + 1,2 o (10.9.98)

The & covariant derivative of «, defined by Eq. (10.9.81), is obtained by simply
dropping the last term in (10.9.98). We calculate the commutator of the covariant
derivative of « with the result,

[Dy, Dy]a = ElR”Msija +R, 270 —Ch D,
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where R%,,, and C’\lw are defined in terms of Rijw and Cikl in the usual way. These
quantities are the world tensors and can be expressed in terms of I'%,  in the form

R? ., =0,I7

oy o

- aHF/LJW - Fap_r):w + F/;LVF):UJ.’ C);/.v = F);/.v - F):)p.'
(10.9.99)

We see that R%,,, is the Riemann tensor formed from the affine connection F’LU.
From Eq. (10.9.96), we have D,g,,(x) = 0. It is consistent to interpret l");w as an
affine connection in a Riemannian space. The definition of I'*, , Eq. (10.9.95),
does not guarantee that it is symmetric so that it is not the Christoffel symbol in
general. In the absence of the matter field, however, F))w is symmetric so that it
is the Christoffel symbol. The curvature scalar has the usual form, R = R, where
R, = R, . The Lagrangian density L¢ for the “free” self-interacting gravitational

field , Eq. (10.9.88), is the usual one,

1
Lalg" (4, Ty (9) = 5,5v/=88" (BT = 9Ty + T T, = TR IT).
(10.9.100)

10.10
Path Integral Quantization of Gauge Field |

In this section, we discuss the path integral quantization of the gauge field. When we
apply the path integral representation of (0, out| 0, in),

<o, out‘ 0, in> - / Di¢i] exp [i / d*xL(i(x), ami(x))] :

naively to the path integral quantization of the gauge field, we obtain the results
that violate the unitarity. The origin of this difficulty lies in the gauge invariance of
the gauge field action functional Igauge[Aqy], i-€., the four-dimensional transversality
of the kernel of the quadratic part of the gauge field action functional Iyayge[Any]-
In another word, when we path-integrate along the gauge equivalent class, the
functional integrand remains constant and we merely calculate the orbit volume
V. We introduce the hypersurface (the gauge-fixing condition),

Fu(Apu(x)) =0, a=1,...,N,

in the manifold of the gauge field which intersects with each gauge equivalent
class only once and perform the path integration and the group integration on this
hypersurface. We shall complete the path integral quantization of the gauge field
and the separation of the orbit volume V¢ simultaneously. This method is called the
Faddeev—Popov method. Next we generalize the gauge-fixing condition to the form

Fo(Agu(x) = a¢(x), a=1,...,N,
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with ay(x) arbitrary function independent of A, (x). By this consideration, we
obtain the second formula of Faddeev—Popov. We arrive at the covariant gauge. We
introduce the Faddeev—Popov ghost (fictitious scalar fermion) only in the internal
loop, which restores the unitarity. We discuss the various gauge-fixing conditions,
and the advantage of the axial gauge.

The First Formula of Faddeev—Popov: In Section 10.2, we derived the path
integral formula for the vacuum-to-vacuum transition amplitude (O, out| 0, in) for
the nonsingular Lagrangian density £(¢;(x), 9,.¢i(x)) as

<0, out

0,in> = /D[@] exp [i/d“xﬁ((pi(x),am(x))]. (10.10.1)

We cannot apply this path integral formula naively to the non-Abelian gauge field
theory. The kernel K, g, (x — y) of the quadratic part of the action functional of the
gauge field A, (x),

1
el = [ @5 Fyn ) =~ [ E5F (), (10.10.20
Fypuv(®) = 8 Ayo (%) = 00 Ay (%) — Capy Aapu (¥)Ap (%), (10.10.2b)

is given by

uad 1 v
Igauge[Ay ] = - / d*xd*yAL () Ky po (% — V) A% (), (10.10.3a)

Koy pv(* =) = 8ap (—100” + 8,8,) 8*(x —y), m,v=0,1,2,3. (10.10.3b)

Kyp,pv(x —y) is singular and noninvertible. We cannot define the “free” Green’s
function of Ay, (x) as it stands now, and cannot apply the Feynman path integral
formula, (10.10.1), for the path integral quantization of the gauge field. As a matter
of fact, this Ky, gv (¥ — ) is the four-dimensional transverse projection operator for
arbitrary Ay, (x). The origin of such calamity lies in the gauge invariance of the
gauge field action functional Igauge[A, ] under the gauge transformation,

Ayu(x) — A5, (%) (10.10.4a)
A%, (x) is given by

tAS LX) = Ug) {t,Ayu(®) + UM g(x) [0, Ug(x) ]} U™ (g(),
U(g(x)) exp [ig, (x)t, ] .

(10.10.4D)
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In another words, it originates from the fact that the gauge field action functional
Igauge[Ay ] is constant on the orbit of the gauge group G. By the orbit here, we
mean the gauge equivalent class

{AD () 1 Ay (x) fixed, Vg(x) € G). (10.10.5)

Here A%, (x) is defined by (10.10.4b). The naive expression for the vacuum-to-
vacuum transition amplitude (0, out| 0, in) of the gauge field A, ,,(x),

(0,0ut|0,in) " =" f DIA, ] exp [i / d“xﬁgauge(mu(x))], (10.10.6)
is hence proportional to the orbit volume Vi,

Ve = / dg(x), (10.10.7)

which is infinite and independent of A, (x).

In order to accomplish the path integral quantization of the gauge field A, (x)
correctly, we must extract the orbit volume Vg from the vacuum-to-vacuum
transition amplitude, (0, out| 0, in). In the path integral, [ D[A,,], in (10.10.6), we
should not path-integrate over all possible configurations of the gauge field, but we
should path-integrate over only distinct orbit of the gauge field A, (x). We shall
introduce the hypersurface,

Fu(Ayu(0) =0, a=1,...,N, (10.10.8)

in the manifold of the gauge field A, (x), which intersects with each orbit only
once. This implies that

Fy(ASu(x)) =0, a=1,...,N, (10.10.9)
has the unique solution g(x) € G for arbitrary A, , (x). In this sense, the hypersur-

face, (10.10.8), is called the gauge-fixing condition.
Here we recall the group theory.

1)

gx).gx)eG = (g)(x)€G. (10.10.10a)
Ulg(x) U(g'(x)) = U((gg)(x))- (10.10.10b)

dg'(x) = d(gg')(x), Invariant Hurwitz measure. (10.10.10c¢)

439



440 | 10 Calculus of Variations: Applications

We parametrize U(g(x)) in the neighborhood of the identity element of G as

U(g(x) = 1+ it e, (x) + O(?), (10.10.11a)
[ [detx) = [ dealx) for g(x) ~ Identity. (10.10.11b)

We define Faddeev—Popov determinant Ap[A, ] by
Ayl / ]_[ dg(x) ]_[ 8(Fu(AS, (%) = 1. (10.10.12)
We show that Ag[4, ] is gauge invariant under the gauge transformation

Apu(x) —> Afu(x). (10.10.42)

Under the gauge transformation, (10.10.4a), we have
i = T TTs e ()
— / l:[d(gg')(x) 1,:!6 (F (4%,))
- [T w1 (F <A§;)> — (ArlA) !
Namely, we have

AR[A2,] = AR[A ] (10.10.13)

We substitute the defining equation of the Faddeev—Popov determinant into the
functional integrand on the right-hand side of the naive expression, (10.10.6), for
the vacuum-to-vacuum transition amplitude (0, out| 0, in).

(o,

0, in> "= /l_[dg AyulAF[Ay,] l—[8 (A3 ()

X exp [i / d*xLgauge (Fypuv (x))] ) (10.10.14)
In (10.10.14), we perform the following gauge transformation:

Apu) — A%, (x). (10.10.15)
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Under this gauge transformation, we have

DIA, ] — D[Ayu), ArlAy] — Ar[Ayu) 8 (Fu (A5 (0)) = 8 (Fa (Ayu (0))),

/ d*xLgauge (Fyuv (%)) —> / d*xLgauge (Fyuv (%)) . (10.10.16)

Since the value of the functional integral remains unchanged under the change of
the function variable, from (10.10.14) and (10.10.16), we have

<0 out‘O 1n ! /ndg(x /D vl AF[Ay ] H(S Ay (%))

X exp [1/ d*xLgauge (Fypuv (x))]

=Ve / D[Ayu]AF[Ay ] 1_[3 (Fa (Am(x)))
X exp [i / d*xLgauge (Fy,w(x))] (10.10.17)

In this manner, we extract the orbit volume V¢, which is infinite and is independent
of A, (x), and at the expense of the introduction of Af[A, ], we perform the path
integral of the gauge field [ D[A, ] on the hypersurface,

Fu(Ayu() =0, a=1,...,N, (10.10.8)
which intersects with each orbit of the gauge field only once. From now on,

we drop V¢ and we write the vacuum-to-vacuum transition amplitude under the
gauge-fixing condition, (10.10.8), as

(0, out‘ 0, in>F - / DIA,JAr[A, []5 (F

X exp [i / d*xLgauge (FW(x))] ) (10.10.18)

n (10.10.18), the Faddeev—Popov determinant Af[A,,] gets multiplied by
[ Tax 8(Fa(A; (%)) We calculate Ap[A, ] for A, (x) which satisfies the gauge-fixing
condition, (10.10.8). Mimicking the parameterization of U(g(x)), we parameterize
Fo (A () as

N
Fo (A5(%) = Fa (Ayu(9) + > / dyME, 5 (A u)ep(y) + O (7). (10.10.19)
=1
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The matrix MF py(Ayu) is the kernel of a linear response with respect to £4(y) of

the gauge-fixing condition under the infinitesimal gauge transformation,
dj
545, = — (Die(®) . (10.10.20)
¥

Thus, from (10.10.19) and (10.10.20), we have

8Fu (A7 ()

_ 38 U)o
deg(y)

Mowgy (Arn) = S (D),

= MJ 4 (Apu(x) 8 (x —y). (10.10.21)

Here, we have (D,idj) .= 9u80p + Cupy Ay, (x). For those A, (x) which satisfy the
gauge-fixing condition, (10.10.8), we have

(AF[A}’M] /l_[dsa l_[ ( o,p (Am(x)) ep (x)) = (DEtMF (AVM)>

-1

Namely, we have
Af[Ay,]) = DetM" (4,,). (10.10.22)

We introduce the Faddeev—Popov ghost (fictitious scalar fermion), ¢, (x) and cg(x),
in order to exponentiate the Faddeev—Popov determinant Ag[A,,]. Then the
determinant Ar[A, ] can be written as

Af[A,,] = DetM" (A,,)

/Dca]D [cs] exp|: /d XCo (X% (Ayulx )) cﬁ(x):| . (10.10.23)
Thus, we obtain the first formula of Faddeev—Popov:
<0,out’0,1n /D yil AF[Ay L] l_[(S (Ayu())
X exp [i / d*xLgauge (Fy,w(x))] (10.10.24a)

= [ Dt PPt [ 5 (Fa (4,09)
X exp [1/ d*x { Lgauge (Fypuv (%))

+Ca ()M 5 (Ayu(x) c/s(x)] ] (10.10.24b)
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Faddeev—Popov determinant Ag[A,, ] plays the role of restoring the unitarity.

The Second Formula of Faddeev—Popov: We now generalize the gauge-fixing
condition, (10.10.8):

Fu(Ayu(®) = au(x), a=1,..., N;  a,(x) independent of Ay, (x).
(10.10.25)

According to the first formula of Faddeev—Popov, (10.10.24a), we have

Zr(a(x) = <0, out

0, in>F’a = fD[AW]AF[Am] 1—[ 8 (Fo (Ayp(x) — aa(x))
X exp [i / d*xLgauge (Fww(x))] . (10.10.26)

We perform the nonlinear infinitesimal gauge transformation gy, in the path
integrand of (10.10.26), parametrized by Ag(y),

£ (x; MF (Aw)) = (MF (Ay,t));'ﬂy A5 (y), (10.10.27)

where Ag(y) is an arbitrary infinitesimal function, independent of A, (x). Under
this gy, we have the following three statements:
(1) The gauge invariance of the gauge field action functional,

/ d*xLgauge (Fyuv(x)) is invariant under go.

(2) The gauge invariance of the integration measure,
D[A,]AF[A, ] = invariant measure under go. (10.10.28)

(3) The gauge-fixing condition F, (A, , (%)) is transformed into the following
form:

Fo (A%),(x)) = Fo (Ayu(¥)) + Ao (x) + O (X2(x)) . (10.10.29)

Since the value of the functional integral remains unchanged under the change
of the function variable, the value of Zp(a(x)) remains unchanged under the
nonlinear gauge transformation gy. When we choose the infinitesimal parameter
Ao (%) as

Ma(¥) = 8q(x), a=1,...,N, (10.10.30)

we have from the above stated (1), (2), and (3),

Zp(a(x)) = Zr (a(x) + da(x)) or %(X)ZF(Q(X)) =0. (10.10.31)
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Namely, Zr(a(x)) is independent of a(x). Introducing an arbitrary weighting
functional Hlay(x)] for Zg(a(x)), and path-integrating with respect to ay(x), we
obtain the weighted Zr(a(x)),

Zr= / [ | dae () Hle (%) 2 (a(x)

= / D[A,.] Ar[Ay ] H[Fa(Ayu(x))] exp [i / d*xLgauge (va(x))].
(10.10.32)

As the weighting functional, we choose the quasi-Gaussian functional,
H [aq ()] = exp [—% / d“xa;(x)] . (10.10.33)
Then we obtain as Zp,

1
Zr= [D[AVM]AF[AVM]EXP [’/ d'x {Lgauge (Fyu (%)) = EFi (Ayu(x))}]
— . 4 1 2
= f DIA, .| D[ta]Dlcs] exp [z / d*x {ﬁgauge (Fyun () = S Fa (Ayu()

+ Ca()ME 5 (Ayu(%)) 5 (x) H . (10.10.34)
Thus we obtain the second formula of Faddeev—Popov:
<0, out’ 0, in>F - / D[ Ay ] D[CaIDlcs) exp [ilei{ Ay s 6] (10.10.35a)
with the effective action functional I.g[A, ., Ca, 8],
Left[Ay 1, Cas 0] = f d*xLefy, (10.10.35b)
where the effective Lagrangian density L is given by

1
Lot = Laage (Fyun (%) = 5 Fg (Ayu(¥)) + 8 (¥) M5 (Ay10() 05(4)-
(10.10.35¢)

There are the other methods to arrive at this second formula, due to Vassiliev.

Choice of Gauge Fixing Condition: We consider the following gauge-fixing
conditions:
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(1) Axial gauge:

Fy (Ayu(x)) = n*Agu(x) =0, a=1,...,N, (10.10.36a)

n =(0;0,0,1), n®>=n"n, =-1, nk=nk, =—k;. (10.10.36b)
(2) Landau gauge:

Fy (Ayu(x)) = 0" Agu(x) =0, a=1,...,N. (10.10.37)
(3) Covariant gauge:

Fo (Ayu(x) = VEI Agu(x), a=1,...,N, 0<&<oo. (10.10.38)

We obtain Green’s functions DY

v (X — ) of the gauge field A, (x) and Dt(ff); (x—y)
of the Faddeev—Popov ghost fields, ¢, (x) and cg(x), and the effective interaction

Lagrangian density £,

(1) Axial gauge: We use the first formula of Faddeev—Popov, (10.10.24a). Kernel

lezll(x —y) of the quadratic part of the gauge field action functional Iguge[A, ]

in the axial gauge, (10.10.36a) and (10.10.36D), is given by

d 1 jal N
A = [t yarmrlle - nag
ial
Kf:;l(x —Y) = dap (_nuvaz + auav) 54(" —-7)
nw,v=0,1,2; a,B=1,...,N. (10.10.39)
At first sight, this axial gauge kernel K;iiﬂgll (x — y) appears to be the noninvertible

kernel. Since the Lorentz indices, 1 and v, run through 0,1,2 only, this axial gauge

kernel KLTZ]‘)) (x — y) is invertible. This has to do with the fact that the third spatial

component of the gauge field A, (x) gets killed by the gauge-fixing condition,
(10.10.36a) and (10.10.36b).

” , . ial
The “free” Green’s function fofgf)

(x¢ — y) of the gauge field in the axial gauge
satisfies the following equation:

up (1707 — 89”) Dsrs) (x — 1) = By 156 — ). (10.10.40)

Upon Fourier transforming the “free” Green’s function Dszlzll(x -y,

y g
D) (x —y) = 8up Dy (x — y)

axial

dk
= 8ap / 2y P [—ik(x —y)] DI (k), (10.10.41)
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we have the momentum space Green’s function D,

(=n""® + k") D) = .

fadal (k) satisfying

We introduce the transverse projection operator A, (1),

Auv(n) Nuw — Nyt /12
nA(n) = A(n)n =
Al = A(n),

and write the momentum space Green’s function D(Uafal)(k) as

D (k) = Ay (n) (077 AR + Kk B(K?)) Ao ().

On multiplying by A, (n) on the left-hand side of (10.10.42a), we have

Aculm) (=08 + KK) D () =

(10.10.42a)
my + nyhy,

0, (10.10.43)

(10.10.44)

A (n). (10.10.42b)

Substituting (10.10.44) into (10.10.42b) and making use of the identities,

nk nk)?
(ka@m),, = (Amk), = ku — %nﬂ, kA (n)k = k? — (nZ) (10.10.45)
we have
24012 T L
(—k°A(K%) Api(m) + | A(k?) — — 7 B(¥) (Am)k). (kA(n)), = Ar(n).
(10.10.46)
We obtain A(k2), B(k?) and D% (k) as
AR = -~ BE) = —— " 10.10.47
TR Tk (nk)? (10-1047)
(axal) o, 1 My, n? (nk) (nk)
Dy, (k) = _ﬁ Nox — v (nk)2 (kv - ?ﬂu k., — ?m
(10.10.48a)
1 n? 1 1
=@ |t kakx - ankx - kanx} (10.10.48b)
1 kvk)\ nukx kvnA
= _ﬁ Nox — ? k—3 ?} . (10.10.48C)
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Here in (10.10.48c) for the first time in this derivation, the following explicit
representations for the axial gauge are used,

n=—-1, nk=—ks. (10.10.36b)

Next we demonstrate that the Faddeev—Popov ghost does not show up in the
axial gauge. The kernel of the Faddeev—Popov ghost Lagrangian density is given
by

: 8Fy (Aypu (%) :
M) () = et (i) sy

= =" (8apdu + Capy Ay (%)) 84— y) = 8upd38*(x — y).
(10.10.49)

So the Faddeev—Popov determinant Af[A,,] is an infinite number indepen-
dent of the gauge field A,,(x), and the Faddeev—Popov ghost does not show
up.

In this way, we note that we can carry out the canonical quantization of the
non-Abelian gauge field theory in the axial gauge, starting out with the separation
of the dynamical variable and the constraint variable. Thus we can apply the
phase space path integral formula with the minor change of the insertion of the
gauge-fixing condition [, , §(n* Ay, (¥)) in the functional integrand. In the phase
space path integral formula, with the use of the constraint equation, we perform
the momentum integration and obtain

(o, out‘ o,m) - / DAy, T8 (# Auy () exp [i / d* %L gunge (FW(x))].
’ (10.10.50)

In (10.10.50), the manifest covariance is miserably destroyed. This point will be
overcome by the gauge transformation from the axial gauge to some covariant
gauge, say Landau gauge, and the Faddeev—Popov determinant Ar[A,,] will
show up again as the Jacobian of the change of the function variable (the gauge
transformation) in the delta function,

F((;Xial) (Ayu(x)) N F((lcovariant) (Ayu(x)) ) (]_0_1()'51)

The effective interaction Lagrangian density Ele’fl; is given by

Lot = Lop— L3 (10.10.52)
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(2) Landau gauge: Kernel K(E(L:;duau) (x —y) of the quadratic part of the gauge field

action functional Iguuge[A, ] in the Landau gauge, (10.10.37),

d 1 d. v
Iggige[Ayu] = _E / d4Xd4YAZ (x) Kg;j,l/lsuau) (x - Y)Aﬂ (Y)

is given by
d
K (o = y) = Bup (— 1,007 + 3,8) 8*(x — y), (10.10.53a)
wv=0123 opf=1..N, (10.10.53b)

which is the four-dimensional transverse projection operator and hence is not
invertible. The “free” Green’s function DLL:;dfu) (x —y) of the gauge field in the
Landau gauge satisfies the following equation:

Sup (17702 — 89") D" (x — ) = Sy mi'8* (x — ). (10.10.54)

(Landau)

We Fourier-transform the “free” Green’s function Dy, 4, (x — y) as

D(Landau)

Land:
e py (X~ Y) = Bap Dl

x =)
d4k . andau
= dap f 2 P [—ik(x — y)] D™ (k). (10.10.55)

, . Land e
We have the momentum space Green’s function D2"**") (k) satisfying

(="K + k#k") DU () = (10.10.56a)
We introduce the four-dimensional transverse projection operator At (k) by

AT (k) = 00 — bk, kAt(k) = Ar(k)k =0, A2(k) = Ar(k), (10.10.57)

k2’
and write Df)aandau) (k) as
(Landau) 2
DU () = Ay () A(KD). (10.10.58)

Multiplying by At ., (k) on the left-hand side of (10.10.56a), we have

At o (R) ()AL () DY (k) = A s (K). (10.10.56b)
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Substituting (10.10.58) into the left-hand side of (10.10.56b), and noting the
idempotence of At(k), we have

(—K2A(K?)) At i (k) = At oa (). (10.10.59)

From (10.10.59), we obtain

1

A(k?) = — (10.10.60)
D () = —% <rm - %) : (10.10.61)
We now calculate the kernel Mﬁ;‘iw) (A, ) of the Faddeev—Popov ghost in the

Landau gauge.

(Landau) _ M _ nadi 4
Max,ﬁy (AW") - SAVM(x) ( DM )yﬂ(S (x Y)

=—o" (8ﬂ8a,3 + CaﬁVAyu(x)) 54(" -y

Mg 5 (Ay () 8*(x = 7). (10.10.62)

The Faddeev—Popov ghost part of I.g[A, ., Cs, ¢g] is given by

Igg“t [AyuCarcp] = / d*xCa () M5 5 (Ay (%) cp(x)

= f x0Ty (%) (Dj‘fj) ). (10.10.63)

From this, we find that the Faddeev—Popov ghost in the Landau gauge is the
massless scalar Fermion and that Green’s function D(LCO)[, p(x — ) is given by

d*k , 1
D(Lcl,ﬂ(" — ) =8 / ) exp [—ik(x — y)] 7 (10.10.64)

The effective interaction Lagrangian density £ is given by the following
expression and there emerges the oriented ghost—ghost—gauge coupling in the
internal loop,
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Eint — [ Equad
eff = ~eff eff
= Lgauge (Fyuv (%)) + Cu(¥)Mq 5 (Ayu() c5(x)

o

w(¥)3ap (—0°) cp(%)

1 _
— EAﬂ(x)saﬁ (nuw®® — 0,0,) A (x) —

1
=3 Cupy (05 Au (%) — 0y Aupu (%)) Af (X)A] (x)

1 v
= Copy CaseApu () Ay () A5 () AL (x)
+ Capy 8" Ca (X)Ay i (¥)Cp (%) (10.10.65)

(3) Covariant gauge: Kernel Ky, p,(x — y; &) of the quadratic part of the effective
action functional I.g{A, ., ¢y, cg] With respect to the gauge field A, ,(x) in the
covariant gauge, (10.10.38),

quad. in A, _ 4 1, quad. in A},
Legs [AyTarcp] = [ d*% | Loauge (Fypuv(¥)) — EFa (Ayu(x))

= _% / d*xd*y Al (X) Koy po (x — y; §)AG(y),  (10.10.66)
is given by
Kagu o (2 = 3 §) = Sap =1, 0 + (1= §)30,} 8% =), (10.10.67)

and is invertible for & > 0. The “free” Green’s function DSZV;U(x —y; &) of the

gauge field A, () in the covariant gauge satisfies the following equation:

Bap {107 — (1 — £)0"8"} D), (x — 1 ) = Sy 1l 8% (x — 7). (10.10.68)

We Fourier-transform the “free” Green’s function DSZVﬂU(x —y; &) as
D<) LE) =6 &k ik DI (k; 10.10.69
o po (¥ — Vi §) = dup WeXP[—L (x = )] Dy’ (k; £)- (10.10.69)

We have the momentum space Green’s function D{% (k; £) satisfying
(=0 K + (1 — &)k"k"} DI (k; £) = . (10.10.70a)
We define the four-dimensional projection operators, At(k) and Ay (k), by

k.k, k.,
Atyn(t) = = =570 A = =5, (10.10.71)
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Ai(k) = At(k), A}(k)= AL(k), At(k)AL(k) = AL(k)Ar(k) =0. (10.10.72)
Equation (10.10.70a) is written in terms of Ar(k) and Ay (k) as

(—k2) (A% (k) + £ AL (k) DY (k: £) = . (10.10.70b)
Expressing D(vcyiv)(k; &) as

DY (k: &) = Atua(MAK) + AvLua(k)BE: ), (10.10.73)
and making use of (10.10.72), we obtain

(—K*A(K")) AT, (k) + (—EK*B(k: €)) AL, (k) = n}- (10.10.74)

Multiplying by At (k) and Ar ¢, (k) on the left-hand side of (10.10.74), respec-
tively, we obtain

(—K*A(KY)) Atoa(k) = Arca(k),  (—EK*B(k* &) ALci(k) = Avzi(k),

(10.10.75)
from which, we obtain
A = —klz, B(k*: &) = —ék—lz (10.10.76)
D6 = g | (= 50 ) + 4 5
_ _kl_2 {m - (1 - é) kk’;* } . (10.10.77)

The parameter £ shifts the longitudinal component of the covariant gauge Green’s
function. In the limit & — oo, the covariant gauge Green’s function D(vcjv)(k; &)
coincides with the Landau gauge Green’s function fo‘;ndau)(k), and, at £ = 1, the

covariant gauge Green’s function D" (k; &) coincides with the 't Hooft-Feynman
(Feynman)

gauge Green’s function D , (k),
DS (k: 00) = —kl—z (m - k;’;‘) = D2 k), (10.10.78a)
D (k; 1) = —kl—znm = plfermman . (10.10.78b)
We calculate the kernel M S;BY(A}, 1) of the Faddeev—Popov ghost in the covariant
gauge.
M () = ) (i) e = VR (4,,)

= VEMS 5 (Ayu(%) 8*(x — y). (10.10.79)
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We absorb /& factor in the normalization of the Faddeev—Popov ghost field, ¢, (x)
and cg(x). The ghost part of the effective action functional is then given by

hos _ _
I (A ] = [ 5 ()M ) 0

_ / d* 30"y (%) (Dif‘) o8, (10.10.80)

justlike in the Landau gauge, (10.10.63). From this, we find that the Faddeev—Popov
ghost in the covariant gauge is the massless scalar Fermion whose Green’s function

D(LCO)(Y g(x —) is given by

C d*k , 1
D(Ltl,ﬁ(x —Y) =g / 2n) exp [—ik(x — y)] 7 (10.10.81)

We calculate the interaction Lagrangian density £ in the covariant gauge. We
have

1 _
Lefr = Lgauge (Fypuv(¥)) — EFﬁ (Ayu(x)) +Ca (x)MI;,/S (Ay (%)) cp (),
(10.10.82)
uad 1 v _
£ = _EAg(x)aaﬁ {=700% + (1 = £)3,0, } A% (%) + Cu(%)8ap (—0°) cp ().
(10.10.83)
From (10.10.82) and (10.10.83), we obtain £ as
£t = Lo 0

1
= 2 Capy (Buan (%) — B0y () A (A} ()

1 _
T4 Cupy Case Apu (%) Ay v (%) AS (%) AL (%) 4 Capy 0" Tu Ay (%) g (%).
(10.10.84a)

The generating functional Zs[J,, {a, ¢ g] (WElJyu, Cas € g]) Of (the connected parts
of) the “full” Green’s functions in the covariant gauge is given by

Zp []y;u é-ocyzﬂ] = €xp [lWF []yw é-ayzﬂ]]
<0, out|T (exp [1/ d*z {]},M(z)A‘;(z)

+ Cal@)ia(2) + Cp(2)cs(2) H)‘ 0, in>
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~ [ Pt PR DI i [ a2 Lt bt

et |

= exp jrnt li,ii,li ZFo[] ,Cm?]-
eff iéjﬁ 8Ca iégﬂ 0 Jyu B

(10.10.85)
We have I'}[A, ., To, cg] as
I [Ayu, Carcp] = / d*x L1 ((10.10.84a)) . (10.10.84b)
The generating functional Zr o[y, ¢u, £ 4] is given by
Zro [Jyus G Ep] = / DIA, u]D[ca]Dlcp] exp [i / d'z {ng‘fad((ss))
+ Jyu(@DAY (@) + u(@)ta(2) + p(2)c8(2) }]
—exp i [ sty LD -
— T DY (x — Y)2aly) H : (10.10.86)

Equation (10.10.85) is the starting point of Feynman-—Dyson expansion of the “full”
Green’s function with the “free” Green’s functions and the effective interaction
vertices, (10.10.84a). Noting the fact that the Faddeev—Popov ghost appears only
in the internal loops, we might as well set ¢, (z) = Eﬁ (2) =01in Ze[J, 11 L Eﬂ] and

define Zg[J, ,] by
T (exp [1/ d4z]yu(z)A’y‘ (z):|>‘ 0, in>

~ [ PR e i [ a2 et b |

Ze[Jyu] = exp [iWe [Jyu]] = <0, out

1
= /D[AJ’H]AF[AVM]eXp [’/ d*z {Egauge (Fww(z)) - EFi (Ayu(z))

+ Jyu(2)A} (2) ” - (10.10.87)

This generating functional of the (connected part of) Green’s functions can be used
for the proof of the gauge independence of the physical S-matrix.
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10.11
Path Integral Quantization of Gauge Field Il

We discuss the method with which we give a mass term to the gauge field without violating

gauge invariance. We write the n-component real scalar field ¢;(x), i=1,...,n, as
$1(%)
f=| " - ( fix), o () ), (10.11.1)
Pn(x)

and express the globally G invariant matter field Lagrangian density as

Lmater (B (%), 0,0(x)) = %B,LéT(x)B“é(x) — V($(x)). (10.11.2)

Here we assume the following three conditions:
(1) Gisasemisimple N-parameter Lie group whose N generators we write as

Ty, a=1,..., N.
(2) Under the global G transformation, ¢ (x) transform with the n-dimensional
reducible representation, 6, « = 1,..., N,
Si(x) = iea(0)idj(x), @=1,...,N, ij=1,...,n (10.11.3)

(3) V(¢(x)) is the globally G invariant quartic polynomial in ¢ (x) whose the
global G invariance condition is given by

gV (J)(x))

v (Ba)idj(x) =0, a@=1,...,N. (10.11.4)

We assume that the minimizing ¢ (x) of V(¢(x)) exists and is given by the constant
vector v,

9V (¢3(x))

=0, i=1,...,n (10.11.5)
3¢i(x)

P=v

We differentiate the global G invariance condition, (10.11.4), with respect to ¢(x)
and set ¢(x) = 7, obtaining the broken symmetry condition,

32V (q?(x))
9¢i(x)0¢hi ()

(10.11.6)
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We expand V(¢ (x)) around ¢(x) = © and choose V(3) = 0 as the origin of energy.

v ((Z)(x)) = % (d;(x) - ﬁ)T (M?) ((Z)(x) - v) + higher order term.  (10.11.7a)

We set

I
4 0hs(x) Dby

,j=1,...,n, 10.11.7b

9| L n ( )
dl)=0

where M? is the mass matrix of the n-component real scalar field. We express the

broken symmetry condition, (10.11.6), in terms of the mass matrix M? as

(Mz)ij(eaﬁ)jzo, a=1,...,N, ij=1,...,n (10.11.8)

We let the stability group of the vacuum, i.e., the symmetry group of the ground
state ¢(x) = ©, be the M-dimensional subgroup S C G. When 6, is the realization
on the scalar field ¢ (x) of the generator T, belonging to the stability group S, this
6, annihilates the ‘“vacuum” ¥

(6a0) =0 for 6, €S, (10.11.9)

and we have the invariance of ¥ expressed as

exp |:i Z eaea} U =10, stability group of the vacuum. (10.11.10)

O €S

As for the M realizations 6, € S on the scalar field ¢(x) of the M generators T, € S,
the broken symmetry condition, (10.11.8), is satisfied automatically due to the
stability condition, (10.11.9), and we do not get new information from (10.11.8).
As for the remaining (N — M) realizations 6, ¢ S on the scalar field ¢(x) of the
(N — M) broken generators T, ¢ S which break the stability condition, (10.11.9),
we get the following information from (10.11.8), namely, the mass matrix (M?)
has the (N — M) nontrivial eigenvectors belonging to the eigenvalue 0

i

0,0 #0, 6y ¢ S. (10.11.11)

Here we show that {6,7,0, ¢ S} span the (N — M)-dimensional vector space. We
define the N x N matrix u2 5 by

g 5 = (0D, 0p0) = Z(@aﬁ);"(eﬁﬁ)i, a,f=1,...,N. (10.11.12a)

i=1
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From the Hermiticity of 6, we have

g = (,00057) = Zv (0abp7),. (10.11.12b)

1o s — 15 = (0, [0n,08] 0) = iCupy (3,6,7) =0, (10.11.13)

i.e., we know that ,uéﬂ is a real symmetric matrix. The last equality of (10.11.13)
follows from the antisymmetry of 6,. Next we let [liﬂ be the restriction of p,; s
to the subspace {0,7,6, ¢ S}. The [Léﬂ is the real symmetric (N — M) x (N — M)
matrix and diagonalizable. We let the (N — M) x (N — M) orthogonal matrix that
diagonalizes 12 5 to be O, and let [Lzﬂ to be the diagonalized ﬁiﬂ.

figs = (0?0), 5 = ((00)u?, (00)57) = dup - 13- (10.11.14)

The diagonal element f u ) is given by

n

iy = ((08)a1, (00)qd) = Z ((oe)aﬁ)j‘ ((08)a 1), . (10.11.15)

i=1

From the definition of the stability group of the vacuum and the definition of the
linear independence in the N-dimensional vector space spanned by the realization
6, we obtain the following three statements:

(1)
YOy ¢ S: (00)y # 0.

(2) (N — M) diagonal elements, ll/é), of [LZ p are all positive.
(3) (N—=M)0,’s, 0, ¢ S, are linearly independent.

Hence we understand that {0, : V8, ¢ S} span the (N — M)-dimensional vector
space. In this way, we obtain the following theorem.

Goldstone’s theorem: When the global symmetry induced by (N — M)
generators T, corresponding to {6, :6, ¢ S} is spontaneously broken
(fu® # 0) by the vacuum ©, the mass matrix (Mz)id, has (N — M) eigen-
vectors {0,V :6, ¢ S} Dbelonging to the eigenvalue 0, and these vectors
{640 : 0y ¢ S} span the (N — M)-dimensional vector space of Nambu—Goldstone
boson (massless excitation). The remaining n— (N — M) scalar fields are
massive.

From the preceding argument, we find that N x N matrix /,Li‘ﬂ is the rank
(N — M) and has the (N — M) positive eigenvalues ﬂ;é) and the M zero eigenvalues.
Now, we rearrange the generators Ty in the order of the M unbroken generators
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Ty € S and the (N — M) broken generators T, ¢ S. We get ,udé,ﬂ in the block
diagonal form

0, 0,
Hap = ( 0, 2, ) (10.11.16)
s i,

where the upper diagonal block corresponds to the M-dimensional vector space of
the stability group of the vacuum, S, and the lower diagonal block corresponds to
the (N — M)-dimensional vector space of Nambu—Goldstone boson.
The purpose of the introduction of the N x N matrix u2 p is twofold.
(1) {640 : 6, ¢ S} span the (N — M)-dimensional vector space.
(2) The mass matrix of the gauge fields to be introduced by the application of
Weyl’s gauge principle in the presence of spontaneous symmetry breaking
is given by f, 4.

Having disposed of the first point, we move on to the discussion of the second
point.

Higgs—Kibble mechanism: We now extend the global G invariance which is
spontaneously broken by the “vacuum” v of the matter field Lagrangian density,
Lmatter (q3 (%), B,L(i;(x)), to the local G invariance with Weyl’s gauge principle. The
total Lagrangian density Ly of the matter-gauge system after the gauge extension
is given by

Liot = [/gauge (Fy;w (x)) + ﬁscalar ((Z)(x), Du&(x))

o 1 F F1v 1 1 b !
b [+ 0]

x {(a“ + ieﬁAg(x)) qS(x)}i —v (&(x))

1 1 . -
= =2 (F () + 5 {0.87(%) — 187 ()60 A )]

x {a“&(x) + ieﬁA;‘(x)&(x)}i ~v (&(x)) . (10.11.17)

We parameterize the n-component scalar field ¢ (x) as

d(x) = exp |:i > M} (0 +7i(x)) . (10.11.18)
Vo
Oa#tS
We remark that the (N — M) &, (x)’s correspond to the (N — M) broken generators
Ty ¢ S, and the 7(x) has the (n — (N — M)) nonvanishing components and is
orthogonal to Nambu-—Goldstone direction, {0,7 : 6, ¢ S}. We have the vacuum
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expectation values of {&, (x)}N =M and {n;(x)}._; ~(N-M) equal to 0. From the global G
invariance of V ((x)), we have
% (q?(x)) =V (5+i(), (10.11.19)

and find that V(¢(x)) is independent of {£,(x)}Y . Without the gauge extension,
we had the &, (x)-dependence from the derivative term in Lgcar

%BHJ)T(x)B”‘(Z)(x) = %Buéa(x)al‘éa(x) +oee (10.11.20)

Thus {£(x)}"=}" would be the massless Nambu—Goldstone boson with the gra-
dient coupling with the other fields. As in (10.11.17), after the gauge extension,
we have the freedom of the gauge transformation and are able to eliminate
Nambu-Goldstone boson fields {&, (x)})_¥ completely. We employ the local phase
transformation and the nonlinear gauge transformation of the following form:

P (x —exp|: iy Salx “} b b+ 7(x), (10.11.21a)

0u ¢S

Oy Ay, (%) = exp |:—i Z Ea(vﬂ} {QVAW(X) +exp |:i Z —gﬂ(x)eﬂ:|

baS ¢ 0p¢S vg

i, exp 125’3 exp 1ZM .
0p¢S Ou ¢S Ver

(10.11.21b)

As a result of these local G transformations, we managed to eliminate {&, (x)}g;lM

completely and have the total Lagrangian density Lot as

/ 1
Lot = = F;M JES () + 5 { (9 + 184, () (5 + 7))

x [(a“ + iy AL (x)) 5+ ﬁ(x))] —V(E+i). (10.11.22)

After the gauge transformations, (10.11.21a) and (10.11.21b), we have the covariant
derivative as

(3 + 1024y, (%)) (0 + 7)) = 371 (%) + 1 (62 D) Ay, (%) + 1 (BaTl (%)) Ay (%)
(10.11.23)
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From the definitions ofuiyﬂ, (10.11.12a) and (10.11.12b), we have

1 7 T ,

2 [(0+ 0, 0) B+ | [ (07 + 050 @) (04 i) |

= % (%ﬁT(x)a“ (%) + 12 AL, (XA (x)) 9,77 ()1 (Oud) A% ()
o B (0 (Bui () AL () + (79, 0u5) Al (DA ()

1 /
+ 5 (%), 6u0p7i(x)) 4G, () A" () (10.11.24)

We expand V/(¢'(x)) around ¢'(x) = ¥ and obtain

1
V(0 + () = 5(M2) i (0)j(x) + me ) ()il (%)
fJum )71j (%) 1k (%) 11 (). (10.11.25a)
We have
9V ($(x)
(M%), = a¢>,(§¢()) (10.11.25b)
Px)=0
2V (3()
Ji = % I . )_f (10.11.25¢)
2V (9() )
i = 30n (5% )90 (10 . (10.11.25d)

From (10.11.24) and (10.11.25a), the total Lagrangian density Ly after the local G
transformation is

1 » Y
Lyt = — y//,u( )F ( ) + Elua ﬁA(,)([L( )Aé (x) + a//l-n(x)l (G Aau(x)

! (Mz)i,j 7i(x)77j(%) + 8 77(x)1 (BTl (x)) A;H(x)

1,
+ Eaun(x)a ) = 5

+ 71(%) (0u O D) Ay, (%) A,s fﬂc'?x )7(%) 1k (%)

1 » 1.
+ (%) (0u0p71()) Agu (¥)AS (%) = 3 fiuai()ilj ()i () (). (10.11.26)

From (10.11.26), we obtain as the quadratic part of Ly,
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d 1 'y vl
L8 = = (Al () — 0,40,,(4)) (9" AL () — 9" AL ()

1 / 1 1
5 M p A AL () F 50,7100 1() — 5 (M), (0 ()

+0,,71(x)i(00 D) AL (%) (10.11.27)

Were it not for the last term in (10.11.27) which represents the mixing of the gauge
field and the scalar field, we can regard (10.11.27) as the “free” Lagrangian density
of the following fields:
(1) M massless gauge fields corresponding to the M unbroken generators,
Ty € S, belonging to the stability group of the vacuum,
(2) (N — M) massive vector fields corresponding to the (N — M) broken
generators, T, ¢ S, with the mass eigenvalues, /l/é), a=M+1,... N,
(3) (n— (N — M)) massive scalar fields with the mass matrix, (MZ)iJ.
The (N — M) Nambu-Goldstone boson fields {&,(x)})_™ get eliminated from
the particle spectrum by the gauge transformations, (10.11.21a) and (10.11.21D),
and absorbed as the longitudinal mode of the gauge fields which corresponds to the
(N — M) broken generators T, ¢ S.The said (N — M) gauge fields become the (N —
M) massive vector fields with two transverse modes and one longitudinal mode.
We call this mass-generating mechanism for the gauge fields as Higgs—Kibble
mechanism. We make the lists of the degrees of freedom of the matter-gauge
system before and after the gauge transformations, (10.11.21a) and (10.11.21b):

Before the gauge transformation Degrees of freedom
N massless gauge fields 2N

(N — M) Goldstone boson fields N-M

(n — (N — M)) massive scalar fields n— (N — M)

Total degrees of freedom n+2N
and
After the gauge transformation Degrees of freedom
M massless gauge fields 2M
(N — M) massive vector fields 3(N— M)
(n — (N — M)) massive scalar fields n— (N — M)
Total degrees of freedom n+2N

There are no changes in the total degrees of freedom, n + 2N. Before the gauge
transformation, the local G invariance of Ly, (10.11.17), is manifest, whereas
after the gauge transformation, the particle spectrum content of Ly, (10.11.26), is
manifest and the local G invariance of Lo is hidden. In this way, we can give the
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mass term to the gauge field without violating the local G invariance and verify that
the mass matrix of the gauge field is indeed given by ,ui, 5

Path Integral Quantization of Gauge Field in R:-Gauge: We shall employ the
Re¢-gauge as the gauge-fixing condition, and carry out the path integral quantization
of the matter-gauge system described by the Lagrangian density, (10.11.26). We
can also eliminate the mixed term Bﬂf/(x)i(eaﬁ)A;f‘(x) of the scalar fields 7(x) and
the gauge fields A}, (x) in E?;ad. R¢-gauge is the gauge-fixing condition involving
Higgs scalar field and the gauge field , {F;(x),A;, (%)}, linearly. We will use the
general notation

{9} = {m(x), A’y,i(x)}y a=(i,x), (Y, x). (10.11.28)
As the general linear gauge-fixing condition, we employ
Fo({¢a)) = ag(x), a=1,..., N. (10.11.29)
We assume that
Fo ({#5)) =0a(x), a=1,...,N, (¢} fixed, (10.11.30)

has the unique solution g(x) € G. We parameterize the element g(x) in the
neighborhood of the identity element of G by

g(x) = 1 +igq(x)0e + O (£7), (10.11.31)

with g, (x) arbitrary infinitesimal function independent of {¢; }. The Faddeev—Popov
determinant Ar[{¢,}] of the gauge-fixing condition, (10.11.29), is defined by

AF[{%}]/]_[dg(X)]_[B (Fo ({68)) — aa(x) = 1, (10.11.32)

and is invariant under the linear gauge transformation, (10.11.31),

Ar[{95}] = Ar[{¢a}]. (10.11.33)

According to the first formula of Faddeev—Popov, the vacuum-to-vacuum transi-
tion amplitude of the matter-gauge system governed by the Lagrangian density,
L10t((10.11.26)), is given by

Ze(aafo) = (0,0uf0,im) = [ DHSNSHIGaN exp T (6]

< [ T8 (Fulita)) — Ga (), (10.11.34)
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Dl{¢a)] = D [ni(x)] D [A’W(x)] : (10.11.35)
Lot[{¢a)] = / d*xL10t((10.11.26)). (10.11.36)
Since Af[{¢,}] in (0, out|0,in) ¢ gets multiplied by 8(Fo ({$a}) — aa(x)), it is suffi-

cient to calculate Ag[{¢,}] for {¢,} which satisfies (10.11.29). We will parameterize
g(x) as in (10.11.31) so that

AF[{¢a}] = DetMp({¢a}), (10.11.37)
8Fq ({08
{Mr({¢a})toxpy = W a,B=1,..., N, (10.11.38)
1\
Fo({98}) = Fa({0a}) + ME({@a})ax.pyes () + O(e?). (10.11.39)

We now consider the nonlinear gauge transformation gy parameterized by

£al®; (9a)) = [M7 (18]} 5, 2 1) (10.11.40)

with Ag(y) arbitrary infinitesimal function independent of {¢,}. Under this nonlin-
ear gauge transformation, we have
(1) Iwot[{¢a}] is gauge invariant,

2)

Dl{$a)]Ar[{$a}] = gauge invariant measure, (10.11.41)
(3) The gauge-fixing condition F, ({¢,}) gets transformed into

Fo ({#2°}) = Ful{dha)) + 2a(x) + O (1?). (10.11.42)

Since the value of the functional integral remains unchanged under the change of
the function variables, the value of Zr(a, (x)) remains unchanged. With the choice

as
Aa(x) = 8ag(x), a=1,...,N, (10.11.43)
we have
Zp(ag (%) = ZF(0a(x) + Saq(x)) or G Zp(aq (%)) = 0. (10.11.44)

Since we find that Zr(a, (x)) is independent of a, (x), we can introduce an arbitrary
weighting functional H[a,(x)] for Zr(ay(x)) and path-integrate with respect to
dq(x), obtaining as the weighted Z(a, (x))

Z = / T d0e () Hlga ()} 25 (a0 ()
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= f D [{¢a)] Ar [{da)] H [Fu(¢a))] exp il [{ )] (10.11.45)
As the weighting functional H[a, (x)], we use the quasi-Gaussian functional,
Hia, (x)] = exp [—% / d“xag(x)] (10.11.46)
and obtain Zr as
2= [ Dgnsstioaien i [ #xicu(@oat.26) - )R]
= f D{¢a}Dlca]Dlcs] exp [i / d“x{z:tot((lo.ll-ze)) - %Fﬁ({%})
+ To () Me({da(x)})cp (%) ” . (10.11.47)

Since the gauge-fixing condition, (10.11.29), is linear in {¢,(x)}, we have
{ME({$a})Yax.py = 8*(x — YYME({ha(%)D)arp. (10.11.48)
Summarizing the results, we have
(0.0ut] 0,in) = / DI{¢a)]Da]Dlcs] explileal{®al, T c4]] (10.11.49a)

with the effective action functional I.g{{s}, ¢s, ¢g] given by

Lett[{@a}, Car cp] = / d* % Legr({da (%)}, Cu (%), cp (%)) (10.11.49b)

The effective Lagrangian density Leg({da(X)}, Ca (%), cg(x)) is given by
1
Lefr({¢a ()}, Cu (%), g (%) = Liot({ha(x)}; (10.11.26)) — EFi({%(x)})
+ Ca () ME({@a(%)})apcp (%) (10.11.49¢)

R¢-gauge: In order to eliminate the mixed term 8,Lf)(x)i(0al7)A;,“ (x) in the quadratic

part of the Lagrangian density Ltq;ad in (10.11.27), we choose

Fo({¢a(x)}) = VE <8MA;”(x) - éﬁ(x)i(@d)) , E>0. (10.11.50)

We have the exponent of the quasi-Gaussian functional as

§

1
EF‘?‘ ({¢a(x)}) =3

(9uAr )" = i € 3,410 - 5 (@D i)
(10.11.51)
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so that the mixed terms add up to the four divergence,

{cf‘siad—%Fé({%(x)})} = DuiOT)AL () + 0T, A ()

=3, [f;(x)i(@aﬁ)A;“(x)] . (10.11.52)
Namely, in the Rg-gauge, the mixed term does not contribute to the effective

action functional Ig[{¢s},Ts, cg]. We obtain the Faddeev—Popov determinant in
the R¢-gauge from the transformation laws of A}, (x) and 7(x).

87, (%) = — Zdig(x))a, a=1,...,N: 8i(x) = iea(x) {6u(® +i(x)] -

(10.11.53)
8Fq ({04
{Mr({¢a})}ox,py = w = 5*(x — Y)ME({$a()})es
s0
adj 1 1 ~
= 84(x — y)\/g {—3/" (Dfl)mﬁ _ gu’i,ﬁ — g (U,Qagﬂr](x))} .

(10.11.54)

We absorb /€ in the normalization of the Faddeev—Popov ghost fields
{Ca (%), cp(x)}-

We then have the Faddeev—Popov ghost Lagrangian density as
Lehost(Ca (%), 65 (x)) = o (%) MF({¢a(¥)})ap65 (%)

_ 1,
= uTa(9" () = £ 1 T (955 (¥

/ 1
+ Cyapduta (x)Ay“ (x)cp(x) — gEa (%)(V, 07 (x))cp ().
(10.11.55)

From Li((10.11.26)), the gauge-fixing term, —1F2({¢a(x)}), (10.11.51), and
Lghost((10.11.55)), we have the effective Lagrangian density Leg((10.11.49c)) as

Lefr((10.11.49¢)) = Lor((10.11.26)) — %Fg({%(x)}) + Lghost((10.11.55))

-
= L35+ L. (10.11.56)

We have Eggcad as
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d 1 / v /
Lo = =3 Au () [ap {97 + (1= £)0"9"} = pg 51" ] A ()

L 8;0% — (M? ! O D); (B D); § 1
+th(x) —04j0" — ( )U + g (Ba0); ( av)j nj(x)
- ;15
+Cy (%) {—50,,38 - gp,a,ﬁ}c,g(x). (10.11.57)
We have £ as
i ua 1 v VoA
Lo = Lot = L3 = 5 Capy A (DA, () (04 AL () — 0" AL ()

1 / ’ ' v ~ . ~ /
— 5 Copy Case Ap () Ay, (%) A5 (X)A: (%) + il (%)3 (6ui(x)) A’ (%)

+ﬁ(x) (gagﬂﬁ) ( Ag‘ fjk'?t Tb(x k()

1 /
+§ﬁ(x) (6aBp (%)) Agy (%) AL (%) fjklm(x 15 (%) Mk (%) mi(x)
—}-Caﬂ},aﬂﬁa(x)cﬂ (x)A/}f‘(x) — éﬁa (%) (5,9a95ﬁ(x)) cg(x). (10.11.58)

From Eg&ad((10.11.57)), we have the equations satisfied by the “free” Green’s
functions

Al C
{ D0 b = 1), DY = ). DI e — )}

of the gauge fields, Higgs scalar fields, and the Faddeev—Popov ghost fields,
(AL () 1) Ta ) 05(9), as

= [8up { (=007 + 9"9") = 690"} — 2 40| D), 6 =)
= Say 1 84 (x — y), (10.11.59)

{—&-jaz - (M), + é (BuD); (eaﬁ)j} D (x —y) = ud*(x —y),  (10.11.59D)

1
{ Supd® — c ;ﬁ} D) (x — ) = uy8*(x — y). (10.11.59¢)

We Fourier-transform the “free” Green’s functions as

Do ) . | Do
DY (x — ) - / L exp[—ikx—y)] | DYk . (10.11.60)
el (2m)* &

Dy g(x =) Dy (k)
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We have the momentum space “free” Green’s functions satisfying

k*kY k*kY
B [8aﬁk2 {(”M ) ) T } ~ Mg pn Iw] D:-‘f )M(k) = Bay ).

(10.11.61a)
{%‘kz — (M%) + 5(9 N vh} DY (k) = b, (10.11.61b)
{ Supk? — g“aﬂ} D) (k) = 8ay- (10.11.61¢)

We obtain the momentum space “free” Green’s functions as

/ k.k 1 1 k,k, 1
@) oy _ Rk : I
Dapupv(k) = ("”““ k2 )(k - u? ) s & <k2—uz/$>a5

1 1
e (kz - Mz)a,ﬂ - ( > - M2/§>a,5’

(10.11.62a)
1 1 1
ot = 1= Pl (=37 ) —ea*i(—-7> 057),
W=0-Pulpa), @ prag),, )

_<#> — (@, 5)11(%) (9 f))
T\ k2 - M2 i ek \kRR -2t wp Y-
(10.11.62b)

(C 1
D (k) = <k2 - u2/$>a,5 . (10.11.62¢)

Here P;;is the projection operator onto the (N — M)-dimensional subspace spanned
by Nambu-Goldstone boson.

= Y (0ud) <—> (eﬂf;)j', ij=1,...,n, (10.11.63a)
0u 05 ¢S o.p
P, (6,9); = (6,3),, (6,9)] Piy=(6,0)], 6, ¢5. (10.11.63b)

The R¢-gauge is not only the gauge that eliminates the mixed term of A}, (x) and
f(x) in the quadratic part of the effective Lagrangian density, but also the gauge
that connects the Unitarity gauge (§ = 0), the 't Hooft-Feynman gauge (§ = 1)
and the Landau gauge (§ — o0) continuously in &.

(1) Unitarity gauge (¢ = 0):

! k. k, 1
Dﬁt)ﬁv(k) == {(Wu - ;—2> : (m)} ﬁ, (10.11.644a)
(n) 1 1 1 3
DR =z ) * 3z G0 ), (659);. (10.11.64b)
i o

D, (k) cc§ — 0,  infinitely massive ghost. (10.11.64c¢)
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(2) 't Hooft—Feynman gauge (§ = 1):

A 1
D, (k) = =110 <k2 — M2> , (10.11.65a)
Di'})(k) = ( 3 2) - (gozﬁ)ilz (%) (6p7).,  (10.11.65b)
k2 — M i k2 \k2—pn f J
p'9 (k) = ! massive ghost at k* = 12 (10.11.65c¢)
a,pB 2 /LZ . ’ g n-. 1.
(3) Landau gauge (§ — o0):
/ k.k 1
(A) _ Wy
Da,u,,ﬂv(k) = (77/4\) - ?) <m)aﬂ, (10.11.66a)
D) = ( oy 10.11.66b
ij ( ) - k2 — MZ iJ! ( N Y )
Dﬂ;(k) = %ﬁ massless ghost at k? = 0. (10.11.66¢)

We have the generating functional of (the connected part of) the “full” Green’s
functions as

Ze [Uah %] = exp [iWe [Uah, 20T ]] = (o, out

n <exp [i [ #2200
+ Ta(@)a() + T p()cs(2) D ‘ 0, in>
- / Digha] D[] Dlcs] exp [’f @'z { Legt ((#a(2)). % (2), ¢4 (2)

+ Ja(2)$a(2) + Ca(2)ta(2) + L pcp(2)} ]

— gt [ (18], 8 18 z
= exp |:zleﬁr |:{ i5T } TR SZﬁiH Zro [Ua) Lar Ep] -
(10.11.67)

Zrol{Ja} Car € g and I'[{¢ha}, o, cp] are, respectively, given by
Zro [Ua). ta €] = / Di¢pa] DlEa]Dlcp] exp [i / d*z {£8((1011.57)

+ Ja(2)$a(2) + Ca(2)8a(2) + £ 5(2)cp(2) ”
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. 1 4
= exp i [ atnd'y| =1t 050

1 _
— iD= Vi) — Tp(e) Do — Maly) H :
(10.11.68)

and
™[}, Cu 5] =/d4xz:igg((1o.11.58)). (10.11.69)

Since the Faddeev—Popov ghost, {C,(x), cs(x)}, appears only in the internal loop,
we might as well set ¢,(z) = £4(2) = 0 in Z¢[{Ja}, {u> £ g], (10.11.67), and define

Zr[{Ja}] by
T (exp [i / d4z]a(z)<ﬁa(z)]> ‘ 0, in>

- / Diga]DEa]Dlcs] exp [i [ 02 { Lor((Ba(2) Tul2), 5 (Z))+Ja(2)¢a(2)}]

Zr[{Ja}] = exp iWE[{Ja}]] = <0, out

= f D(¢a] Ar[{¢pa}] exp [i / d*z {Emt({m(z)}) - %Fﬁ({%})ﬂa(zm(z)”
= Zp[{Ja}, Ca = 0,5 = 0]. (10.11.70)

This generating functional of the (connected part of) Green’s functions can be used
for the proof of the &-independence of the physical S-matrix.

10.12

BRST Invariance and Renormalization

In this section, we discuss BRST invariance and renormalization of non-Abelian
gauge field in the covariant gauge in interaction with the fermion field. We
refer the reader for the necessity to introduce various gauge-fixing conditions and
the requisite introduction of Faddeev—Popov ghost fields, ¢(x) and ¢(x), to the

monograph by M. Masujima cited in Bibliography.
In order to establish the notation for this section, we state the various formulas:

Fa,x = a,x(¢)y
<o, out’O, in>F - / DA, |D[Ea]Dlcs] explile],

Ieff:/d4x£effy

1 _
Lefr = _ZF"‘MVFQW — Yalx) {iVM (8#«8”1” + i(ta)mmAau(x)) - mén,m} Ym(x)
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1
=5 Fa (Ap () + B ()M 5 (Ayu () G (),
8Fuy = / d'yep(y) My p,

Fo_ dF, (Az;;/u(x))
“ 8ep(y)

g=1

Non-Abelian gauge field theory is renormalizable by power counting. The
infinities that arise in the theory of the most general Lagrangian density of the
renormalizable form with the operators of the dimension < 4 with usual linear
symmetry can be eliminated by renormalization, or cancelled by the introduction
of the counter terms of the most general form which respects the same symmetry
as the Lagrangian density does.

What kind of symmetry do we have for I.g or Leg after the introduction of the
gauge-fixing term by F, . and the Faddeev—Popov ghost Lagrangian density by
M(f_ p © Global symmetry of I of supersymmetry type with the anticommuting
infinitesimal c-number 6, with

{0,ca} =1{0,c8} =1{0, ¥} =1[0,A,,] =0,

is said to be the BRST transformation when

dAay = —0Ducy = —0(0uca — CapyCpAypu),
Sy = ity (—0cy) V¥,
10.12.1
ey = —(0,/2)Cupycpey, ( )
5c, = —OFq .

We have two theorems which we state with the proof.

Theorem 1.
The effective action functional I is BRST-invariant.

Proof of Theorem 1: We observe that, under BRST transformation, (10.12.1), we
have

1
_zFé (Ayu(x)) = -~k (Ayu(x)) Molj,ﬂ (—00,3 (x))

while

Gal®) M 5 (Ayu()) ca(0)] = —0Fu (A () ME s () +0.

8Fa (Ayp ()

These two terms cancel each other.
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Also we observe that
1 — . .
8 [—ZFanFZV = Yalx) {WM (ausn,m + l(ta)mmAau(x)) - mén,m} ]/’m(x)] =0,

since the expression inside [- - -] above is independent of ¢, (x) and cg(x), and is
gauge invariant with the choice

ga(x) = Ocy (),

which is the bosonic c-number. Thus the effective action functional I.g is BRST
invariant. u

Theorem 2.
For the covariant gauge,

Fo (Ayu(x) = VEI Agu(x), a=1,...,N, 0<& <00, (10.12.2)

I is the most general renormalizable action functional with the operators of the
dimension < 4, which is Lorentz invariant, global gauge invariant, and consistent with
the ghost number conservation and the invariance under the ghost translation,

Cy —> Cq + constant. (10.12.3)

Proof of Theorem 2: (1) The terms with the four ghost fields, ¢(x)c(x)c(x)c(x), are
ruled out by power counting since ¢ is always accompanied by 9. (2) The terms
with two ghost fields, ¢(x)c(x), are of the form, ccG(A, ¥). We note

A= ¢, &Y =—=r¢, dc=— cc.

Thus, we have

8[cG(A, )] oc cc = 8[cG(A, )] = 0.
Essentially we have

CCG(A, ) ~ Tul¥) [ ME 5 (Ayul)) co) ]

We note that the BRST invariance under 8¢ requires the term of the form,
F2 (A, (x)). We have the BRST invariance of the effective action functional for the
ghost field part

08 1 —
= / d'x [—EFS, (Ayi () + Ca) Mo (A () c;z(x)] :

(3) The term involving A’s, ¥’s,. . ., only is BRST invariant (gauge invariant ) with
the choice

& (%) = Ocy(x).
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Thus we have the effective action functional I as stated at the beginning of this
section. O
Theorem 1 was proven by the gauge invariance of .. Theorem 2 was proven by
considering the terms with four ghosts, two ghosts and no ghosts with the use of
the gauge invariance of I

We next consider the nonlinear realization of symmetry. The Green’s functions
may not have the same symmetry as the Lagrangian density does when the
symmetry is realized nonlinearly. We let

oul(x) the generic fields for Ay, (x), ¥a(x), etc.,
W[J] : generating functional of the connected part of Green’s function.
(10.12.4)
We write
exp[iW[]]] = [['D(f)] exp |:ll[¢] + i/ d4x]n(x)¢)y,(x)i| . (10.12.5)
Then we have
@Mw>=(—i5 eanmQ/%nﬁWUn=5WU]=$aw, (10.12.6a)
;=\ 57 ()
which is a functional of J,(x) and hence we write
Jn(%) = Jo5(%). (10.12.6b)
We consider the Legendre transform of W{[J] as
igl = WUl [ 5], 560, (1012.)

which is the sum of all one-particle-irreducible diagrams. The relationship between
T[¢] and W[J5] is given by

gl
e T ()- (10.12.8)

We suppose that the following is the symmetry of the action functional,
Gn(x) —> dn(x) + £Pn(@: X). (10.12.9)
We have

I[¢ + e@u(: x)] = I[¢], (10.12.10a)
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[Dg] = [ [ ddu(x) = D[¢ + e@(@: %], (10.12.10b)
exp[iW[]]] = / [Dg] exp [i1[¢] +i / d4x]n(x)¢n(x):| (10.12.10c)
= /[Ddb] exp [iI[d)] +i/d4x]n(x) (Pn(x) + ePu(g: x))]. (10.12.10d)

Expanding Eq. (10.12.10d) to the lowest order in ¢, we have the identity
[ 001 [ @1 ni0: 1 exp 111+ [ a1, 10000 |
- / d*x](x) <q>n(¢; x)) —o. (10.12.11)
5

Since we know

origl
ST = el (10.12.8)
we have
. OT[@] . _
/d S o <<I>n(¢, ac))ja =0. (10.12.12)

Namely, I'[$] is invariant under

58, (x) = (@a(¢: )

. (10.12.13)
Ia

In general, we have

0\ [IDO1u(: x) exp [il]g] + i [ d* ] (x)ba()] _
(@i x))Ja = oo g [P gime] 7~ o ).
(10.12.14a)
Only for the linear realization of symmetry, we have
(@a(g: ) = @u () %) (10.12.14b)
3

The infinite part of I'[¢] = ' is the term of the minimum dimensionality and
hence, by the loop expansion, we have

Too = Cmin. (10.12.15a)
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Above identity (10.12.12) should hold for each dimensionality and hence, for the
term for the minimum dimension, we have

4, Sl [9] ) _
/ d o0 <q>n(¢, x)>]_‘ = (10.12.15b)

Namely, T'oo[#] is invariant under

3¢ (x) = <d>n(¢; x)) (10.12.16)

J7, min ’
The BRST invariance is the nonlinear realization of the gauge invariance . We have
Spn(x) = OPp(¢h: %), (10.12.17)

where 0 is of the dimension 1 and ®,(¢; x) is dimension < 3. As for the minimum
dimension, we write

<Duca)min = Z (31‘-60’ - C&ﬂyEﬁAVﬂ-) ’
<1/jca>mm Z'Cy, (10.12.18)
<Ca/ffyc/3 % >min = Copy €8y

while

ghost number conservation ~ linear realization,
quark number conservation ~ linear realization.

Theorem 3.

Let Io[@] be the most general action functional with dimensionality < 4 of A, (x),

Ca (%), To (x), and VY, (x), which is invariant under usual linear symmetries (the Lorentz

invariance, the global gauge invariance, the ghost number conservation, and the ghost

translation ¢, — C,-+constant). Let (SAW, 8, 88, and éga be the most general

infinitesimal transformations with minimum dimensionality, and be the symmetry

transformation of I.o[@]. Then N

(1) LSAVM)min,~(5&)min, (8Ce)min, and (8o )min are given in terms of Aw(x), Ca(x),

To () and Y, (x) by usual equations for BRST transformation except that Cyp,
and t, get multiplied with Z,

Cupy —> ZeCapy ty — tuZe. (10.12.19)

The BRST transformation is given by

((SAY‘L)min = -0 (ap'aa - ZCC“ﬂVEﬂAVM) ’
(5&)mm - ity Ze (—0%) V, 01220
(Sia)min = - (6/2)~chaﬁy(~3ﬁ5y,

() = 6 (Fux)

min
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(2) Iso[A, ¥, E,T) is given by the renormalized quantities as

NS N 2
I, [A, 7.5 c] - / P [_T (aﬂAfx‘u(x) — 0,A%, — Z.CRy AR (x)AR, (x))

Z _
—zg—i (B ALRY 1+ Zy s (30) (i (iR ZCAR () — )

xR (%) + / d*x | 70,7 (9 — ZChy, ALRGE) .

(10.12.21)
Proof of Theorem 3: We define the unrenormalized quantities as
-1/2
A = 2, A,
Ry = 2%y,
a =z,
Cogy = Z'23"Copy, (10.12.22)
o= Z0Z
_141/2
& =z 1211/ :
= Zz)k

. e 1 B 2
Ioo [A, 1//, c, C] = /d4x |:_Z (a/I,AOtU(x) — BVA(W — aﬂVAﬂM(x)Ayu(x))
1 e ~
% (0,49 + (%) [iv" (8 + FaAupe () — M}
XY (%) +fd4x [aﬂe,g (8“6,3 — CaﬁyAgca)], (10.12.23)

which is the form of the action functional we started out with. The effective
Lagrangian density has the sufficient symmetry structure to absorb all the
infinities. The most general form of the renormalization counter terms
is given by replacing Z’s with §Z’s where we had the renormalization

constants
Z=1+4Z. (10.12.24)
Thus the system is renormalizable. O

What is essential to this proof are the loop expansion of I'[¢] and the nonlinear
realization of the gauge invariance. The BRST invariance is the last remnant
of the gauge invariance after the introduction of the gauge-fixing term and the
Faddeev-Popov ghost term.
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10.13
Asymptotic Disaster in QED

In this section, we derive the set of completely renormalized Schwinger—Dyson
equations, which is free from overlapping divergence for Abelian gauge field
in interaction with the fermion field. With tri-I" approximation, we demonstrate
asymptotic disaster of Abelian gauge field in interaction with the fermion field.
Asymptotic disaster of Abelian gauge field was discovered in the mid-1950s by
Gell-Mann and Low and independently by Landau, Abrikosov, Galanin, and
Khalatnikov. Soon after this discovery was made, quantum field theory was once
abandoned for a decade, and dispersion theory became fashionable.

We shall begin with the definition of generating functional of Green’s functions

ze.n = [ Do [ dxtaten|. (1013.)
where the effective Lagrangian density is given by

Legi(ba) = —(1/2)A(1)[D 215 (1, 2)A@2) + ¥ (1)[Dy 515 (1, 2)%(2)
+igoT'O[1, 2, 39/ (1)¥ (2)A(3)

+ (D) (1) + 1y (D) (1) + A1)]a(D), (10.13.2)

and the differential operators and the vertex operator are given by

Palop = 86—y [0+ 1 -£)3.0],
Dyyly’ = 8% (x = y)(iy "8y — mo), (10.13.3)
CNapulx.y.2) = —6%(x — 2)8*(z — ) (Viu)up -

The “full” Green’s functions and the “full” vertex operator are defined by

1 52 _
Ds(1,2) = imln Zg[],n, 7], (10.13.4a)
1 52 _
Dy,7(1,2) = ?W‘S’W(Z) In Zg[], n, 1), (10.13.4b)
M,2,3] = % p (1,2). (10.13.4¢)

(igo)3 (43)) "

The set of functional equations for (A(2)), and (¥ (2)) are derived by the standard
method as

1 _
Dy (1,2) (A@) + gor(1,2,3) [DW(& 2)- < (wm)(wm)] = Ja(1),
(10.13.5a)
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[Dysla (1.2) (v (2) — gr(1,2.3) [W(Z» - 1(w<2)>(A<3)>} = (1)

8Ja(3) i
(10.13.5b)
Schwinger—Dyson equations are obtained as
Dol M(1,2) = [Dpl'(l,2)—Tu(1,2),
DRl '(L2) = 1Dgls'(12) = Me(12) 1013.6)
[Dyyl(L2) = [Dygly (1.2) = Zyz(L,2).

The proper self-energy parts for the gauge field and the fermion field are defined

Myo(1,1) = —igll91,2,3)D,+(3,3)I'(3,2,1)D,+(2, 2),
a2 _) lé;o (0)( ) Dy ( _) (___) 1/;1/;_( ) (10.13.7)
50T = igr91,2,3)D,;2.2T(3,21)De3.3).
We renormalize the physical quantities by
=z, DI =2""Dy; D =2"Dy. (10.13.8)
In terms of the renormalized quantities,
DR17Y1,2) = Z3[Dali'(1,2) —IT,(1,2),
[D.]77(1,2) [Da2]y (1,2) — 1T, (1, 2) (10.13.9)

[DR171(1,2) Z[Dygl ' (1,2) = =) -(1,2).

The primes indicate the proper self-energy parts after the renormalization and we
made use of Ward—Takahashi identities

Zv =2, g=2;'Z:2) g. (10.13.10)

From the elimination of the ultraviolet divergences in Green’s functions , we have

Zz = 1+0IT,, (k) 0k,
’ 2 4) /0% (10.13.11)
Z, = 1+0%, () 9k.
The renormalized Schwinger—Dyson equations are given by
DR YL2) = [Duly'(1,2) - I18,(1,2),
( 1?2]-1( ) [ A2]o_1( ) ~ﬁ2( ) (10.13.12)
[DR1L2) = [Dygle'(1.2) - £R(1,2),
where the proper self-energy parts in the above equations are given by
k) = ﬁ;\z(kz) — K201, (k3) / 9k5, (10.13.13)

SR 2y S 2\ 1,29 2 2
L) = T (k) — K0T (kg) 9k
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These proper self-energy parts do not contain the ultraviolet divergences. We note
that kJ is the normalization point and that I:I;%2 and i:ﬁ are those parts of the
proper self-energy parts which are subject to the renormalization.

From the consideration of the overlapping divergences, we obtain

r®(1,2,3) = 2,10 (1,2,3) + ig?ri(1, 2, §)D$E(§, 1)P(1,2,3,4)D%,(4,3),
(10.13.14a)

P(1,2,3,4) = W(1,2,3,4) — ig’W(1,2,3,4) D}, (4,3) D)) >(2, 1) (1,2, 3,4),
(10.13.14b)
STR(1,2,4)

A= (ig)3 (A% 3))

+T¥1,2, 3)D$E(§, 1k, 2,4). (10.13.14c)

We finally consider the asymptotic behavior of Green’s functions and the vertex
operator. We shall consider the vertex operator

r%(1,2,3) = z:19(1,2,3) +ig’'(1,2,3) D) (2, 1) P(1,2,3,4) D}, (4,3),
(10.13.15)

and the set of equations for the derivatives of Green’s functions

dDL,1 (p*) /dp* = 1—dI,(p?)/dp?,

10.13.16
dDR 1) Ay = 1—dsR o) dp. ( )

By tri-T" approximation, we mean to replace Z; "% with T'® to determine the vertex
operator of the fermion field by solving simpler equation given by

r¥(1,2,3) = ZirO(1,2,3) +ig’I'*(1,2,3) D, 2. Hr(1, 2,4)
x Dy, (2, 1)TR(1,2,3)D%, (4,3). (10.13.17)
In order to separate the tensor structure of various quantities, we choose the
Feynman gauge which leads to the following equations:
D§2 w ) = quDiz(pz)’
DR wplt?) N (udepp" DR (), (10.13.18)
(T)apu(p + k., ) (Vi)epT™ (0 + k. . ).

Q

We seek the solutions of the following forms:

Diz (pz) dy2 (Pz)/Pz,
Dy (%) hyy ()P, (10.13.19)
MRp+kpk — T
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We regard dy: (p?), hwg(pz), and T'(¢?) as slowly varying functions of p? and ¢?,
namely, the derivative of these functions is close to zero.

Equations (10.13.16) and (10.13.17) take the following form of a set of integral
equations:

Vo 48 [
dale) T 3T6n2 fg 4zl (2)h () (10.13.20)
1
hyg(s) 16712/ dzT? (2) 1, 5 (2)d 2 (2), (10.13.21)
Fle)=1+ 1~ 2/ dz( 7@z (2), ¢ =In(p? /' m?). (10.13.22)

These equations are completely equivalent to the following set of differential
equations:

1 4 4 g L
70 3 ) = 31 Mt o129
1 d g 2.
by ds M) = g Migtar (10:13:24
1d 2
Fas ) = ~Ter e (1013.23)

with the boundary conditions
d2(0) = hy7(0) = 1. (10.13.26)

The set of preceding nonlinear differential equations, (10.13.23)—(10.13.25), with
the boundary conditions, (10.13.26), can be solved explicitly as

P
hyy=T, do=0"*3 T= [1 - (4/3)1’2’”2;] . (10.13.27)

The connection between the bare or running coupling constant (or the bare
charge) and the observed coupling constant (or the observed charge) in this theory
takes the following form:

e
1—(4/3)(g2/167%) In (A% /m?)

g (A?) = (10.13.28)

The bare or running coupling constant gets large as the cut-off parameter A?
gets large. Thus, at high energies or at short distances, the theory becomes a
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strong coupling theory. Equation (10.13.28) can be solved for the observed coupling
constant (or the observed charge) as
2 8(A%)

& T 1 @3) (@8, 1672 In (A2 /m?)’ (10-13.29)

The observed coupling constant (or the observed charge) goes to zero if the local
limit p? = A? — oo is taken.

10.14
Asymptotic Freedom in QCD

In this section, we derive the set of completely renormalized Schwinger—Dyson
equations which is free from overlapping divergence for non-Abelian gauge field
in interaction with the fermion field. With tri-I" approximation, we demonstrate
asymptotic freedom of non-Abelian gauge field in interaction with the fermion
field. This property arises from the non-Abelian nature of the gauge group and such
property is not present for Abelian gauge field like QED. Actually, no quantum
field theory is asymptotically free without non-Abelian gauge field .

We shall begin with the definition of generating functional of Green’s functions,

ZplJ,n, ) = / Di¢a] exp [i / d4x£eff(¢a):| , (10.14.1)
where the effective Lagrangian density is given by
Lesr(¢a) = —(1/2AM)[D 2]y (1,2)A(2)
+igo, 3T 31,2, 3JAAR)AG)

+ ((igo)2. /4 T 011, 2,3, 41A(1) AQ)A3) A(4)
+5(1) [Decly (1, 2)¢(2) + igoT' 411, 2, 3[E(1)c(2) A(3)

H D7l (1,29 (2) + gl 11,2, 30 ()Y ()AG)

+E()7(1) +Te(1)e(1) + ¥ (1)ngr(1) + 7 () (1) + A(1)Ja(D),

(10.14.2)
and the differential operators are given by
_1\ab
([Da2]o 1)W = 8Mx —Y)0% [~ d® + (1 — £)3,8,],
(D)™ = 8= s (-97), (10143
ab
([DWIE 1) = Mx— )8 (iy"d, — mo).

In the above, ¢(1) and ¢(1) are the Faddeev—Popov ghost fields.
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The vertex operators are given by

(P ra) = i 264 20—
+ 8*(x — y)3y8*(x — 2)]
+ 1 [~20%(x = )97 8% (x — 2)
+ 8*(x — 2)08%(x — y)]
+ noa [8*(x — 2)98* (y — %)
+ 8% x — y)98* (x — 2)]},

0 abc )
(r9) "y = i (97842 - ) s*x - 2),
(0) e S Y OV 405 c\ab
(?;W)W p2) =~ -2 - 1) as(),
abc
(Ffl)md (21,22,23,24) = 8%(z1 — 22)8*(z1 — 23)8%(21 — 24)

X [fpabfpcd (nz?u Mo — Npo 771}6)

+fpbcfpad (7)80 Nuv — 77v67]ua)] .
(10.14.4)

The “full” Green’s functions and the “full” vertex operators are defined by

1 2 _
Dp2(1,2) = ;mln Zg[J, n,7), (10.14.5a)
Da(1,2) = i InZ 7 10.14.5b
(1, )—Tm nZg(J,n,7), (10.14.5b)
D,(1,2) = . i InZz 7 10.14.5
v (L —;Wn FlJ.n. 7], (10.14.5¢)
1,23 = —————D1(1,2), (10.14.5d)
(ig0)3 (A(3)
Tul1,2,3,4] = — v D (1,2), (10.14.5¢)
(igo)5 (A(3)) (A4)
8 -1
Teall,2,3] = ——————DZ'(1,2), (10.14.5f)
(ig0)8 (A(3))
8
,741,2,3]=——————-D"1(1,2). 10.14.5

The set of functional equations for (A(2)), (c(2)), and (y(2)) are derived by the
standard method as



10.14 Asymptotic Freedom in QCD | 481

D 1.2 {ae) - §rida.23 D3 - § (ae){ao)]

(igo)*
3!

8D(2,3) 1 1
@A) P - (a0 Der.y

_ %(A(4)> D,2(2,3) — ( ><A(3 >(A(4 >]

gl 273)[ (3,2) - ‘(“3 )@ >]

+

0
rf,2,3,4) [

+aol') (1,2.3) [Dw(z, 2) — %(w(3)><w(2)>] = Ja(1), (10.14.6a)
[Dely ' (1,2) (6(2)) — ol 24 (1,2.3) {Zﬁg) —:(ca))(A(s))} = e(1),

(10.14.6b)

Dy (1.2) (¥ (@) — I, (1.2.3) [2&@ - 1(w<2)>(A(3)>} = (1)

(10.14.6¢)

The set of equations for the unrenormalized Green’s functions is obtained from
Egs. (10.14.6a)—(10.14.6¢) by taking the functional derivatives of the latter with
respect to the external hooks. Schwinger—Dyson equations are obtained as

(D)7 (1,2) = (Dl (1.2) — (igo)T1(1,2,3) (A3))

(i")r‘o (1,2,3, 4)( (3)><A(4)>— Me(1,2),  (10.14.7a)
[De] ' (1,2) = [Decly ' (1,2) — Tee(1,2), (10.14.7b)
[Dy7] 7 (1,2) = [Dyzly ' (1.2) — Zy5(L,2). (10.14.7¢)

The proper self-energy part for the gauge field is defined by
M,(1,1) = g" r(1,2,3,1)D(2,3)

2
80 (0 R
+17°rg3’ (1,2,3)D,2(2,3)T 33,2, T)D 22, 3)

3
+i “’Tz"rg4(1 2,3,4) <A(2)) D2 (43 5(3.2.T)D 0 (2.3)

4
8o ~(0)
5°F1(4 (1,2,3,4)D42(2, 4)FA3(4 5,6)D42(5, 2)
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xT'43(3,2,1)D2(3,4)D2(6,3)
g - — — — — —
3‘;1“ )(1,2,3,4)D,2(2,2)T 44 (#,3,2,1)D12(3,3) D2 (4, 4)

—igs A“(1 2,3)Die(3,3)T2a(3,2, 1) Dz (2, 2)

—ig? AW(1 2,3)Dy7(3,3)T 73,2, 1) D 7(2,2)
The proper self-energy parts for the Faddeev—Popov ghost field and the fermion
field are defined by

Yz(1,1) = igd CCA(l 2,3)Dez(2,2)Taz(3,2, 1) D423, 3),
o I
27T = LgorprA(l 2,3)D,7(2.2)T4,73.21)D2(3.3).

The external hook for the Faddeev—Popov ghost fields is switched off here
We renormalize the physical quantities by

=ZiT, =(Z5) "Dy, Diy;= 2z D,z DY =2Z7"D,.
(10.14.8)
We express Egs. (10.14.7a)—(10.14.7¢) in terms of the renormalized quantities as

D%17(1,2) = 287 (D) (1,2) — (i) 2 T (1,2,3) (4%3))

“g) Bz ,2,3,4) (AR( )><AR(4)>— m,(1,2),

(10.14.9a)
[DE]71(1,2) = Z5[Decly ' (1,2) — 212(1,2), (10.14.9b)
[Diw]’l(l, 2) = z;W[Dw]gl(u) - E:W(l,z). (10.14.9¢)

The primes indicate the proper self-energy parts after the renormalization and we
made use of Ward—Takahashi-Slavnov—Taylor identities

27t = ner,
zt = sz, (10.14.10)
3 2

oz = vz,

3 2
g =gzt (Z37).

(10.14.11)
From the elimination of the ultraviolet divergences in Green’s functions, we have
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2 ’
zg\i = 14091, (k). 9k,
Z5 = 14 0%g(kg) 0k, (10.14.12)
zy" = 1403 (k) 0k,

From the elimination of the ultraviolet divergences in the vertex operators, we
determine Z;-factors.
The renormalized Schwinger—Dyson equations are given by

[D%)7(1,2) = [Delg (1.2) — (i) Zi T (1,2,3) (A 3))

(‘g) 20,23, (a%) (AR w) - %, (1,2),

(10.14.132)
[DR]7'(1,2) = [Daly ' (1,2) — £(1,2), (10.14.13b)
(D517 (1,2) = Dyl (1,2) - £5(1,2), (10.14.13¢)

where the proper self-energy parts in the above equations

e, (k) = ol I, (k) — k2011, (k§) / 9k3,
ZE(K) ic (K?) = K29 Z] (k) / 9k5, (10.14.14)
R 12y S 12y _ 129 (1.2 2
SR = 8 () - K0S () 0k,

now do not contain the ultraviolet divergences. Here we note that k3 is the
normalization point and that IT,,, ¥/, and ¥’ J are those parts of the proper

A2? Prod
self-energy parts which are subject to the renormalization.

From the consideration of the overlapping divergences, we obtain

0)
rR,(1,2,3) = 419, (1,2,3)

+ig’ T8 A(1,2,3)DE (2, 1) Prp2(1, 2,3,4) DY, (4, 3), (10.14.15)
P-y2(1,2,3,4) = W_2(1,2,3,4)
—ig" W,02(1,2,3,4) D5, (4,3)DE (2, 1) Pep2 (1, 2,3, 9), (10.14.16)
STR (1,2,4 _
W-42(1,2,3,4) = Meal 2.4) + TR, (1,2,3)DR 2, 1)TR,(1,2,4)
(ig)8 (AR (3))
+T8,(1,2,3)D5,(3,2)TE4(2.3,4), (10.14.17)
YA R(0)
Fial2.3) =2 Tya(l.2,3)
+ig’ T} (1,2,3) D) (2, 1) Py (1,2,3,4) D, (4,3),

(10.14.18)
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Pyya2(1,2,3,4) = WWAz(l 2,3,4)
—ig WWAz(l 2,3, 4) 5 (4, 3)D (i )P ¢A2(1,2,3,1),

(10.14.19)
STR_ (1,2,4)
yTA R = R
Wygar(1,2,3,4) = —————— + T =, (1,2,3)D) (2, I ({24
" (go(ar) " e
+ T (L2,3)D5H (3,205 (2,3, 4). (10.14.20)

We finally consider the asymptotic behavior of Green’s functions and the vertex
operators. We shall consider only the Faddeev—Popov ghost vertex operator

IR(1,2,3) = ZE4T 9 (1,2,3)

+ig’ TR A(1,2,3) Dy (2, 1) P2 (1,2,3,4) DY, (4,3),  (10.14.15)

and the set of equations for the derivatives of Green’s functions,

dDS, 17 ) dp = 1 —dnR, (),
d[D 0NN At = 1—dsRp?) /dp?, (10.14.21)
dD% 1) Ay = 1 dBE (), dp,

By tri-I" approximation, we mean to replace

ZW'A © with T'R_

yiA YA
ZCC/}*FﬁCL with TR, (10.14.22)
z#'r) with TR,

and to determine the vertex operator of the Faddeev—Popov ghost field by solving
simpler equation given by

R .(1,2,3) = ZCC’*FM(1,2,3)

Il
NIl

+ig’TR (1,2,3)DR 2, T)rR, (T, 2.3 D§2< , )F§3 (5,3,4) DR, (4,3)
+ig’TR,(1,2,3)DR 2, )T’ (T,§,4) DR (5 T) R, (T 2, 3) DR, (4,3).
(10.14.23)

In order to separate the tensor structure of various quantities, we choose the
Feynman gauge which leads to the following equations:

DY) = 8nu DR (),
[D ]ab(pl) — 5abD§E(p2), (10.14.24)
(DS Sap®@®) ~ 8% (vu)app” D2 (p),
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(C&A) (0 +kp k) fPuTEalp + ko p. R,

(FA“;)ZZ‘H(er kp k) = %00 @p+ k) — neu(2k+ p)o
—nou(p — K)IC s (P + k. p. K),
R abc _ c\ab
CogAapu®+hpk) = =) (u)apT 5,0+ k. p, ).

(10.14.25)

When these equations are substituted into Eqs. (10.14.21) and (10.14.23), the same
tensor structure is reproduced.
We seek the solutions of the following forms:

Diz v = dy2 ")/ v
DE(’) = ha(p®)/ P (10.14.26)
DI = hyy()/ P

Msp+tkpk)  —  Tu@)
ccA(p +kpk)  —  Taald)
WWA(p + k’p’ ) - Fl//lﬂA(q

: (10.14.27)
2),

where ¢ is the largest four-momentum squared of the arguments of the l"R ch A

and '} Vo -, functions. We regard the functions d. (¥?), haz(p?), h T ®?), F (3%,
Tia(q?), and T74(q%) as slowly varying functions of p® and ¢*; namely, the
derivative of these functions is close to zero.
Equations (10.14.21) and (10.14.25) take the following form of a set of integral

equations:

it T o P
f d2T% 5 (2)hie(2) + 8T6( )1522 /Od Ll sa@h5(2), (10.14.28)
cl(g) = CZZ(G 167 2/ 42T 54 (@)hee ()2 (2), (10.14.29)
hwl(g) =1 Czéc 167 2/ 42T, @)y 7(2)d2 (2), (10.14.30)
faale) =1+ CzéG) 167 2/ Azl 5 (2)hze(2)d 2 (2)
3C§3(G 1672 0 Za@)T (22 (@)hee(2), (10.14.31)
) < Tt 101432

¢ =Inp? /m?). (10.14.33)
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Cy(G) is the quadratic Casimir operator and T(R) is defined by
Tr(t*") = T(R)8®. Equation (10.14.32) is the direct consequence of the
Ward-Takahashi—Slavnov—Taylor identity.

Equations (10.14.28)—(10.14.32) are completely equivalent to the set of differential
equations

s = S
_ Czl(ZG) 152 2, hkd, 8T6(R) 152 o, (10.14.34)

_ 3C;(G) %;rmrmdizhﬁ, (10.14.35)

hlcz 9 ) = — CZQG) 152 2, hd,, (10.14.36)

édi hyg) = — CZQG) 16gz 2o, (10.14.37)
with Ward-Takahashi—Slavnov—Taylor identities,

Fwdge = Caahe, Tadg = Dygahyy, (10.14.38)
and the boundary conditions

d2(0) = hez(0) = hy5(0) = Tca(0) = 1. (10.14.39)

The set of nonlinear differential equations, (10.14.34)—(10.14.38), with the bound-
ary conditions, (10.14.39), can be solved explicitly as

Taga=hg=h,; =T, do=T""% T,u3=T (10.14.40)

where I' and « are, respectively, given by

2 -1/«
A R /- S and =2 (1= 2 TR 01441
2 16x? 3 11 C3(G)

Here « is positive since

T(R) < - Ca(G), (10.14.42)

which follows from the group identity,

rT(R) = d(R)C,(G), (10.14.43)
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where d(R) and r are the dimensionalities of the representation R and the group G.
The connection between the bare or running coupling constant (or the bare
charge) and the observed coupling constant (or the observed charge) in this theory
takes the following form:
g
1+ 1(C2(G),/2)(g2,/1672) In(AZ /m?)’

gAY = (10.14.44)
which differs from the corresponding expression for the Abelian theories like QED
by the opposite sign in the denominator. The bare or running coupling constant
tends to zero as the cut-off parameter A? goes to infinity. Thus, at high energies or
at short distances, the theory becomes asymptotically free. Equation (10.14.44) can
be solved for the observed coupling constant (or the observed charge) as

2 _ g(A%) (10.14.45)
& T 1 k(ClG) (& (A2)/1627) In(A2/m?)’ o

The observed coupling constant (or the observed charge) can assume any value if,
in the local limit p? = A% — oo, the bare or running coupling constant (or the bare
charge) also tends to zero.

10.15
Renormalization Group Equations

As the renormalization group equation, we have Gell-Mann-Low equation, which
originates from the perturbative calculation of the massless QED with the use of
the mathematical theory of the regular variations . We also have Callan—Symanzik
equation,which is slightly different from the former. The relationship between the
two approaches is established in this section. We remark that the method of the
renormalization group essentially consists of separating out the field components
into the rapidly varying components (k? > A?) and the slowly varying components
(k> < A?), path-integrating out the rapidly varying components (k* > A?) in the
generating functional of the (connected parts of) Green’s functions, and focusing
our attention to the slowly varying components (k> < A?) to analyze the low energy
phenomena at k? < A2,

We first consider the renormalization in the path integral formalism, and take the
classical self-interacting scalar field as the model

g

£(669, 0,00 = S Db 6 — S m’") — ).

We carry out the Fourier transformation of the self-interacting scalar field ¢ (x) as

d*k - - -
Px) = / Gyt OB, with 38 = (-
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The action functional is written as

1[s] = f|k|<A % {(%kl - m2> qﬂk)&(—k)} + [ 9],

where [ii[@] is given by
e [6] =4 L5+ b o+ k) ) ) )
int a1 Jyyen @) 1+ K2 4 k3 + ka)p(Kk1)p (k2) @ (k3) P (ka).

The generating functional of Green’s function is given by

Z[]] = N/ D [d;] exp [1/ d*x {£ ((ﬁ(k), ikﬂqg(k)) + J(k)p (k) + “ie-piece”}] :

Here we have

[ 1= T1 [ powoiw.

|k|<A

With the scale transformations

k 7 ~ -1
P=1 o(p) = Ap(k), m=A""m,

the generating functional of Green’s function is now given by

a* "
2 =N f Diglexp [i / eyt |19 i00u9) + Jo + i-picce }] ,
with

[Pwi=T1 [2ewre e

[pl<1

The action functional is now given by

_ d4p 1, ., :
Ilg] = flpld 2n) {(Ep —m )w(p)ca(—p)} + lintlg],

with the interaction term given by

g d*p

a Jya n)® 1 TP P POE)eE)es)e )
U=

Iint[<p] =
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We now separate the field variable into the slowly varying component and the
rapidly varying component as

(p(p) = (pslow(p) + Ql)rapid(p)

with
Osow(@) = O unless lp| < 1D,
@rapid(p) = O wunmless (1/b) <|p| <1,
b>1.

The generating functional of Green’s function is rewritten as

Z[]] = N/ D[gpgow] D [(/J rapid] exp [”[(pslow(p) + Wrapid(p)] + “ie'Piece”] ,

and we perform the path integration with respect to ¢rapiq. We define the new
action functional I[¢gow], Which depends only on ¢gjoy by

exp [ii[(pslow]] = / D [‘/) rapid] exp [lI [Wslow(p) + (/)rapid(p)]] .

We expand the new action functional T[ggley] in the form

. d'p (1
I@siow] = /|‘p|<1/b (27[1;4 {zzpz -n } @stow (P)@slow (—P) + Tint[@siow],

which defines z, r1, and the new parameters in Ilin[¢gow]- We set z = b7, where

we call y the anomalous mass dimension. The generating functional of Green’s
function is now written as

Z[[]= N / Dl¢slow] €Xp [if[wslow] + “is-piece”}] .
We rescale the cutoff back to 1 by defining

P=bp. ¢'()=b"""0a0u(t /D).
The action functional can be written as

d'p (1
(27_[}))4 {Epz - 1”} (p/(p)w/(_p) + Ii,nt [<p,] ’

Il¢'] = Tipson] = /

|p[<1

where ¥’ = b2t ry.
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We compute the N-point Green’s function in the momentum space as

G Mg = 20 e
NP1, ..., PN :gO)_?m“.?m U

/D[J’] {qs(l?l) e J’(PN)} exp [il[d;] + “is-piece”]

/D[J’] explil[¢] + “ie-piece”]
Here
|p,‘| < A

and gy represents the bare coupling constant.
In terms of the dimensionless field,

o(p/A) = Ad(p)

and the dimensionless bare coupling constant gy, we can write

GN(p1,---.pN: A go) = ANGy (%1% go>,
where
/ Dig] {e(p1) - - (pn) } exp [il]gp] + “ie-piece”]
On(pts .-, PN: 80) = .

/ Dig] exp [il[g] + “ie-piece”]

We are interested only in the N-point Green’s function of the slowly varying fields
with

|pi| <1/b.
Setting ¢ (pi) = @slow(pi), We have
gnlp1,-- - PN; 80)

/D [(pslow] /D[(prapid] {‘P(Pl) T (/J(PN)} €xp [il[(pslow + (prapid] + “i8-piece”]

/D[wslow]/p[(prapid] exp [il[(pslow + ‘/Jrapid] + “iS'Piece”]

/D[(Pslow] {(/’slow(pl) o ¢SIOW(pN)} €xp I:ij[(/’slow] + “ia-piece”]

/ D[¢slow] €XP I:ﬁ[(/)slow] + “ia-piece”]
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/D[(p/] {@/(bp1) - - - @' (bpn) } exp [iI'[¢'] + “ie-piece”]
— ZO—N/ZbN

/D[(p’] exp [il'l¢'] + “ie-piece”]

~N,2
=z, 4 NGy (bp1,. .., bpn: g).
To take contact with the perturbative renormalization, we set

b=A/u,

where y is the normalization point. Multiplying the above equation by A=V =
(bp)~N, we obtain

GN(p1,- - pvi Ago) =20 2 NG (% o %;g/> '

In the perturbative renormalization, the above equation is usually written as

A N2
GN(p1,---,pNs A, go) = [Zo <;,go)] Gy(p1,--- PN 14 8),

where g is the renormalized coupling constantand Gy (p1, . . ., pn; 4, g) is the renor-
malized N-point Green’s function. We should observe that the cutoff dependence
is isolated in the factor zo(A 1, go)-

Renormalization Group of Gell-Mann-Low

We briefly outline the Gell-Mann-Low approach to the renormalization
group. We consider the quartic self-interacting neutral scalar field theory as a
model,

£(900,69) = ~3 b (x) — 59 — £ 0.

In order to fix the normalization of Green’s functions, we give a set of pre-
scriptions. We introduce a parameter u of the dimension of mass and properly
normalize the two-point Green’s function at p? = u?. The coupling constant g(1)
is introduced as the value of the one-particle-irreducible (1PI) four-point Green’s
function for pip; = (;LZ/S)(4<SU- —1),1,j=1,2,3,4. The 1PI Green’s functions are
defined as those Green’s functions which cannot be made disjoint by cutting one
internal line.

The N-point Green’s function is denoted by

™ (pi; mog(u)), i=12,...,N. (10.15.1)
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When the parameter u is equal to the physical mass m,, we have the standard
mass-shell renormalization and we define

& = &(mp)- (10.15.2)

The scale transformation argument yields the following relationship:
G (pi; mp, gp) = Z(1) "N 2GM (pi; 1, g (1) - (10.15.3)

The renormalization group is defined as the group of scale transformations
of the parameter u. Equation (10.15.3) shows the characteristic feature of the
renormalization group that the change of the scale of u induces the change of
the coupling constant and the change of the overall normalization of Green’s
functions.

In order to express the scale change of 11, we introduce a new parameter p by

p= 1n<i>, (10.15.4)

Mp
and rewrite Eq. (10.15.3) as
G (piz mp, gp) = Z(p) ™G (pis 11(0) g(p)) - (10.15.5)
The left-hand side of Eq. (10.15.5) is independent of p so that the derivative of the

right-hand side of Eq. (10.15.5) with respect to p must vanish. As a function of p,
we observe that 1(p), g(p), and Z(p) satisfy the boundary conditions

1(0) =mp, g(0) =gy Z(0)=1. (10.15.6)
Now g(p) is a function of p and gp, so that its derivative with respect to p is also a

function of p and g,. Since g, can be expressed in terms of p and g, 3g,/dp can be
regarded as a function of u,/m, (= exp[p]) and g,

d “w )

—g= ,— ). 10.15.7

op® B (g i ( )
Similarly, we have

d _ u

—InZ(p) = —. 10.15.

o (0) 123 (g, mp) (10.15.8)

The vanishing of the derivative of Eq. (10.15.5) with respect to p is expressed as

ad w d 1 %
N =~ N (p; =0. 10.15.
(“auﬂg(g’ >8g+2 V¢(gr p))G (pis1,8) =0 (10.15.9)
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We define a differential operator D by

9 9
D=y +h <g, %) i (10.15.10)

With ép as the infinitesimal parameter of the renormalization group, the infinites-
imal change of Q, a function of 1« and g, under the renormalization group, is given
by

80 = (DQ)sp. (10.15.11)
Renormalization Group of Callan—Symanzik
In the Gell-Mann-Low equation briefly discussed above, the physical mass and the
physical coupling constant, m,, and g, are held fixed and only the normalization
point p is varied. On the contrary, both the physical mass and the physical
coupling constant are varied in the Callan—Symanzik equation. For the reason to

be discussed later, we simply denote them by m and g, respectively.
The Callan—Symanzik equationfor the N-point Green’s function is given by

m /3(g)i + 1Nm(g) GMpiim,g) = AGM (pim,g),  (1015.12)
am aig 2

where the right-hand side is the mass-insertion term, and for a model theory under
consideration, it is given by

d
AGH (i m, g) = (—B(g)mzw> G (piz m, g),
B(g) = dg(p)/dp, vs(g) =dInZ, (p)/dp, 8(g) = dm(p), dp.

Callan—Symanzik equationsfor the j-fold mass insertion terms in the ¢*(x) theory
are given by

(m% + ﬂ(g)i + 1Nm(g) -j(2- Vs(g))> NG (pi; m, g)

ag 2
= ATGN (pi: m, g). (10.15.13)
Here
om 0lnZ
M2 (x) = Zsm>¢?(x), zmo(,)—m0 =m, ys(g) =Zmo amos'

We call Eq. (10.15.13) the generalized Callan—Symanzik equation. In order to cast
the generalized Callan—Symanzik equation, (10.15.13), in a homogeneous form,
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we introduce the generating function of the j-fold mass-insertion terms by
K.
GN(pimg K)=Y_ j—!AJG(N) (pi; m,g). (10.15.14)
j=0
This generating function satisfies a homogeneous equation

el a 1 el
(m—m )5y 3 Nrele) — {1+ (- ys(@)K) —) G (piz m, g, K) = 0.

9 2 9K
(10.15.15)

Although this differential equation is homogeneous, we have introduced three
parameters, m, g, and K, to be compared with the two parameters, 1 and g, in the
Gell-Mann-Low equation, (10.15.9). Next we define the differential operator D by

- 3 3 3
D:ma—m-f—ﬂ(g)@ —{(2+8(g))K+1}8—K. (10.15.16)

The infinitesimal change of Q, a function of m, g and K, under the
Callan—Symanzik type renormalization group is given by

8Q = (DQ)sp. (10.15.17)
For example, we have

Sm=mdp, g=P(gdp, SK=—{(2+5(g)K+1}sp. (10.15.18)
The solutions of Eq. (10.15.18) with the initial conditions,

g0)=g K=K, (10.15.19)

are denoted by m exp|p], §(p), and K(p).
The equation corresponding to Eq. (10.15.3) in the present approach is given by

N r ~0 / ~ o
G (pi; m, g, K) = exp [5 /0 Ve (&(0) dp} G (pi: mexplol, &(p), K(p) ).
(10.15.20)
We shall choose a special value of p, denoted by p, such that

K(p) = o. (10.15.21)

Then this g is a function of g and K, and the two-point Green’s function for this
choice of p is given by G (p;; mexp[5], §(5), 0), which has a pole at

p* = m? exp[27]. (10.15.22)
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The single particle mass, mexp[p], is a function of m, g, and K. From now on, we
shall consider that

mp = mexp[p] (10.15.23)

denotes the fixed physical mass, and m denotes a movable normalization point. In
fact, we have

Dm, =0, (10.15.24)
which is a consequence of the fact that m,, is the pole of the two-point Green’s

function , G@ (p;; mexp[p], §(p), 0). Substituting Eq. (10.15.23) into Eq. (10.15.24),
we find

Dp = —1. (10.15.25)
The function p is alternatively fixed by Eq. (10.15.25) with the boundary condition,

p =0 for K = 0. Integrating the second equation of Eq. (10.15.18), 8g = B(g)p,
with the initial condition

80 =g K(0) =K, (10.15.19)
we obtain
80 dx
o =/ - (10.15.26)
g B

Applying D on the above, and using Eqs. (10.15.25), (10.15.17), and (10.15.18), we
obtain

Dg(p) — 1.

— 0 D, ~1 =
B(&(p)) Bg) B(&(p))
Hence we have
Dg(p) = 0. (10.15.27)

Namely, the on-shell coupling constant, g, = g(0), is also an invariant of the
Callan—Symanzik type renormalization group.

Next we shall regard K as a function of g and p = In[m, /m], or as a function of g
and m, my. Then Green’s functions can be expressed in terms of the parameters,
pi, m, g, and my, instead of p;, m, g, and K. We write

GMN (p,'; m, g, K(g, %)) G™(pi; m, g, my). (10.15.28)
P
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Taking the following equation into consideration:
Dm, =0, (10.15.24)

we have the following equation from Eq. (10.15.15):

Nm®>dWWM®mw

9 - 0 -~ 0 1
(), @) () o) (). +3rt)
d 1
——+—Nm@06mwumgma

aig 2

We have a homogeneous Callan—Symanzik equation involving m and g alone,

0 0 1
i Z 4z (N) (49 - —
(mam + B(g) o + 2N)/(b(g)) G (pi; m, g, mp) = 0. (10.15.29)

Lastly we give K as a function of g and 5. From Egs. (10.15.18), (10.15.19), and
(10.15.21), we immediately obtain

p o
K= / dp exp |:/ dp(2+6 (g(p)))] , (10.15.30)
0 0
where g(p) is defined by the following equation:
&lo) o'
- / dg, . (10.15.31)
¢ BE)

Since Green’s functions in the two alternate approaches depend on the two
parameters differently, we distinguish them by subscripts, “GML” and “CS.” The
renormalization group equations are given by

a m\ 0 1 m (N
(m% +B <g, _) =+ 5Ny (g, m-p)) Gow(piim,g) =0, (10.15.9)

my ) g
mi+ﬂ K G (psm,g) =0 10.15.29
3+ B3 + 3N ) Gpimg) = 0. (10.15.29)

We assume that these two Green’s functions are related to each other as
N N,/ 2 ~(N _
GO (i m,g) = 20 * G (pis m, ;1 Z3g) . (10.15.32)

Here Z; and Z; are the functions of g and m “m,;,, and when m = m,,, both sides
of Eq. (10.15.32) become Green’s functions renormalized on the mass shell. Thus,

Z1=2Zy=1 for m=m,. (10.15.33)
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We shall define

g =777, (10.15.34)

D=m (i> +B (g, ﬂ) <i> , (10.15.35)
om/, mp ) \9g/,,

D=m (i> +B(g) (i> . (10.15.36)
am J g’ ).

In order to study the transformation (10.15.34), we assume
D="7. (10.15.37)

We note that

ag’
3 3 ag’\ [og\"' @
(), = (), (), (55) 3%
am ) am/, am J, \ 9g og

Thus we have

. 3 ag'\ " g’ 3
D/=m<_> + <_> <_m_+ﬁ ,> ag’
am/, g am ©) ag

and by the assumption (10.15.37), we obtain

0 pfe ™) 2|y g 10.15.38
[mam ﬂ(g, mp)(.)—g}g =Bg), (10.15.38)
or
9 m\ol_ . . . W€ dx
[m% + B (g,m—p> @] Fig)=1 with F(g)= m (10.15.39)

Equation (10.15.39) determines g’ as a function of g and m /m,, only. The boundary
condition is given by

g =g for m=m,, (10.15.40)

which follows from Egs. (10.15.33) and (10.15.34).
Lastly, by Egs. (10.15.9), (10.15.29), (10.15.32), and (10.15.37), we obtain the
equation determining Z; as

0 +8 m\ 2 )+ "z =0 10.15.41
m_ — —_— —_— = . . .
o &) g velg) +vs |8 ) |2 ( )

Once g = Z;'Z3g and Z, are known, the relationship between the two sets of
Green’s functions is completely determined by Eq. (10.15.32).

497



498 | 10 Calculus of Variations: Applications

Renormalization Group of Callan—Symanzik for QED

We now briefly mention the renormalization group equation for QED. Lagrangian
density for QED is given by

1 v 1 " 2.0 [y M
Lorp = — 7 FowFy™ — g 0 Aou)” + Yo(¥)(iy" Dy — mo)ho(x),  (10.15.42)

where the renormalized quantities are defined by

Aoulx) = Z;/ZAM(X):
_ 1/2
yolv) = A (10.15.43)
o = Zy e,
(o)) = Z;O{,

with the Ward—Takahashi identity,
71 = Z,. (10.15.44)
We define the (n + m) point Green’s function , G(”'m)(kl, ce kuip1, o pms €), by
Gz)”'m)(kl, co ke p1, o pms €)

= ZY () Z) ()G (k. ks e s (1) (10.15.45)

eo = Z; " e(n), (10.15.46)

where n is the number of the photons A, (x) and m is the number of the electrons
¥ (x) in the (n+ m) point Green’s function. We write down the renormalization
group equation from the independence of the unrenormalized Green'’s function
upon the normalization point u,

d ad ad
(ri 2 (o) 322 (o ) 7 S =0

Mp P
(10.15.47)
Y (e, i) + mye (e, i,a> . (10.15.48)
Mp Mp
Callan—Symanzik equationsfor the j-fold mass insertion terms in QED are given

by

: 3 3 3 :
AFIGIm = (m% + B e @)+ ym —j(1 - ys(e,a))> ANGmm,

(10.15.49)
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with
Zmo(am/mo) = m,
Ble) = Zmyg(de, Imyg),
Yelle, @) = 1Zmo(dInZ,/ 9my),
¥ph () = 1Zmo(dIn Z3,/ dmy), (10.15.50)
3(e, ) = Zmyg(dor,/dmy),
moYo(x)¥o(x) = Zsmy (%) (x),
ys(B,Ol) = ZWL()(a anS/amo).

Combining these equations with the Ward—Takahashi identity,

e= Zi/zeo and e*a = elao, (10.15.51)
we have
Ble) = evpnle),  8(e,@) = —2aypn(e)- (10.15.52)

We define the generating function of the j-fold mass insertion terms by

o
Ko
G (pis mye, K) =) " — NG (pi; m, o). (10.15.53)
=

We obtain a homogeneous Callan—Symanzik equation for QED,

(mi Jrﬂ(e)3 +8(e)i+ "”")—{H(l— (e))K} i)
om oe " Voa TV s 0K

x G (p;: m, e, K) = 0. (10.15.54)
10.16
Standard Model
Electro-Weak Unification

With strictly vanishing neutrino masses, the neutrinos always enter in the elemen-
tary processes in the left-handed state. So it is natural to consider the left-handed
doublets of the leptons and the right-handed singlets of the charged leptons.

1-ys 1
= ( Vel ) _ ( 2,0 ) lj = er = %e. (10.16.1)
— ¢

€L

The most general transformation which commutes with the lepton number, the
Lorentz transformations, and the kinematic part of the Lagrangian density is
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( Vel ) — U-( Vel ) erR —> V- er, (10.16.2)
er er

where U is the 2 x 2 unitary matrix and V is the 1 x 1 unitary matrix. The group
Gis U(2) x U(1). But this includes the lepton number phase transformations,

( Vel ) — exp[ia]( ':LL ) er —> explia]er. (10.16.3)

eL

Assuming that this is unbroken, we cannot let these transformations be the gauge
transformation. We want the group to include the charge phase transformations,

(2)= (2 ) () o e

We take the generators of these transformations as Ty, Ty, T3, and Q with the
realizations given by

t—§°1t—§°_it—§1°~tﬂ<=0’
T2l o )02 i 0 )P T2 o <1 ) =123,

(10.16.5)
0 0
q = e( o 1 ) , qr=—c (10.16.6)
If the weak hypercharge is defined by the Gell-Mann—Nishijima relation
_ (T Q (10 o
Y=—2g<g e), yL= g(o 1>, YR = —2g, (10.16.7)
we have
[Y, T] = 0. (10.16.8)

So the group is G = SU(2)weak isospin X U(1)weak hypercharge- We assume that Wy,
Wy, and W3, are the generators of SU(2)weak isospin and that the neutral gauge field,
Vyu, is the generator of U(1)yeak hypercharge- B

Covariant derivative of the lepton field v in terms of W, and V,, is given by

Dy = 3,y + EW, ¥ + %vul/f. (10.16.9)

The unbroken linear combination of  and y is the electric charge q which is given
by
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13 y ’
qO(—-i——/O(gt;—f—g
g 2g

Y

> or A, x g W3, + gV, (10.16.10)

Upon orthonormalization, we have the two neutral gauge fields,

Ay = 21 > (8" W3 + gV, Wi = 21 > g'Au + ng]r
& 1+g / or g 1+g ’
VARES gEW3, — g Vi, V, = A, — 8 Z0).

[g2442 [g2442

(10.16.11)

We remark that these results are independent of spontaneous symmetry breaking,
but are only dependent on the charge conservation.
The neutral part of the covariant derivative is given by

A +8Z)  ygA.L—gZ)

't 2 - g'y/2
— a8 3 +ey/ +Zﬂgt3 8y/2

y y
t3W3M+EVﬂ=t3 2

(10.16.12)
/g2 +g/2 /gZ +g/2
Hence the electric charge g is given by
't 2
g= 82827 /2 (10.16.13)

For the electron, we have t; = —g, 2,y = —g’, for the left-handed component,
t3 = 0,y = —2g/, for the right-handed component, and g = —e¢, so that the elemen-
tary charge is given by

/
e= 28 (10.16.14)

Ve +g?
The charged part of the covariant derivative with k = 1, 2, is given by

t — ity Wi + iWZl/« ty + ity Wi — iWZl/«

b Wi, = + =t Whr+t, W,.
SV I RN e
(10.16.15)
The charged current interaction is given by
Evayrawt, Layrvawr, Epraw (10.16.16)
V2 V2 V2
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The effective interaction is given by
2

g — u 1 g g
—er Y Ve ———= n, = —5—
NG Lt "7'2W:t \/EPLVM ' 8"7'2W:t

ey" (1 — ys)vepyu(l — ys)n,  (10.16.17)
to be compared with

G

7‘;éy“(l — ys)vepyu(l — ys)n,  Gp=1.02 x 107°m?, (10.16.18)

resulting in

g _G (10.16.19)
Sml. V7 .16.
We define the Weinberg angle Oy by
g/g=tanby, g=¢/ sinfy, g =e cosby. (10.16.20)
Then we have
22 2 .
mye = | V2_ e [V2 _ 373Gev (10.16.21)

8Gr sinfy \ 8Gr ~ sinbw

To give the electron its mass, we introduce the doublet of SU(2) weak isospin Higgs

scalar field,

¢r b o= +g/2, y = ¢,
= , ) 10.16.22
Covariant derivative of Higgs scalar field is given by
— R Y
(Dud)e = (ausa,g + iB)ap Wy, + Livuaaﬂ) . (10.16.23)
As the Higgs scalar Lagrangian density Lpjggs, Wwe choose
Liiggs = — (Dud() D" o) — V (6()). (10.16.24a)
25, M
Vg)=-—m"¢'p + (¢7¢)" 2 >0, m>0. (10.16.24b)

We generate the masses of the leptons by the Yukawa coupling of the leptons to
Higgs scalar field, ¢,

oona == {Glnglhr+hel. (10.16.25)
f=eun,t
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Higgs scalar field ¢ develops the vacuum expectation value such that

(¢>> - ( (,j ) with v =m/Vx. (10.16.26)
Then we have the lepton mass term as
‘Clepton mass — Z {UGlZLlR + U*GﬁRlL} . (10.16.27)
l=e,;t, T

Thus we obtain
=Gp, my, =0, l=¢eu,. (10.16.28)

The covariant derivative term in the Higgs scalar Lagrangian density which depends
on the vacuum expectation value (¢) quadratically becomes

g )
v <4 (Wm + Wzﬂ) + - (ng g VH)2>. (10.16.29)

We have the masses for the intermediate vector bosons, Wj and Zﬁ, as

mys = (V%«fj/)% m, =0, v=~247GeV.  (10.16.30)
My = vyg e

The lepton—gauge couplings result from the lepton Lagrangian density

Liegon = Y {luiv" Dbyt + Iwiv* Dl } (10.16.31)
f=en,t

Writing this Lagrangian density in terms of the physical fields, we obtain

/
£lepton-Au coupling = LAM Z l)/”“l,
2 + /2 -
g g I=e,u,7
/2 >0

£lept0n th couphng mz Z lfJ/ <t3 — Qlf sin 9W> lf,

f=ent

+
Elepton-W‘f coupling — Z { W .C.} .

le//.t

The total Lagrangian density Lgws for the Glashow—Weinberg—Salam model with-
out the gauge-fixing term and the Faddeev—Popov ghost term is

1 2 1 2
Lows = -2 (0 Waw — 0y Wy — 8Eapy Wpu W)™ — 7 (8. Vo — 3y Vi)
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e Y T - Y
+ 3u+’th+lEVu ¢ 8M+ttWH+1£Vﬂ ¢

e A . _
+migte —2(679) + Y {lniv" Dulp +aiv" Dulye
f=eun,t

- Y {ednshr+hel. (10.16.32)
f=eunt

Standard Model: As for the strong interaction, we choose SU(3)lor as the gauge
group. We assume that the quark field g,(x) transforms under the fundamental
representation of SU(3)color»

L= %Aa, (£9)5, = —igsfus,, @By =1,....8. (10.16.33)

We have the quark—gluon Lagrangian density £guark-gluon as

1
Lquark-gluon = 7 (BMAOW(x) — O Agpu(x) — g3ﬁxﬁyAﬂu(x)AyV(x))2

_ . . 1
+ Z 4, (x)iy" (au‘snm +1g3 (E)‘a) Aau(")) gm(%),
q=u,d,c,s,t,b nm
(10.16.34)
where
qn(x):  Quark (color triplet), n=1,2,3, (10.16.35)

Agu(x):  Gluon (color octet), o =1,...,8.

Here the indices n and « refer to the color degrees of freedom of the quark—gluon
system.

The interaction Lagrangian density for the quarks and the gluons can be easily
read off from Eq. (10.16.34). There also exists the cubic and quartic self-interaction
of the gluons. The explicit form of the self-interaction Lagrangian density can be
easily read off from Eq. (10.16.34).

The quark degrees of freedom have further gauge couplings upon gauging
SU(Z)weak isospin X U(l)weak hypercharge»

L faa uj
»Cquark-gauge = Z (uj’ dj)LlVﬂ (LtW” + %V“) < dj )
VY

j=1,23

+ 3 {miv (i2Vi) wr+ dwiv* (i2V.) dr} . (10.16.36)
=123
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Here, we designate

" ur, cL, t, B = +g/2, y = +g/3

( dJ‘ ) ~  di, SL, by, t3 = —g/2, y = +g/3,
I /=123 UR, CR, tr, B3 = 0, y = 4¢3,

dr, SR, b, t = 0, y = 283

(10.16.37)

(w, di)1 = (WL, djv). (10.16.38)

In terms of Wf, Zg, and A, we write the interaction Lagrangian density of the
electro-weak coupling of the quarks in the following form:

L quark-gauge = L quark-Ay, coupling +£ quark-Zg coupling +£ quark-VT/flt coupling’

(10.16.39)
where
Lquark-,, coupling = €Auje.m.» (10.16.40)
p .2 .
‘Cquark-Zﬁ coupling — _MZM (]f?s — s QWJg.m,) , (10.16.41)
g .
Equark-W,f coupling = ﬁ (W;:r.]ﬁf + hC) ’ (101642)
e. X[ Ld) = (. d 10.16.43
dem = 2 W d (SHog )| g ) A=), (101643)
j=123 g
_ t .
Hyors= . Uy 2= ( Z{ ) , by =t £ ity (10.16.44)
=123 8 i /L

We note that the neutral currents, jip, and j‘ﬁ 5, are flavor diagonal, and therefore
they do not provide the interactions which bridge over the different generations.
The charged current, ji' ., is not flavor diagonal, but it still does not provide the
interactions which bridge over the different generations.

We observe that the quarks acquire the masses from the Yukawa coupling to
Higgs scalar field, ¢, via

Lo == D | Gulw d)otup + Gulwy, dgdr +he | (1016.45)
=123

As long as the quarks, qi, in the left-handed doublets are in the eigenstates of the
mass matrix, we cannot provide the interactions which bridge over the different
generations, since the Lagrangian density does not contain the term which bridges
over the different generations of the quarks. Since the standard model is incapable
of providing the interactions which bridge over the different generations of the
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quarks, we shall mix the bottom components of the doublet of the quarks by hand.

We write
d d
s | =M s |. (10.16.46)
b/

The explicit form of the matrix M was given by M. Kobayashi and T. Maskawa as

1 —5103 —S5153
M= S1C2  €16263 — $283 exp[ié] C10253 + $203 exp[nS] , (10.16.47)
5152 C€15283 + €283 €xp[id]  c15283 — c263 €xp[id]
where
¢, =cosb;, s;=sin6;, 1=1,23. (10.16.48)

Since we are mixing the bottom components of the doublet of the quarks by hand,
we must determine the mixing angles, 6;, (i = 1,2, 3), and §, from the experiment.
In this respect, the standard model contains too many adjustable parameters and is
far from satisfactory as the ultimate model of the unification of the weak interaction,
the electromagnetic interaction and the strong interaction.

We write down the Lagrangian density for the standard model for the sake of
completeness, with the gauge-fixing term, without the Faddeev—Popov ghost term,
and with the bottom components of the doublet of the quarks Kobayashi—Maskawa
rotated:

1
Lsm = =~ (0 Wy — 0 Wy — geapy Wiy Wy)” — Z (8, Vo — 8, V)

1
4
+ ((au+ii\%/u+i§vﬂ)¢) (a +iEW, -‘rl Vi) o+ miple

A T2

—50'9)

+ Z {ifLi)/MDp,lfL —+ ifRiyqu.lfR} — Z {GfIfL(plfR -I—hC}
f=ent f=ent
1

— & (0 A () = 0, Acu (%) — gifupy Api (DA, ()

+ X amit (st (%AQ)WAW@)) an ()

q=u,d’ ,c,s' t,b'
, g , . . g
+eA gt — cos@wzﬁ (s — sin® Oy, ) + W (Wit _ +hc)
§
= Y |Gl @) un + Goylu, d)od +hc.| - = (0" Aay)?
j=123
£ i g i Mo £
_ > B;LWJﬁ_i +| _ S a/LZO O — 2 (9" A 2,
2 n EmWi¢ 2 %. \/— ¢ 2( I/»)

(10.16.49)
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6= ( 22 ) = Z Wyu (tj + L)( ;‘J/ ) (10.16.50a)

j=123 g % J
. — b ow , — ot
fa= ) (WJ)LV“_( g ) C Re= ) (uj’dﬂLV”_( g ) '
j=1.23 & J /L j=123 & J /L
(10.16.50b)

Instanton, Strong CP-Violation, and Axion

In the SU(2) gauge field theory, we have Belavin—Polyakov—Schwartz—Tyupkin
instanton solution which is a classical solution to field equation in Euclidean
space—time. Proper account for the instanton solution in the path integral formal-
ism requires the addition of the strong CP-violating term to the QCD Lagrangian
density. Peccei—Quinn axion hypothesis resolves this strong CP-violation problem.
We first discuss the instanton solution. The instanton is the solution to the
classical equation, which makes Euclidean action functional stationary and finite.
We note that the arbitrary element of the SU(2) gauge group can be expressed as

> 1
g(x) = expliwg T;] = a(x) + b(x), T, = 7T a=1,23, (10.16.51a)

g(9g()" = a(x)? +b(x)? = 1. (10.16.51b)
From the requirement that Euclidean action functional is finite, we require
Fouv(¥) — 0 as  |x| — oo.

In another word, the gauge field A, (x) approaches to the configuration which is
equivalent to the vacuum,

Au(x) — —ig(x)d,g(x)" as  |x] — oo. (10.16.52)

Explicitly the instanton solution is given by

2
r .
Aulx) = —mtg(x)iiug(x)’, (10.16.53a)
4 imm
2=+ @ =P, g = H% (10.16.53b)
This solution appears and disappears instantly, and so we call this solution as an
instanton.
In order to gain a proper understanding of the instanton, we consider QCD
vacuum carefully. We shall consider QCD in the temporal gauge

Ago(x) =0, (10.16.54a)
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and concentrate on the SU(2) subgroup. In this gauge, the spatial gauge fields are
time independent and, under a gauge transformation, transform as

Ai(%) = %‘”Aai(&) — QR AR () — gisz(?c)viszfl(?c). (10.16.54b)
3

The rich structure of QCD vacuum results from the requirement that the gauge
transformation matrices Q(¥) go to unity at spatial infinity. Such requirement maps
the physical space onto the group space and this S3 — S3 map splits Q(x) into
different homotopy classes {€2,(X)}, characterized by an integer winding number n
which specifies how precisely Q(x) behaves as X — oo,

Qu(¥) — exp[2win], as X —> oo. (10.16.55)

Because we can construct the n-gauge transformation matrix ,(x) by com-
pounding n times €21 (X), an n-vacuum state corresponding to A, (X) is not really
gauge invariant. Indeed, the action of the gauge transformation matrix Q1 (x) on an
n-vacuum state gives an (n + 1)-vacuum state,

(3 |n) = [n+1). (10.16.56)

We should construct the gauge invariant vacuum state, the 6-vacuum, by super-
posing these n-vacuum states,

‘0>=Zexp[—in9]’n> with Ql(ic)(a):exp[ie]’e). (10.16.57)

n

With the v instanton solutions in the theory, we can show the fact that the
winding number v, which is also called Pontryagin number has the following
gauge invariant expression after a little algebra:

32712 / d*xe""P7 Fy 1y Fapo (10.16.58)
The vacuum-to-vacuum transition amplitude assumes the following form:
. <0’ 9>_ = explive] (+ <n+ u( n)_)
v n
= Z / D[Au,] exp |:1/ d4x£QCD + ive]

><8< 32 == / d4xs’”p"vaFapa). (10.16.59)
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We can interpret this new 0-term in terms of the new effective Lagrangian density
for QCD, whereby all of the quarks acquire the masses from the spontaneous
breakdown of the electro-weak gauge symmetry

g2

1 s
o = =P B + 055058 FanFapo + ) )iy" Dug(x).
q:uj,dﬂ':l,ZJ

(10.16.60)

Perturbation theory is connected with the v = 0 sectors. The effect of the v # 0
sectors are nonperturbative. These contribution are naturally related to the chiral
anomaly. For ny flavors, the axial U(1)s current J has a chiral anomaly,

n
f

€MWFa/wFapm ]? = Zqi)’u%qi' (10.16.61&)
i=1

g
3272

3M]5H =ns

Since the right-hand side of the above equation is a four-divergence,

"% Fopy Fopo = 0, K", KM = "7 A, I:F“/’“ - %ﬁ*ﬂyAﬂpAV”] !

(10.16.61Db)
we can construct a conserved axial U(1)4 current as
; g
J§=J¢ —nf 3272 K*. (10.16.61c)

Thus a chirality change A Qs is related to the winding number v as

g
3272

AQs =/d4x8H]§‘ =ns /d4x8“”p"FaMUFapg = nyv.

The conserved current J{' is not gauge invariant for transformations with
nontrivial winding number. Since we can show that

g32 3= 10 1 g% 3= 10
Q== | IxK\Q7' = dxK’ —1,
1(32712/ XK, 32712/ X

we obtain the following gauge transformation of the associated charge Qs:
2105Q; ' =05 +np with Qs = / x]2. (10.16.62)

The new interaction term, the #-term in Eq. (10.16.60), is not the only new
source of CP-violation arising from the complex structure of the QCD vacuum. It
is augmented by an analogous term coming from the electro-weak sector of the
theory. In general, the mass matrix of the quarks which emerges from spontaneous
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breakdown of the electro-weak gauge symmetry is neither Hermitian nor diagonal.
In general, we have the quark mass term as

L quark mass = —Gr, Mijqr; — Gy, (M) jar;- (10.16.63a)

This mass matrix can be diagonalized by separate unitary transformations of the
chiral quark fields. These transformations constitute a chiral U(1)a rotation,

qr — explialqr, g —> exp[—ix]qy, (10.16.63b)
with

a = (1,/2nys) argdet M.
This chiral U(1)a rotation changes the vacuum angle. Using Eq. (10.16.62), we can

show that the rotations (10.16.63b) on the 0-vacuum shift the vacuum angle by
2nsa, since the action of exp[i2a Qs] on |0) produces |0 + 2nsa) as

Q) exp [iZer;] ‘9) = Qexp [iZaQ—,] Qe (9>
= exp [iZa(Qs + nf)] explif] ‘9)
exp [i(0 + 2nya)| exp [iZa QS] ’9)

= exp [iZan] ’9> = ’9 + anoz>.

Hence, in the full theory, the effective CP-violating interaction arising from the
more complex structure of QCD vacuum is the one given in Eq. (10.16.60), where
the @-parameter is replaced with 6 defined by

0 =06+ 2nfa = 6 + argdet M. (10.16.64)

The strong CP problem is really why the combination of QCD and electro-weak
parameters which make up @ should be so small. The §-term in Eq. (10.16.60)
already gives an immediate contribution to the electric dipole moment of the
neutron and the stringent experimental bound on the electric dipole moment of
the neutron requires that we should have 8 < 10~°. In principle, since 6 is a free
parameter of the theory, any value of 6 is equally likely. We shall explore why this
number is so small, or, even we can make it disappear.

What Peccei and Quinn did is the following. They replaced the strong CP-
violating static f-parameter by the dynamical CP-conserving interactions of the
axion field a(x) with the assumption that full Lagrangian density of the standard
model is invariant under the additional global chiral U(1)p.q. symmetry, where
8p.q.a(x) = va, with the introduction of the SU(2)yeak isospin doublets of the Higgs
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scalar fields, ¢, and ¢4, (y = Fg'), replacing the Higgs scalar field ¢, with ¢4 also
coupled to the right-handed charged leptons,

1 .
Cians = = { Gy A1 butee + Gy oy A pud +hc |

Isolating the axion as the common phase field of the doublets, ¢, and ¢y,

¢u2vu<(l)>exp|:w:)x:|,¢d=vd(?)exp[;},x:zj (v +v)1/2

the U(1)p.q. symmetry which guarantees the invariance of L%ﬁva is under
Ur —> exp [—iax] ujr, oy — exp [iox] du,
dr  —> exp[—i(a,/x)]djg, ps —  explile/%)] ¢

We write the effective standard model Lagrangian density as

2

N
EeM = Lsm +6 g S‘LUP"FO,WFO,M + - 3 a 8"a+£1nt< va. 1//)
a g3 vpo
55 30 28“ o FopvFapo. (10.16.65a)

The U(1)p.q. symmetry is spontaneously broken by the doublets, ¥ stands for any
field in the theory and £ is a model-dependent parameter associated with the global
chiral anomaly of the U(1)p . current ng‘,

2

aufg.Q. =£ 32& ngwxm FapvFopo,
with
1
]g.Q. = —vd'a + xury  ur + ;dey“de.

Under the chiral U(l)A rotation (10.16.63b), the CP-violating term, Lcp o
fehvro FoyvFape, in E‘gM in the presence of the n, generations of the fermions
assumes the following form:

g

ﬁ =
P 32

(0 + 4nger) €7 Fopy Fapo -

Since 6 is specified only up to mod(27), L& remains invariant under the transfor-
mation of o with the discrete Z4,, group specified by & — o + (27 /4ng)n with n
integer.
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By the reduction of the U(1)p.q. symmetry group to the discrete Zs,, group at the
center of the spontaneously broken gauge group, we can resolve the domain wall
problem in cosmology in the context of the SO(10) grand unified model.

The presence of the last term in Eq. (10.16.65a) provides an effective potential for
the axion field. Its vacuum expectation value is no longer arbitrary. The minimum
of this potential determines the vacuum expectation value of the axion,

<8””"” FWFW,> =0. (10.16.66a)

da v 3272 @

<aveff>: &g

The periodicity of the pseudoscalar expectation value <e““/"’ F, MUFupa> in the 6 +
& <a> /v parameter forces the axion vacuum expectation value to settle down at

§
0+ @ =0, mod(2m), or <a> =- (g) 9, (g) mod(27).
(10.16.66b)

This solves the strong CP-violation problem, since L&, when expressed in terms
of the physical axion field

Gphys. = 0 — <a> ,

no longer contains the CP-violating term, Lcp oc OgHVP° Fo v Fapo. Also the axion
itself acquires the mass by expanding V. at its minimum,

3 Verr £ g 0
2 _ My _ > 88 7 (gmwop F a> 10.16.67
"a < da2 > 257 3a (¢ o ( )

(a)

Therefore, the standard model with the global chiral U(1) p.q. symmetry no longer
has the dangerous CP-violating interaction. Instead it contains additional interac-
tions of a massive axion field both with matter fields and gluon field as

0, Gph 1 1
F Hphys.
Loy = Lsm + Lint ( B 11’) + Eaualljhys.auaphy& - Emﬁaéhy&aphys'
@phys. g32 opo
O B0 E . (10.16.65b)

Replacing the last term of the above axion Lagrangian density with effective
interactions of axion with the light pseudoscalar mesons (7 and ), we can estimate
the standard axion mass as

Mg /MMy
.

1
s ~25KeV and my ¢ =n, <x + —) mt. (10.16.68a)
v my,+my x

a
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With the inclusion of the coupling of ¢; with the right-handed charged leptons
quark

Vukawas W€ have

ljR in £
Lyukawa = — {Guj(ug: )Ld’uujR + Gd (uy )L¢dd_7R + Gl JL¢leR +h.c }
The U(1)p.q. symmetry that guarantees the invariance of Lyyiawa is under

ur — [—iex] ur,

€xp
dr — exp [ i a/x)] IR,
ljR — p[ Loc/x] IR,

bu —>  expliax] gy,

¢qg —> expli [ (oe/x)] ba.
This transformation generates the U(1)p o, current given by
" " ., 1— " 1— "
Joq = —vo"a+ xRy wr + _dry"dir + - lry"br,
which has the global chiral anomaly,
2 2

€
311];Q. = 32g3 ZSMUpGFa/wFapa +§ 167 ZEIWpUFp,qum

with £ and &, respectively, given by

f=ng(x+2) and & =nge +1>
—ng X P an y—ng?) X P .

The last term in Eq. (10.16.65a) is replaced with the following expression:

2
a g3 o € o
(S 307 ZSMW Fap_vFapa +$y 167 5“ i Fp.vaa> .

To compute the effective interaction of the axion with the light hadrons, 7 and 7, we
employ the effective Lagrangian method. Since 7 and »n are the Nambu-Goldstone
bosons associated with the approximate SU(2); x SU(2)r symmetry of QCD, their
interactions are described by an effective chiral Lagrangian density given by

1 AR
L chiral = anztrBMZ foty  with X =exp [[L(r -+ n)i| .

b1

This chiral Lagrangian density must be augmented by the axion Lagrangian density
given by

1 1
Laxion = —zfnsz,tr[EAM—f— MIATET] 4+ Souad"a,
where

Ao exp[—iax,v] 0
B 0 exp[—ia,/xv] |’
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and
v (e ) 0
0 ma,/ (My + mq)

We are guaranteed the U(1)pq, invariance of Lyion since, under the U(1)pq.
transformation, we have

Sy ( exp[ioex] 0 ) .

0 explife,/x)]

The anomaly, which breaks the SU(2)., x SU(2)r x U(1)p.q. symmetry through the
coupling of the gluon, the axion and the 7, serves to give an effective mass term to
the field combination which couples to

vpo
ghvP Fap,vFapa

as 2
1 ne — 1 1
Lanomly = =3 " [” P (e 5) ] ’

with ) ) )
m? = mp > m;.

The quadratic terms in the axion in

Laxion + »Canomalyy

when diagonalized, immediately yields the axion mixing with 7° and 7 as
G = Gphys. — éarrﬂghys' — & Tlphys. -
The electromagnetic anomaly of the 7% and 7 fields,

2 0
e b4 5n
Lan = T6n2 [J? 3 :] e FurFpo
through the mixing with the axion gives an effective ay y coupling with the effective
coupling constant,

K n 1 my
= n, X - —.
ayy g x ) m, + my

Experimental search for the axion around the predicted mass value revealed no

evidence for its existence.
Undauntedly Dine, Fischler, and Srednicki further proposed the invisible
axion scenario. They repeated the same analysis with the inclusion of the
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SU(2)weak isospin X U(1)weak hypercharge Singlet Higgs scalar field ® besides the
SU(2)weak isospin doublets, ¢, and ¢4, with ¢y also coupled to the right-handed
charged leptons, where the Higgs scalar field ® has the vacuum expectation value
V. The Higgs scalar field @ is not coupled to the quarks and the leptons but to the
SU(2)weak isospin doublets in the following Higgs potential:

2
Vigw . ®) = Y 2q (948 —07) +5 (@70 - V2’

q=u,d
+ (agldu + bo)ga) @1

+c (¢,ieg¢£l<b1'fb + h.c.) +d (¢;glj¢£)"L ¢xi48ij¢£l te ((pl—%)-r o,
(10.16.69)

We estimate the mass of the axion in this case by isolating the axion,

1 Xia 0 Xoa . a
¢u_vu< 0 )exp|:1v:|, q)d_vd( 1 )exp|:1v:|, dD_Vexp[tV],

where
202 202
X1 = 72‘1 and X2 = Tu,
v v

resulting in the estimate
i — (%)znyng. (10.16.68b)

These formulas correspond to the previous formula for ¢, and ¢; with the
replacements,

x < X; and x !« X

The invisible axion has a coupling to electrons given by

Xome
Loee = —1

aeyse.

By taking V large, we can make m,, as well as the strength of the couplings with the
other particles small, with the former by the order of magnitude v,/ V. Question is
how small we should make the mass of the axion.

We shall now consider the cosmological constraint on V. In the early universe
where the temperature T is T > V, the Higgs potential for the Higgs scalar field
® is parabolic and the Higgs scalar field ® behaves as a free field. After the
phase transition T < V, the Higgs potential for the Higgs scalar field ® is of the
sombrero shape and the Higgs scalar field ® settles down at ® = (®). Since the
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Higgs potential for the Higgs scalar field ® depends on ® in the form ®T®, the
vacuum expectation value (@) has a phase degree of freedom by an amount «(x),

<<1>> = V explior(x)). (10.16.70)

Since the true minimum occurs at a(x) = 0, by power expanding (®), we can
consider that the Higgs scalar field ® at each space—time point x has the axion

field as

a(x) = Va(x). (10.16.71)

After the phase transition,

T<V,
we still have

T > f; or QCD scale Agcp, (10.16.72)
so that the axion remains massless (m, = 0). Namely at the temperature

fror QCDscale Agcp < T <V, (10.16.73)

the universe is filled with the static axion (p, = 0). The field with p, = 0 and m, = 0
has no energy density. After further expansion of the universe, when

T < fy or QCD scale Agcp, (10.16.74)

we start experiencing the instanton effect and the axion field acquires the mass.
The energy density of the axion is given by the mass term of the Lagrangian
density,

pa = mlala = m:V2ia(x)* = 1.50 x 10”a(x)* KeV,/cm®, «a(x) = O(1).
(10.16.75)

From this point on, the amplitude «(x) of the axion decreases as a result of the

expansion of the universe. We have the Boltzmann equation for the expansion of
the universe,

- 2
a+3ia+ma(t) a=0,

where R is the scale factor of the universe and R,/R is the Hubble constant H at
time ¢.
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Omitting the detailed analysis, we merely state the energy density p? of the axion
at the present universe as

7/6
0 ~ 0

=100 [~ ), 10.16.76

Pa = P (1012 GeV> (10.16.76)

where p? is the critical density of the present universe. We shall consider the two
cases, p > pg and p < pg.

If
o> pl,
the universe keeps expanding permanently. If
p < p,
the universe returns to compress. At
o =0p,,

the curvature of the universe is 0 and hence Minkowskian. The value of p? is given
by

3 Hj§
0 0 2 3
= = 11h§ KeV /cm’.
Pe = 87 Gy o Kev/
The superscript and subscript “0” designate the present value. Writing

Ho = ho x (100 Kms™'Mpc™'),

according to the observation, we have
1
—<hy<1.
5 <ho

Invoking the inflationary scenario, from the equation for the current axion
density p?, we find the stringent cosmological constraint for V,

10" < V < 10" GeV, (10.16.77a)

or
107 < m, <1073 eV. (10.16.77b)
If we have the axion density sufficient to close the universe,

0 0
pa > Iocl
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the axion is the good candidate for the dark matter of the universe.

If the axion indeed serve to close the universe, it is possible to search for
their traces experimentally. The axions in the dark matter of the universe can
be converted in an external electromagnetic field into photons. Since the axions
move with the nonrelativistic velocity, the converted photons will have a very sharp
frequency distribution centered around the axion mass, m,. Thus we can try to
detect the signal of these axions by means of a variable frequency resonant cavity
placed in an external electromagnetic field. Exploring the mass range of the axions
of the order of

45x 107" <my <5x107* eV,

preliminary experimental result provided the nontrivial upper bound on the axion
—photon—photon coupling constant as

Kayy < 1.6.

There are compelling astrophysical and cosmological reasons for wanting some
dark matter in the universe. The “invisible” axions have never been in thermal
equilibrium and hence they are cold. The “invisible” axions are the most sensible
candidate for this dark matter of the universe.

Extensive worldwide attempts to detect the axion from the universe with the
variable frequency resonant cavity placed in an external electromagnetic field are
underway at the moment.

Peccei—Quinn axion hypotheses and the invisible axion scenario are the exten-
sions of the standard model.

10.17
Lattice Gauge Field Theory and Quark Confinement

Gauge Field Sector of Lattice Gauge Field Theory

In this section, we discuss the gauge sector of the lattice gauge field theory, its
classical continuum limit, the path integral quantization of the lattice gauge field
theory and the strong coupling limit of the lattice gauge field theory to realize the
linearly rising potential for the quark confinement in the form of Wilson’s area
law.

The lattice gauge field theory is defined on the discrete Euclidean space—time by
cutting the continuum Euclidean space—time into the hyper-square lattice of side
a. We associate the link variables U’s which connect the neighboring lattice sites
with

U, (n) = expliaA,] = expliaAy, Ty (10.17.1)
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Letting /& to be the unit vector in the p-direction with = 1,2, 3,4, we define
U_y(m+ap) = U,m) " (10.17.2)
The gauge transformation is defined by
U, (n) — U(w(n)) Uy (n) U(n + )’ (10.17.3)
The minimum lattice square, the plaquet P,,, in the i—? plane is defined by

U U i U—p (n+afi+ad
n gn)n—i—a/l V(gw)n—i—a;l—i—aﬁ Mn:;m M)n—i—aﬁ

U_y gx;—uo)

'(10.17.4)

The Euclidean action functional of the lattice gauge field theory is defined by

1 = 2 Z {Tr[U.(n)Uy(m + ap) U_,(n + aft + ad) U_, (n + ad)]
Puv
+h.e —2}. (10.17.5)

The action functional for the gauge field, (10.17.5), is given by the sum over all
plaquets P, of the products of the four link variables, U’s, of each plaquet P,,.
The action functional for the gauge field, (10.17.5), is clearly gauge invariant under
the discrete gauge transformation, (10.17.3).

We observe that
U, (n + aft) = exp [iaA, (n + af1) | ~ exp [iaA, (n) + ia’d, A, (n)],
U_u(n+ap+ad) = Uy(n + ad) ' ~ exp[—iaA,(n) — iad,A,(n)],
U_,(n + ab) = Uy(n)"! = exp[—iaA, (n)].

The trace term in the action functional, (10.17.5), in the classical continuum limit
a — 0is given by

Tr [Uﬂ(n) Um+ap)U_,(n+ap +ad)U_,(n+ aﬁ)]
~ Tr [ ia Ay (n thV(n)-%—ia2 9 Ay (n) e—iaA,L (n)—ia2 9y Ay (n) e—iaAv (n)]

~ Trexp [ia* {9, Ay — 8, A, +i[AL, AV}, (10.17.6)

where the use has been made of the Baker—Campbell-Hausdorff formula whose
iterated commutator is truncated of the order a?,

exp[iaA, (n)] exp [iaA, (n)] ~ exp |:ia(A,L(n) + A, (n)) — % [A (n),AU(n)]:| .
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The action functional, I§ ¥, in the classical continuum limit a — 0, is given by

. 1 ) 1 )
IF% ~ 3 3 6*Tr (F () F* () ~ o / d*xTr (Fu () " (x)) .

Puv

(10.17.8)

Hence, we recover the action functional of the continuum non-Abelian gauge field
theory. In (10.17.6), the terms of the order O(a?) and the higher order terms do not
contribute to the action functional, (10.17.8), due to the fact that the generators are
traceless,

TrT, = 0.

Path integral quantization of the lattice gauge field theory is carried out by

/ 1—[ AU, exp[IZ"1),

with the invariant Haar measure,
/dU: 1, /de(UOU) :/d(UoU)f(UoU):/de(U). (10.17.9)

Wilson operator Pc is defined as the operator which takes the products of the
link variables, Us, starting from some starting point and back to the starting point
along the closed contour C. Its vacuum expectation value is given by

(PcUU--- U) =[1_[dUM(PcUU--~U)eXp [I5%°], (10.17.10)

where we take the contour C to be the rectangular contour with the sides R > a in
the space-like direction and T > a in the time-like direction. We define 8 = 1,/g?
in the action functional, (10.17.5), and consider the strong coupling limit g — oo.
We expand exp[IEMge(lo.lZS)] in powers of 8. The dominant contribution to (10)
comes from the plaquets, numbering RT /a?, which are the contribution from the
action functional and densely cover the interior of the closed contour C. Then, in
the strong coupling limit g — oo, we have

1 RT /a? 1
(PcUU---U) ~ (@) =exp [—RT(;>1n (Zgz)] (10.17.11)

The term multiplying —T is the potential between the heavy quark and the heavy
antiquark in the static limit,

V(R)=aR with «a= <%> In (2g%). (10.17.12)

We have proven that QCD provides the quark confinement potential, if we can find
the linearly rising potential in an appropriate continuum limit at some finite g.
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Fermion Field Sector of Lattice Gauge Field Theory

In this section, we discuss the fermion sector of the lattice gauge field theory.
The action functional, If, for the fermion in the lattice gauge field theory is

defined by

=d' {Z [T Uaeaw e+ a) = T+ @)y Ut 0 (9]
—mo V() () + Z [ Teay" Uy e+ @)
P+ oy Uu(x)W(x)] -2 |, (10.17.13)

where the summation over x is taken over each lattice site and a* = apt. This
fermion action functional, IE, is locally gauge invariant under

Uul®) —  U@@)Uu(x) Ul +a*)T,
Y(x) —  Ue)¥(x), (10.17.14)
V() — Y UE)

Observing that, up to the second order, we have the following expansions of U, (x)
and ¥ (x + at):

Uulx) = explioAe,(9)Te] ~ 1+ iaA,(x) + 1 (iad,(x)*,
Yix+at) =~ Y (%) + adu ¥ (x) + 30202 (%),
(10.17.15)
the limit @ — 0 of the fermion action functional, If, is given by
i _ _
g ~ /‘”{i [Vy" Dy = Dy y] = movrys
+% [EDMD“«// ¥ Jﬁﬂﬁmp] } (10.17.16)

The term proportional to r in the action functional, IE, for the fermion in the
lattice gauge field theory is called Wilson term. In order to understand its relevance,
we shall consider the model with

U,=1 and r=0. (10.17.17)

Regarding p,, as the momentum operator in the coordinate representation, we have

expliap, ] (x) = ¥ (x + a“).

521



522 | 10 Calculus of Variations: Applications

Letting v (x) ~ exp[—ik,x*] and v (x) ~ exp[ik,x"], we obtain the kernel of the
quadratic part of the fermion action functional, IE, as

> ZLa [ exp[—iak,] — expliak.]y" ] — mo. (10.17.18)
"

The two-point Green'’s function is given by

-1
1
[Z —y"sinak, — m0:| : (10.17.19)
"

The momentum is defined in the fundamental Brillouin zone and we choose

T ook, < 1,2,3,4 10.17.20
-5 < =1,4,5,4. .17/,
0= M ( )
While keeping the momentum in the region k, ~ 0, we take the limit a — 0 to
obtain the “free” two-point Green’s function for the fermion as

-1
[Z yhk, — m0i| : (10.17.21)
"

However, if we let k; — ki + 7_a and take the limit a — 0, we obtain

-1

4
D vtk —vki—mo| (10.17.22)
n=2

which is also the “free” two-point Green’s function for the fermion with the
momentum k; — —k; and provides the fermion of mass my. We have two fermion
poles in each direction, and end up with 2* = 16 fermion poles for the “free”
two-point Green’s function.

This situation is called the species doubling. On the other hand, if we set r # 0,
we obtain the two-point Green’s function as

-1
[Z %y” sinak, —mo— ) % (1 — cos aku)} , (10.17.23)
" "

which removes the redundant fermion poles other than k, = 0.
We consider the species doubling from the symmetry property. We define the
operators T,, by

T, =y" i 10.17.24
w=y'ysexp ma , (10.17.24)
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with the property T, T, + T, T, = §,,n. We define the 16 independent operators by

1, TiT,, ThT3, ThT;, TT3, T Ty, 3Ty, TiTT3Ty,
T, T, T3, Ty, ThWT, T3, T,T3Ty, T3T4T4, T4T1T.
(10.17.25)

Designating one of these operators as T, the action functional, If, for the fermion
in the lattice gauge field theory, (10.17.13), with r =0, is invariant under the
transformation specified by

0 - Ty,

(x) — YT (10.17.26)

Since T, adds the momentum by 7 a in the p direction, the 15 Ts other than
T = 1 produce the 15 poles in the fundamental Brillouin zone, (10.17.20), from the
pole with k,, & 0 for the “free” two-point Green’s function for the fermion.

The 8 Ts in the first line of (10.17.25) commute with ys while the 8 Ts in the
second line of (10.17.25) anticommute with ys. Thus when we try to introduce
the left-handed Weyl-type fermion into the theory, we end up with the equal
number of the left-handed Weyl-type fermions and the right-handed Weyl-type
fermions. Hence we face the technical difficulty for the implementation of the
lattice regularization to the electro-weak gauge field theory. Success of the lattice
gauge field theory approach to the infrared regime is limited to the strong coupling
limit of QCD.

10.18
WKB Approximation in Path Integral Formalism

Customary WKB method in quantum mechanics is the short wavelength approx-
imation to wave mechanics. We leave the details of the standard approach as an
exercise to the reader. WKB method in quantum theory in path integral formal-
ism consists of the replacement of general Lagrangian (density) with a quadratic
Lagrangian (density). We begin with Euclidean quantum theory. As a preliminary,
we first discuss the method of steepest descent.

Method of Steepest Descent

Consider the integral,

o[ 1]
z_/m Zﬂgexp[ rll (10.18.1)
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In the neighborhood of the stationary point of I(x), dI(x)/ dx|x:x0 = 0, we Taylor-
expand I(x) around x = xy,

I(x) = Ip + %(x— x0)% + 2 (x — x)® + |

3!

2 (3) ()
I I I
L'(x—xo)4+---.

Substituting this into Z, and replacing x — x( with x, we have

Z:exp[——o]/ * exp —LxZ—OTx3—OTx4—---
§1J/-x 2ng 2g 3lg 4lg

lo [ _ox I, o g1 6
P X || 1—g ¥ +5(57 o) ).
eXp[ g}/_ww/znge’(p[ 2" ot S (27 + o)

We apply the Gaussian integral formula to obtain

4) G))2
L] 1 I 5g (1
Z = exp [——"] — (1 - % o+ ﬁ( ?2)) + O(gz)) : (10.18.2)
1% (Iy")? (Io")?

WKB Approximation in Quantum Mechanics

Consider the Euclidean generating functional of (the connected parts of) Green’s
functions,

Z[J) = exp [ Wi/ ] =fDéexp[{I[é]—(é7)}/h]. (10.18.3)

In the neighborhood of the stationary point of I[g],

-

M=o

3q(t)

4=do

we Taylor-expand I[§] — (§]) around § = Go:

L I D T 1w
g = (q]) = Io — (q0]) + 2 (I(()Z)(q — qo)z) + = (I((f)(q — q0)3) 4.

3l
W=y _ 8"l
(I q)=/dt1---dtn—
0 84, (1) - - 841, (tn)

Gry (B1) - Gry (Bn)-
4=do
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Substituting this into Z[J] and replacing § — o with §, and § with /74,

- R 1 .
Z[]] ~ exp [{IO - (QO] )}/h /quxp[ o (I(Z)qz) + 3'5(1(3)(13) ]

- 1/2
= exp[ {0 — @)} /] (Det(— 1)) (14 (1)
Io—(@)) 1
= exp [OT(‘M) ~ S Trln (—1(‘)2)) + O(h):| .
From this, it follows that

- L= h R
W{J] = Io — (4o)) — ETrln DetA~![Go] + O(h?),
52
8 ()34, (1) |

Io=1[Go], Ay}, [Gol(tr, t2) =
G=do

This is the path integral version of WKB approximation .
WKB Approximation in Quantum Field Theory

Consider now the Euclidean generating functional of (the connected parts of)
Green’sfunctions,

Z|]] = exp [W[J]/h] = /W)eXP[{I[d’]— (@N}/h]. (10.18.4)

In the neighborhood of the stationary point of I[¢],

81[¢]
Sp(x

~Jx) =0,
$=¢o

we functional Taylor-expand I[¢p] — (¢]) around ¢ = ¢y,

1191 — ()) = Lo — (60)) + 5 (1‘2’(¢ ~00) )+ 5 (B0 - 90) + -,

1‘”’ / 2 8"1
") A ) ()

d(x1) -+ - P(xn).
$=do

Substituting this into Z[J] and replacing ¢ — ¢y with ¢, and ¢ with v/h¢, we get

Z[J) ~exp[{Io — (¢0])}/FL]/D¢exp [Jr% (1‘2¢ ) n % (I% ) }

= e [{Io ~ (9} /] (Det—15") " (1+ o)

= exp [w - %Trln (-1") + O(h)] .
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From this, it follows that

h
W] = Io — (¢o)]) — ETrln DetA~ o] + O(F?),
o= Iigol, Aol %) =
0 = I[¢o], ol(¥1,%) = — 7 .
5(x1)86(%2) |5,
This is the path integral version of WKB approximation .

Establishing the bounds on the error in the WKB approximation in Euclidean
quantum theory is tedious but possible. When it comes to the Minkowskian
quantum theory, the approximation method is the method of a stationary phase
and then establishing the bounds on the error is almost impossible.

10.19
Hartree—Fock Equation

We consider the computation of the ground state energy E of the system of A identical
fermions (electrons or nucleons).

Density Matrix Approach: By defining the density matrices for the one-body
operators (for the kinetic energy term) and the two-body operators (for the potential
energy term), it appears that the variational program based on the density matrices
is straightforward. But it is not easy.

Hartree—Fock Program: Hartree introduced the product wavefunction of the one
particle wavefunctions (orbitals) as the trial ground state wavefunction. Fock
antisymmetrized the product wavefunction introduced by Hartree.

Slater employed the Slater determinant ¢,

pi(l)  @a(l) - ea(l)
G120 A) = — <ﬂ1.(2) wz.(z) wA.(Z) (10.19.1)

?1(A) @A) - eald)

as the trial ground state wavefunction. In the Slater determinant, each orbital ¢, has
the single particle energy &, . Hartree—Fock Program consists of choosing the Slater
determinant ¢(1,2, ..., A) as the ground state wavefunction (1,2, 3,..., A|¥) and
finding the best determinantal wavefunction by demanding

s(¢I Hlp) =0, (10.19.2)

where the Hamiltonian operator is known,

A A
H=Zti+zvij-
i=1

i<j
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If the Slater determinant ¢ is chosen, we have

A A
1
E= ; bup + 5 Mg::l(vlw,uv ~ Vuv,p)- (10.19.3)

Here the matrix elements are defined by

typ = (a| £]B) = / drgltps, (10.19.4a)

VaB,ys = <Olﬁ| v |}/5) = / d‘(l . dtz/(p;(l)guz(Z)vlz(py (1,)(,05(2/). (10.19.4b)

Note that vy, is the matrix in the spin-space and isospin-space.
In implementing the variational program,

S (¢l Hlgp) =0,
we consider the variation of the orbitals specified as

Op — @u + 8¢, forall p with 8¢, = Z ConPos (10.19.5)

o>A

to induce ¢’ = ¢ + 8¢. In §¢,,, the inclusion of the term, ) _, cuu ¢y, is excluded
because such term does not contribute to the Slater determinant (recall the property
of the determinant).

Now we have

(0| H|¢') =(¢| H| ¢) + Series in (c5, 5, )- (10.19.6)

Defining v,(fl,w as

@ (10.19.7)

Vpv,pv = Vpv,uv — Vs

we explicitly have

1 a
(¢/‘ H |¢/) _<¢| H‘ ¢> = Z (C::ut(flt + tlwc(m) + 5 Z (C:-/,Lvt(fg,uv

o opy
0+ 0 o + u,(fﬂ,wcw) . (10.19.8)

Recall symmetry properties,

Vapys = Vpasy, D Vpvgw = D V- (10.19.9)
v

v
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We then have
ZC:'VUH'O':HU = ZC:'UUO'}L,UH. = Zcz;uvav,uv, (10.19.10a)
opY opY opy
Z Vpv,po Cov = Z Vyp,onbor = Z Vyv,ovCop- (10.19.10D)
opY opY opy

Now

(¢/|H|¢> ¢|H|¢ ZC(”L<U;/,+ZUU\}/LU>+Z<MU+ZU“UU\;) Copn

+ quadratic term in (c, ¢*). (10.19.9)

The vanishing of the variational derivatives with respect to ¢ and ¢*,

8 / / 8 / U
S (9| H 1)l Hl o)) = =— ( (o] 1 |o) (o] H| 9)) =
(o on
gives
ta/,L + Uau =0, tua + U/,w =0, (101912)
or
hop =0, hue =0, (10.19.13)

where we define Uy, Uyo, hoy, and b as

A A

Ure =3 0% Upo = 3 0o, (10.19.14)
v=1 v=1

hop = top + Uspir Buo = o + Upo. (10.19.15)

We define

hag = tap + Unp (10.19.16)
A A

U= Y1l = [[ L eitwi@vaesn ) (10.19.17)
v=1 v=1

for all indices, @ and B, irrespective of « < A, > A, B < Aor 8 > A.
Table of hag.

B=v<A B=1>A
a=pu=<A h/w» hMrEOy
a=0>A  hyy =0, hoe.
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The upper right entry and the lower left entry of the table are what the variational
principle tells us. This implementation of the variational principle can be sharpened
to hyg diagonal. Diagonalization is carried out by

Qu — @), =Y _ Ruvpy, Ryy:unitary. (10.19.18)
v

Then the Slater determinant gets changed into
¢ — ¢' = (const)g,

and the result of the variation is unaltered. Then the orbital ¢, is the eigenfunction
of the operator h with the eigenvalue &,. Thus we obtain Hartree—Fock equation,

tup + Unp = Eadup- (10.19.19)

Hartree—Fock equation is a nonlinear equation. Its solution is effected by iteration,

starting from some initial guess <pé0).

There remains two important questions. One question has to do with the stability
of the iterative solutions. Namely, do they provide the true minimum? The second
variation of (¢| H |¢) should be examined. Hence Legendre test and Jacobi test
are in order. Another question has to do with the degeneracy of the Hartree—Fock
solution.

10.20
Problems for Chapter 10

10.1. (due to H. C.). Find the solution or solutions q(t) which extremize

Trm 1
I= —'2—76dt,
/o[zq Gq}

subject to

10.2. (due to H. C.). Find the solution g(t) which extremizes

I'm A
I= —'2——3dt,
/o[zq 34

subject to
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10.3. The action for a particle in a gravitational field is given by

_ dxt dxy it
- m/ 8Ty T

where g,,,, is the metric tensor. Show that the motion of this particle is governed by

d%xr 0 dxt dx”

N

with
[ — 1 po
Dl = 587 (0ugov + 08oy = Oogyur),

which is called the Christoffel symbol.

Hint: This problem corresponds to a free fall of the particle in the curved space—
time.

10.4. (due to H. C.). The space—time structure in the presence of a black hole is
given by

(ds)? = (1 — %) (dt)?* — (dr)?/ (1 — %) —r* [sin” 0(dg)* + (d6)*],

and the motion of a particle is such that [ ds is minimized. Let the particle move
in the x—y plane and hence 6 = 7. Then the equations of motion of this particle
subject to the gravitational pull of the black hole are obtained by extremizing

SO A0 ()

with initial and final coordinates fixed.
(@) Derive the equation of motion obtained by varying ¢. Integrate this equation
once to obtain an equation with one integration constant.

(b) Derive the equation of motion obtained by varying r. Find a way to obtain an
equation involving % and %’ and a second integration constant.

(c) Letthe particle be atr = 2, ¢ = 0, with % = % = 0 at the initial time t = 0.
Determine the motion of this particle as best you can. How long does it take
for this particle to reach r = 1?

10.5. (due to H. C.). The invariant distance ds in the neigborhood of a black hole is
given by

(ds)* = (1 - % (d0)? = (dn?*/ (1 - ?) :
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where r, 0, ¢ (we set 6§ = ¢ = constant) are the spherical polar coordinates and
M is the mass of the black hole. The motion of a particle extremizes the invariant
distance.

(a) Write down the integral which should be extremized. From the expression of
this integral, find a first-order equation satisfied by r(t).

(b) If (r — 2M) is small and positive, solve the first-order equation. How much time
does it take for the particle to fall to the critical distance r = 2M?

10.6. (due to H. C.). Find the kink solution by extremizing

+oo 1 m? A 1 m*
I= dt 22 — — >+ St + = — ).
/_Oo (z¢t 2¢+4¢+4A

10.7. Extremize
X0 -
1= / dx/de(x,G) [cos@% +f(x,0)
0

- % w(i — 7io)f (x, eo)dszo} ,

treating f andf as independent. Here « is a constant, the unit vectors, 7 and 7,
are pointing in the direction specified by spherical angles, (0, ¢) and (0o, ¢o), and
dQ is the differential solid angle at #ig. Obtain the steady-state transport equation
for anisotropic scattering from the very heavy scatterers,

os@% = —f(x,0) + % / w(n — no)f (x, 60)d,
- os@% = —f(x,0) + %/w(ﬁo — ) (x, 60)dS.

Interpret the result for f (x, ).

10.8. Extremize
I=/dtd3?c£ v 31// vy 3,9
= vV e Ve ),

where
L=-V %w—“—z il/f—lﬂi
- 2 Yo o’ )

treating ¥ and ¢ as independent. Obtain the diffusion equation

Y A )
V(%) = o — 5
V2o(t, %) = _p2elx),

ot
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Interpret the result for ¢.

10.9. Extremize
1 - e- * - -
IE/dtd35'c{—— ((Ev - EA) w) ((Ev - EA) w)
2m i c i c
-f—1 U ihi—eqb v+ ihi—eq’) v *1// — YV
2 ot ot ’
VAl _,,
c ot
treating ¢ and ¥ * as independent. Obtain the Schrédinger equation

L9 1 (ho e=\’
<1h——€¢>1//=ﬂ(—,V—EA> v+ VY,

ot i
.. 0 % 1 h- €~ 2 * *
—(ih=tep )y = — -V +ZA) v*+ Vy*.
ot 2m \ i c
Demonstrate that the Schrédinger equation is invariant under the gauge transfor
mation
A — A’ = A + %A, 1 82
¢ — ¢ = ¢—(1/00Adt), where <v2 - Eﬁ) A =0.
Yo=Y exp|(ie/ hc) Ay,

10.10. Extremize

2 2
zzfdm{_‘(%%_e;x)w + (i%—ap)w —m2|w|2},
.0
VA+¥_O,

treating ¥ and ¢* as independent. Obtain the Klein—Gordon equation
d 2 1o -\’
(2ofo-(5-) v
ot i
d : 1= =\
(i— + e¢> Yt — <—,V + eA) v = miy.
i
10.11. Extremize
I= / d4x£tot,

where Ly is given by

1 .— 1 —
Lo = 5 [Val), Dap() 9] + 5 [Dfa (=)W (), V()]

—_

+ S ¢(x)K(x)9p(x) + Lint(P(x), ¥ (%), ¥ (%)),

N
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with Dy (x), D, (—x) and K(x) given by
Dop (%) = (iy, 8" — m + ie)ap,

Dj, (—X) = (—iy, 0" — m + ig) pa,
K(x) = =92 — k% +ie,

and Ly is given by the Yukawa coupling specified by

Lint((x), ¥ (%), ¥ (%)) = —Govr (%) ap (¥) ¥ (%) (%)-

The y*'s are the Dirac y matrices with the property specified by
' y" =29,
) =0y

The v (x) is the four-component Dirac spinor and the v (x) is the Dirac adjoint of
¥ (x) defined by

V(x) =yl (x)y°

(a) Obtain the Euler—Lagrange equations of motion for the v field, the ¥ field
and the ¢ field.

(b) Causal Green’s function Ag(x — x') for Klein—Gordon field ¢(x) is defined by

. ’ P’k ’ ik ’

+ 0(t' — t) exp [ik(x — x)]}

_'/ﬂ [k — ,];
=1 (zn)4exp ik(x — x') [ —

Show that Ap(x — «/) satisfies the following differential equation:

(—8% = m?)Ap(x — x) = 8*(x — ¥).

(c) Causal Green’s function Sg(x — x’) for Dirac field ¥ (x) is defined by

d3
iSp(x — ) = f (2”’;3 T {00 = £)A () exp [—ip(x — )]

+ 0(t — t)A_(p) exp [ip(x — x')]}

[ d'p . yup" +m
= ;/ on)f exp [—ip(x — x/)] pr——
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with the positive (negative) energy projection operator, A 1 (p), defined by

—vup +m

and A_(p) = o

yup" +m
Ay(p) = “T

Show that Sg(x — x') satisfies the following differential equation:

(iy"d, — m)Sp(x — ') = 8*(x — ¥/).

(d) Show that Ap(x — ) and Sg(x — «/) are related by

Sp(x — x') = (iy" 9, + m)Ap(x — x).

10.12. Derive Lagrange equations of motion for quantum mechanics,

4 (M(@zs(t),és(t))) L@, (1) _
dt 3 ér ® 9g-(t)

from the Heisenberg equations of motion, the definition of the Hamiltonian, and
the equal time canonical commutators,

dpr (1)

d _ .
PO~ ifmam s a0], O = i[H@0, b)),

dt

H@s(t), ps() = 3 b0, () — L@s(), as(1).

(G- (1), ps(B)] = ihdrs,  [Gr(8), 4s(B)] = [Br (1), Ps(1)] = O,

where the canonical momentum is defined by

o = ALE0.8.0)

94, (t)

Hint for Problem 10.12:
Nishijima, K.: Theory of Fields, Kinokuniya-shoten, 1986, Tokyo. Chapter 1. (In
Japanese).

10.13. Derive Euler—Lagrange equations of motion for quantum field theory,

5 (aﬁ(é(x),aué(x))) _ L@, 0,9() _
X

%)
3(3ub() 36 ()



10.20 Problems for Chapter 10

from the Heisenberg equations of motion, the definition of the Hamiltonian, the
equal time canonical commutators, and the definition of the canonical momentum.

Hint for Problem 10.13:
Nishijima, K.: Fields and Particles: Field Theory and Dispersion Relations, Benjamin
Cummings, Massachusetts, 1969 and 1974.

10.14. Consider the Stueckelberg Lagrangian density for vector meson theory,
P 1 o 1 2 P 1 P2 p. —
L) = =2 Foo B 4 S 1P A AP — SE@A) = [, A% Fpp = A0 — 3,4,

with J* the conserved current, 8, J” = 0.
(a) Extremize the action functional, I[A?] = [ d*xL(A”). Obtain the field
equation,

(0% + nH)A? — (1 — £)37 (0, A%) = J.
Taking the divergence of both sides of the above field equation, we obtain

£ [az + M?Z] (3,A”) = 0.

We let m? = u?/& with £ > 0. Show that the “transverse” field defined by

1 o g o
A5 = Ayt o300 A7) = Ay + -5 (00 A°)
is divergenceless.

(b) By canonical quantization with operators satisfying

[a('\)( ), a7t (k') ] =5 (27) 2R + 28k —F), 1<a2 <3,
[a9(k),aOT (k)] = —(@n)2/R + m25*(k — F),

and all other commutators vanishing, show that the field has the Fourier
decomposition on two hyperboloids,

A ) _/ Bk

P\ = T
227 )3/ k2 4 p?

3

x 3 [a% (k) (k) expl—iks] + aT (k)ef " (k) explikx] |

r=1

3
+[ ﬁ% [0 (k) exp[—ikx] + al%T (k) exp[ikx]] .
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The polarizations, e,(,x)(k), for A = 1,2, 3 are three orthonormal space-like
four-vectors orthogonal to k, (k> = 12). Show that the two-point “free”
Green’s function is given by

4

1 d*k
= (O1T(A, ()44 1) 0) = — / e o [kt )]

(npa _kpka/ﬂz + kpka/ﬂz )

k2 — u? +ie k2 — u?/& +ie

(c) When & — 0and p # 0, show that we recover Proca formalism of massive
vector meson theory.

(d) Prove the identity,

Npo — kpka/ﬂz kpka/ﬂz
k2 — p? +ie k2 — u2/& +ie
Npo 1-¢& kpka

TR —uivie | & (@ p2/Etie)(k2 — uZie)
In the limit © — 0 and & # 0, (m goes to zero), we obtain the two-point
“free” Green’s function as

1 d*k .
= (O T(A, ()4 (1) [0) = / oys e[kt — )

Npo + 1 _5 kpka
k2 +ie £ (K +ig)? )’

which is the covariant gauge “free” Green’s function for the electromagnetic

field.

Hint for Problem 10.14:

Stueckelberg, E.C.G.; Helv. Phys. Acta. 11, (1938), 225.

Nishijima, K.; Fields and Particles: Field Theory and Dispersion Relations, Benjamin
Cummings, Massachusetts, 1969 and 1974, Chapter 2.

Itzykson, C., and Zuber, J.B. ; Quantum Field Theory, McGraw-Hill, New York,
1985, Chapter 3.

The analysis in this problem is the intuitive motivation for the Nakanishi—Lautrup
B field.

10.15. Extremize the action functional for the electromagnetic field A,

1 1
I= / d*x — 7P Fuv + BI" Ay + E(1132),
Fuv = 8,A, — 8,A,,.

Obtain the Euler—Lagrange equations of motion for A, field and B field. Can you
perform the g-number gauge transformation after canonical quantization?
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10.16. Extremize the action functional for the neutral massive vector field U,,,

I= / d*x (—%F"“FW + %mg u* U,L> ,

Fuy = ,U, — 3,U,.
Obtain the Euler—Lagrange equation of motion for U, field. Examine the massless
limit my — 0 after canonical quantization.

10.17. Extremize the action functional for the neutral massive vector field 4,

I= /d4x (—%F#”Fﬂv + %méA“AH + Ba"A, + %aB2> ,

Fuy = 0,A, — 0,A,,.
Obtain the Euler—Lagrange equations of motion for A, field and B field. Examine
the massless limit my — 0 after canonical quantization.

Hint for Problems 10.15, 10.16, and 10.17:

Lautrup, B.: Mat. Fys. Medd. Dan. Vid. Selsk. 35(11). 29. (1967).
Nakanishi, N.: Prog. Theor. Phys. Suppl. 51. 1. (1972).

Yokoyama, K.: Prog. Theor. Phys. 51. 1956. (1974), 52. 1669. (1974).

10.18. Derive the Schwinger—Dyson equation for the self-interacting scalar field
H(x), whose Lagrangian density is given by

R R 1. . R 1 5. A4 o
_ M 122200 Mo
£ (06, ,9()) = 50,000 (x) = Sm2F(x) — T (x)
Hint: Introduce the proper self-energy part I*(x,y) and the vertex operator
A4(x,y,z,w), and mimic the discussion in Section 10.4.

10.19. Derive the Schwinger—Dyson equation for the self-interacting scalar field
@(x) whose Lagrangian density is given by
A

R R 1. . R 1 5. A3 . N
£ (99, 9,8(9)) = 50:5(x)0" () — Sm*P2 () = S8 — 164 ().

Hint: Introduce the proper self-energy part IT*(x,y) and the vertex operators
A3(x,y,2) and A4(x,y, z, w), and mimic the discussion in Section 10.4.

10.20. Derive the Schwinger—Dyson equation for the ps—ps meson theory whose
Lagrangian density is given by

1= N 1 = N
£ = 5 [Fal). Das)is9) | + 5 [ D101, 5 (4
HEKB) — igo ¥ () 15)ap Vi (K)D(),

N[ =

where the kernels of the quadratic part of the Lagrangian density are given by

Dap (%) = (iyud" — m+ ie)ap, Dpy(—%) = (—iy, 9" — m+ ie)pa,
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K(x) = =02 — k% +ig,
with
W =2 ) = Bl = ()

Hint: Introduce the proper self-energy parts, IT*(x, y) and X*(x, y), and the vertex
operator A(x, y, z), and mimic the discussion in Section 10.4.

10.21. Consider the bound state problem of zero total momentum P = 0 for the
system of identical two fermions of the mass m exchanging a spinless and massless
boson whose Lagrangian density is given by

L =Y (x)(iy 0" — m+ ie) P (x)

1. . N = . .
53M¢(x)8“¢(x) — g (%)Y (x)P(x).

+ =D

Define the bound state wavefunction of the two fermions in configuration space by
A x
(Upls = (O[T (5 ) 0 (=5)1] B).

and the bound state wavefunction in momentum space by
p(plap = [ explipr][Up(o)los

Also define the zero total momentum P = 0 bound state wavefunction x (p) in
momentum space by

Sap X (p)
[Wp—o(P)lep = m~

(@) Show that the Bethe—Salpeter equation for the bound state in the ladder
approximation is given by

o 1 1 x(4)
P =t /(Zn)“[(p—q)2+ie_(p+q)2+ie]q2—m2+ie'

(b) Solve this eigenvalue problem by dropping the antisymmetrizing term in the
kernel above. The antisymmetrizing term originates from the spin-statistics
relation for the fermions. This approximation provides the solution in terms
of the Gauss hypergeometric function.

(c) Our discussion so far is covariant. Discuss the covariant normalization of the
bound state wavefunction.

Hint: This problem is discussed in the following article.

Goldstein, J.; Phys. Rev. 91, 1516, (1953).
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10.22. In Wick—Cutkosky model, we consider the bound state problem for the
system of distinguishable two spinless bosons of equal mass m exchanging a
spinless and massless boson. The Lagrangian density of this model is given by

L= Z{ i ) — 3 )}+ 0B

—gd! ()1 () (%) — g7 ()2 (%) (x)-

(@) Show that the Bethe—Salpeter equation for the bound state of the two bosons
b1(x1) and ¢, (x,) is given by

Sg(x1,%2; B) = fd4x3d4x4AF(x1 — x3) AF(x2 — %4)

x (—g%) Dr (%3 — x4) Sg(x3, x4 B),

where Ag(x) and Dg(x) are given by

Arlx) — / d*k  explikx]
Pl = 2m)* k2 —m? + i’

and

_ d*k explikx]
Dr () _/ 2 2t

(b) Transform the coordinates x; and x; to the center-of-mass coordinate X and
the relative coordinate x by

1
X = z(xl—kxz), X =X1 — X2,

and the momentum ps, and p; to the center-of-mass momentum P and the
relative momentum p by

1
P=pi+ps p=7(r—pa)
Define the Fourier transform W(p) of S (x1, x2; B) by
Sg(x1, x2; B) = exp[—iPX] / d*p exp[—ipx]¥ (p).

Show that the above Bethe—Salpeter equation assumes the following form in
momentum space:

(g5 o

V(q)
2m)* (p— q)2 + e
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(c) Assume that W(p) can be expressed as

_ 1 g(2)dz
v = _/,1 [p2 + zpP — m? + (P2/4) + ig]}

Substitute this expression into the Bethe—Salpeter equation in momentum
space above. Carry out the g integration using the formula

1
| “s5=as T E AT
2
1214

1
T 2[—m?+ (P2/4) — 22(P2/4)] [p? + zpP — m? + (P2/4) + ie]’

and compare the result with the original expression for ¥ (p) to obtain the
integral equation for g(z) as

/gdg/ dy/ dx 1_712_‘_)”x2)5(2—{§}’+(1_§)x})'

The dimensionless coupling constant A is given by » = (g,/47m)? and the
squared mass of the bound state is given by M? = P> = 4m?n?,0 < < 1
(d)

Performing the ¢ integration, we obtain the integral equation for g(z)

z —
RS (PRES T NN PREC
14+ x2(1 —n? + n?x?) 1 1=x2(1—n%+n%x?)

Observe that g(z) satisfies the boundary conditions

g(£1)=0.

(€)

Differentiating the integral equation for g(z) obtained above twice, reduce it
to the second-order ordinary differential equation for g(z)

d? A
sl = - &)

ith +1) = 0.
1— 21—+ 22 with - g(=£1)

This is the eigenvalue problem.

() Inthelimit, 1> 1 — 7 > 0, the function
1
1—n%+n2z2’

has a sharp peak at z = 0. Approximated this function by

1 Nézfl dz - b4 siz
1_,72+,]222N (2) 711_nz+nzzzw(1_nz)1/2 (@),
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and obtain the approximate differential equation for g(z) as

d? AT
28R =- Wé’(o)5(z)~

Show that the solution for this differential equation satisfying the boundary
condition g(+1) = 0 is given by

b4 1
g(2) = 5Wg(o)k(l - |2l),

which is nodeless and hence represents the lowest eigenfunction. Show that
the lowest approximate eigenvalue is given by

A2/ TN

Hint: We cite the following articles and the following books for the Wick—Cutkosky
model (scalar meson theory), which is a solvable case of the Bethe—Salpeter
equation.

Wick, G.C.; Phys. Rev. 96, 1124, (1954).

Cutkosky, R.E.; Phys. Rev. 96, 1135, (1954).

Nishijima, K.; Fields and Particles: Field Theory and Dispersion Relations, Benjamin
Cummings, Massachusetts, 1969 and 1974, Chapter 7.

Itzykson, C., and Zuber, ].B. ; Quantum Field Theory, McGraw-Hill, New York,
1985, Chapter 10.

10.23. Solve the integro-differential equation,

2X ’
dtl(t) _ ZC/O [X(t) — X(s)] exp [—w |t — s[] ds — f(t),

with the boundary conditions
X(0)=X(B)=0 and f(t)=ik[s(t—1)—d(t—0)].

(@) Setting
B
Z(t) = ;/0 exp[—w |t — s[] X(s)ds,

show that

()
at?

= w[Z() — X()),

and that the original integro-differential equation becomes

d’x 4C
) = 2 -z - 0.
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(b) Derive the second-order ordinary differential equation for X(t) — Z(t) and
solve for X(t) — Z(t).

(c) Determine X(t) in the limit of B — 0.

10.24. Repeat the analysis of the polaron problem discussed in Section 10.6 with
the following trial action functional:

1 dq
112—5/< Z(;)) ,C// —qa) exp[—w|1:—o'|]d‘[d0',

with w and v defined below as the variational parameters,

) 4C
vi=uwt+ —.
w

Hint for Problems 10.23 and 10.24: the polaron problems are discussed in the
following article:

Feynman, R.P.: Phys. Rev. 97., 660, (1955).

10.25. Solve a system of nonlinear differential equations in QED,

1 d 48 L 1 d g 2

— =- ’h — —(hyy) = — h

Zy 3 ) = 316" e hyy ds 07 T "6 A2
li(1“) = _erhz dy with d(0) =h,7(0)=T(0) =1
Fdc' '~ 16x2 WA A= Ry = o

10.26. Solve a system of nonlinear differential equations in QCD,

Li(d ) = _ECZ(G) gz 2 3 C2(G) g2 Wd
d dg A2) T T T Tene A3Yal 12 167 ccA cc¥a2
8T(R) & ., : g
6 1672 VA yytAL
1 4 _G(9 gz ~3G(6)
Foads | =773 for Flahizde = —g— g Taalndihe
1 4 _G(G) g
— Z(ha) = ,
hee dg ) 2 167 eahicdaa
1 4d G(G) g2 2
%@(PW) == Ten2 it
[ 3dy =Taahe, Tpsdp =T yahyy,
452(0) = he(0) = by (0) = Teea(0) = 1. (10.20.10)

Hint for Problems 10.25 and 10.26: Many unknowns satisfy the identical nonlinear
differential equation.

10.27. In the Glashow—Weinberg—Salam model, there exist two options to intro-
duce the heavy leptons to eliminate Zvv coupling.
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We introduce the charged heavy lepton E* and form the left-handed triplet
given by

Bt
left-handed : L = v , Yiveak hypercharge = 0,

€
L

and the right-handed SU(2)weak isospin Singlets,

ex>  Yweakhypercharge = —2 and  Ef,  Yyeak hypercharge = +2.
Show that the neutral current is given by

J;i = ﬁVMEEL - %J/Mefy

which contains no vy, v term and hence neither A, nor Z, couple to the
neutrinos.

We can further introduce the neutral heavy lepton E°. The right-handed
singlet Eg has Yyeak hypercharge = 0. The two left-handed doublets are given by

< v+ E%),/V2

¢ ) , Yeak hypercharge = -1,
L

and
B+
(v _ EO)/\/i . » o Yyeak hypercharge = +1.
Show that neither the hypercharge current jf:eak hypercharge 1) or the neutral

current j} contains Ty, v term.

Incorporate the hadrons with the SU(3)color quark model in the models in

parts (a) and (b).

We note that the model in part (a) is known as LPZ model and the model in
part (b) is known as PZ II model.

Hint for Problem 10.27: This problem is discussed in the following article.
Prentki, J. and Zumino, B. : Nucl. Phys. B47, 99, (1972).

10.28. One model of the elementary particle interactions which avoids the neutral
current entirely aside from the electromagnetic current was proposed by Georgi
and Glashow. The gauge group is O(3).

(a)

Show that with a triplet Higgs scalar field ¢, the Higgs—Kibble mechanism
gives a mass to the charged bosons, but leaves the neutral boson massless.
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(b) In order to incorporate the leptons, the following scheme is suggested:

ET B+
left-handed : L= | vsinp + Ecos B , righthanded : R=| E° ,
e e
L R

(E%sin B — v cos By is a singlet.

Show that the neutral vector boson couples in a parity-conserving manner.
Calculate the effective weak coupling constant G in terms of e, B, and Myy.
Derive an upper bound for My,

e’\/2

My < \/— .
4Gg

() Write down the most general mass matrix that can arise from the explicit

mass terms as well as from the Yukawa couplings to the Higgs scalar field of
the form

g

—Lmass = V”O(fié + RL) + Gl[f% <(];> R + hC]

+ Gol(E7sin f — vcos f), (#) R+ h.c.

By diagonalizing the mass matrix, derive the relation
Mg+ + M, = 2cos BMpo.

Hint for Problem 10.28: This problem is discussed in the following article.
Georgi, H. and Glashow, S.L. : Phys. Rev. Lett. 28, 1494, (1972).

The Georgi—Glashow O(3) model was ruled out experimentally due to the
discovery of the neutral current. There exist many models of the unification of
weak and electromagnetic interactions which were ruled out.

10.29. One important feature of the Glashow—Weinberg—Salam model is the exis-
tence of the weak neutral leptonic current. To expose some striking consequences of
the existence of weak neutral leptonic currents, consider the elastice+v — e+ v
cross sections to the lowest order in the Glashow—Weinberg—Salam model. In
the limit where the incident neutrino energy E, is small as compared with the
masses of the W and Z bosons, my= and m o, show that the effective interaction
Lagrangian density is given by

1
ff
‘Cient = _ﬁ

+Vey”v) (2 sin” Owery,er — cos 20wery er)}

Gr {ve)/p(l = ys)ellevp(l — vs)vel + (Vv vy
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where the first term and the second term represent the W+ contribution and the
7% contribution, respectively.
After a Fierz transformation on the first term, show that the effective interaction

Lagrangian density is
— 1—
L = —V2Gy H:ﬁe)/p 5 v Ve:| |:Eyp (TJ/S + 2 sin? 9W> e:|
I < T 1—vs .
5o (157 i)

Show that a general effective interaction Lagrangian density,

- - 1
st}[ (CL Y5 4 -;)/5>e]y

where C; and Cy are real coefficients, leads to a differential cross-section formula
in the center of mass frame,

ﬁleg = «/EGF H:V)/p

do G2 E?

i = (up LCLP 0"+ Chlp- ) ~ CCrmia-4)],

for the elastic scattering process, e(p) + v(q) — e(p’) + V(¢). Show that, for the elas-
tic scattering process, e(p) + v(q) — e(p’) + v(¢'), the expression for the differential
cross section is obtained by interchanging the coefficients, C; and Cg.

When the incident neutrino energy is much larger than the electron mass in the
center of mass frame, show that we have

E/
(-9’ =mE, (pq)=mE@1- ),

v

/ / E
meq-q = mip-p = mE ;£ o,

and the last term above may be neglected. Obtain the differential cross sections,

do _ _ G E? [ 4 5. 5 (1+cosf 2]
E(vge — Vee) = 27 4sin” Oy + (1 + 2sin” Oy) — ,
do GLE? I 9 a4 14 cos0\?]
dQ(vee — V) = 27)? (1 + 2sin” Ow)” + 4sin” Ow (72 > ,
do GIEL[ | ) 14 cos0\?]
10 ——= (e —> Ve = 27) 4sin* Oy + (1-2 sin? GW)2 (f) ,
do N GiE? —1 2 sin 0w + 4 - 1+ cos6\?]
o) = (vue — vue) = 27)? ( sin? Oy)? sin* 7 ,
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and the total cross sections,

o (Ve — Vb)) = @ _4sin49W + %(1 + 2sin? ew)z_ ,
o (Vee = vee) = GiEg (14 2sin? y)? + % sin* ew_ ,
o (Ve —> Vye) = @ -4sin49w + %(1 — 2sin? 9W)2_ :
o(vue —> vue) = GiEZ -(1 — 2sin’ Oy)* + % sin’ GW- .
10.30. Let (1,2,..., A|¥) be an antisymmetric wavefunction for A identical parti-

cles. “1” stands for all coordinates (space, spin, isospin) of particle 1.
One then defines the density matrices p; and pj; as

pl:(l/lplll//)zA/drz-drA (w|1,2,...,4)(1",2,... Al ¥),
P12 :

(1,2 |p12]17,2") = A(A — 1)/(11’3-th<\II|1’,2’,3,...,A)
(17,2",3,... Al w).

(@) Show that for any one-body operator

one has
<W|F|W>=tr(mﬂ)=fdndr{ (1lp]r) (V|f]2).

(b) Show that for any two-body operator

A
F=Yf;

i<jl
one has

1 1
(W|F|W) = Etr(pmfu) = E/drl..drz/ (L2|p)1,2)) (1,2|f

1,2).

() The Hamiltonian of A identical particles is

H:T—I—V:Zti-i-Zvij.
i

i<j
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In terms of p; and pq,, we get the expression for

E=(V|H|V).

10.31. Consider a complete and orthogonal set of one particle wavefunction
(ila) = @o(Xi,si ti),
f dr (| i) (i|B) = 8up, orthogonality of the state,

Z (i |a) (alj) =4(i,j), completeness of the state.

o

The simplest A-particle wavefunction is the Slater determinant,

1 i=1,2,...,a
—det[[{iu) I, e
VAl U=01,00,...,04.

Prove the following statements, which are valid for ¢:

(a)

(1,2,...,Alp) =

A
(o) =3 (t]u)ulr),
n=1
(b)
(L.2]p[1,2) =(1|p|V) 2|p]2) —(1|p]2) 2|p]1),
(c)
(p1)* = o1,
(d)
tr(p1) = A

tra(p12) = (A—1)p1

10.32. Consider the stability of Hartree—Fock solution. The variation of the de-
terminantal trial function ¢ is achieved by varying the individual “orbitals” (=
single-particle functions), ¢, (u = 1,2,..., A);

P = O =0u+ Y Polou

o>A
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(a)

In order to keep the ¢, orthogonal and normalized to second order in the
parameters ¢y, one must write

00
(/J;/,, =@+ Z@aca,u - % ZWU (Z Ctvcru> .

o>A V<A T>A
Show that this assures that

/ drg; ¢, =8,y toorder .

We had the result that

1
(¢l Hlp) = Z bup + E Z vizag,uv-

n<A nv<A
If ¢ is a solution of the Hartree—Fock variational problem, then
E =(¢'|H|¢)=E+5"(H),

5@ (H) being a quadratic form in the coefficients, ¢,,, ¢} u

Find an expression for §?) (H). Use the fact that if in t,,,, for example, ¢, is
replaced with ¢}, one gets

1
bup = L + Zt;wcau - 3 ZtuxC;Crﬂ.
o

With this recipe, you can easily collect all quadratic terms. The result is
simplified by using the Hartree—Fock equation,

tap + Usp = | tap + Z Ug?‘ﬁv = €q0qp-
V<A

Show that

8(2)< ) - Z _8#-) |C(7H| += Zcrr//, rvv(f‘flw

on

1
+Z vg\) wtCry + 5 ZU;(Z)),UICOMCW-

This shows that for the lowest energy state, one wants all (¢, —¢,) > 0. The
requirement §?) (H) > 0 is called the stability condition.
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10.33. Consider the degeneracy of Hartree—Fock energy. One can show that there

are now trivial variations ¢’ of ¢, for which §?) (H) = 0.

(@) This can be seen most easily, if you recognize that, given a determinant ¢,
the function,

A
¢’ =explirFlp with F= Zf“

i=1

(fi being a “one-body operator”) is also a determinant where 2 is a small
parameter. Prove this. Show furthermore that if F is Hermitian, ¢’ remains
normalized.

(b) With the above ¢’, find an expression for § (H) by a power series expansion
in A. You get an alternative form for the condition § (H) = 0. Use it to show
for example that the mean value of the total momentum is zero for a
Hartree—Fock wavefunction ¢.

() Show thatif F is a constant of the motion,

[H,F]=0,

then all functions ¢’ = exp[ir F]¢ are solutions of the Hartree—Fock problem,
with the same mean energy. Describe in which way, for F = P, ¢’ differs
from ¢.

10.34. Consider a (not very realistic) crude model of a “nucleus,” represented by A
particles of mass m occupying the A lowest levels of a one-dimensional harmonic
oscillator (no spin, no isospin), with the angular frequency, w.

(@) Let F be the total momentum,

A
F=P=Yp
j=1

Using the result of the mean square value of a one particle operator, calculate
(P?) which is also ((AP)?) in terms of m, , and A. (Note that (P) = 0.)

(b) What is the total kinetic energy of the center of mass motion of this system?
Compare this to its total kinetic energy.

(c) Define the center of mass position as
1A
X= D %
j=1

Find ((AX)?) in terms of m, », and A. (Note that (X) = 0.)
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(d) Show that

«AmﬂJ«AXV%:S.

10.35. Consider the quantization of self-interacting scalar field theory with
Lagrangian density,

= PRI + 1

N =

PE)K©)P(X) + Lin(P) =

N =

(@) Following the canonical procedure, construct the S operator as
S = Texp[i/ d* % Line(P)].

(b) Following the normal ordering prescription, show that the normal ordered S
operator is given by

:S:=: Uexp [1[ d4xﬁint(¢3)] s,

Here we have

_ i a4 0 g0
U = exp |:2//d xd Y(S(f)(x)DO(x Y)(S(f)(y)]

with

1
Do(x—y) =

(o[T@easm|o),

=0

(c) Introduce the external hook coupling, £ external(®) = J(¥)¢(x). Making use of
the formula,

i a4 O g8 N IR
exp|:2//d xd Y&ﬁ(x) Dy(x Y)SdA)(y)i|eXp |:l/d z](z)d)(z)}

—exp |~ [ [ sty - i,

$=0

obtain the generating functional of Green’s functions in functional integral
form.
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10.36. Consider the quantization of the neutral ps-ps meson theory with the
external hook coupling, Lexternal (6, ¥, ¥) = J (%) (x) + (%) ¥ (x) + ¥ (x)n(x). Show
that U operator assumes the following form:

i ) )
U= = d*xd*y——DF(x —
eXP[Z/ / e " 50

) b
+i d*xdty———SE o(x — y) = ,
l/[ * sta(x) 0 ¢ Y)Wﬁ(y)}

with

Shapl =) = 1 (O[T Vs t|0)_

Obtain the generating functional of Green’s functions in functional integral form.

10.37. Extend Problem 10.36 to the most general renormalizable Lagrangian density
given by

Low = D)y Dy = mhumm() + 5 (D) (D6))

1

1. . = . . .
= 2 Fun (B () + T () (T (961(9) + V (D16

where the potential V(¢(x)) is a locally G invariant quartic polynomial and

(D)), = (8ubnm + i Ay (4)) Fine),
(Du‘f’(x))i = (au‘si:j + i(ey)iJAyu(x)> ‘f’j(x):
AV (p(x))

05 =0y = —0u, ———(0a)ijtj(x) = 0, [ta, ¥"m] =0,

b =0 = g Ca) [ta v Om]

[t ¥°Ti] = ¥°Tj(0u)i = — (a)ijy°Ty, Vi =V, m' =y°my®, I] ="
Naive application of the result of Problem 10.36 to non-Abelian gauge field theory
gives a divergent result for the generating functional (of the connected part) of
Green’s functions. Introduce the Faddeev—Popov determinant in R¢-gauge in the
presence of spontaneous symmetry breaking,

v (d;(x))
(%)

b(x)=v

Fu (j0:9]) = VE (0,40~ iwpiond) €=
arlioa) [ TTdgw [T8 (R (162 - oute) = 1.
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Obtain the generating functional (of the connected part) of Green’s function in the
functional integral form.

10.38. In quantum mechanics, the operator ordering prescription becomes an
important issue in making the transition from canonical formalism to path integral
formalism. We examine the connection among Weyl correspondence, «-ordering,
and Well-ordered operator in some details. The parameter o connects various
operator ordering prescription continuously.

(a) Define the a-ordered Hamiltonian H'® (g, p) of the quantum Hamiltonian

Hq(g, p) by
_ 1 + @ d
p 2 o | Uu)exp h u.

H®) (g, p) = /<p+ (% —a> u

Show that the quantum Hamiltonian Hy(g, p) is given by

1 1
an= [ [ [los o) lfo- (3 ):
H®) (g, p) exp |:lp?vi| zi—phdqdv.

Hq(4, )

(b) Consider the operator ordering prescription specified by
i i
Ep,§; a,b) = exp [ﬁ(afa + bQ)] — exp [E(ap + qb)i| .
With the use of Baker—Campbell-Hausdorft formula,
PO . R 11, & P
exp [A + B] = exp [A] exp [B] exp [— 2 [A, B]] , [A, B] = c-number,
as applied to E(p, §; a, b), show that

E(p,

<

. a,b) = exp [iap/h] exp [ibg/h) exp [—iab/2R],

") explibg/hlexp [iap/h] exp [iab/2h] .

(c) Compute the c-number function E@ (p, g; a, b) from the definition of the
a-ordering prescription specified in part (a), and using the results of part (b).
Show that E@(p, g; a, b) is given by

E®(p, q; a, b) = exp[i(ap + bq)/l — iawab/h).

(d) Establish the following correspondence:

expliap/h]exp[ibg/h] — exp[%(ap +qb)], (¢ =+1/2),
expli@p+bi)]  — expli@p+ah)l, (=0,
explibg/hexpliap/h] — exp[j(ap+gb)], (¢ =—1/2).
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(e) Show that, in order to obtain Weyl correspondence (p™§")w, we only have to
differentiate E(p, §; a, b) with respect to a and b, m times and n times,
respectively, and set a = b = 0. For example,

(f) Show that, by setting & = 0, we have the Weyl correspondence.

(g) Show that o = 1/2 gives the well-ordered operator, (pg-ordering), and that
a = —1/2 gives the anti-well-ordered operator, (§p-ordering).

(h) Show that, in the a-ordering prescription, the transformation function
<qtb, tb| Qta» ta) in discrete representation is given by

wnid da_ H dn
ta:ta =
i > /’;to =lta k=1 \/(Znh)f ‘/ l_[ \/(Zﬂh)f

. n—1 f
1
X exp |:h E i § Pry e+t — Gry,) — (a)(qtk+6t Py)d }j| ,
k=0

<qtb ’ tb

r=1

with q*) ;, defined by

@ 1 1
yror =\ 5 ¢ Qo451 + 54‘0! . -

Note that @ = 0 corresponds to the mid-point rule.

10.39. Consider a simple derivation of the one pion-exchange potential from the
symmetric ps—ps meson theory. The Lagrangian density is given by

1= 1 = R
£ = [Fulo), Dapl)i5(9)] + [ Db (=100 D54
+%($(x)K(x)¢(x) — iGY o (%)T (v5)ap Vg (%) ()

where 7 is the isospin matrix,

(o) __ (o i (1 o0
Y1 0) 27\i o) 2"\Lo 1)

Here v (x) is the iso-doublet nucleon and ¢ (x) is the iso-triplet pion. The kernels of
the quadratic part of the Lagrangian density are given by
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Dop(x) = (iyud" — m+ie)ep,
Dj,(—x) = (—iy, 0" — m + ie)gq,
Kx) —=—8*—u’+ie

The covariant scattering matrix element M in the static limit and the potential
V/(7) are related to each other in the following manner:

- - o1 3o - 1 - - o3
M;5(9) =/V(f) exp[~ig - 7|d’F, V(i) = W/Mﬁ(@ expli - 71°G.

Note that the potential is nothing more than the three-dimensional Fourier

transform of the lowest-order covariant scattering matrix element.

(@) Show that the covariant scattering matrix element for the direct scattering
part is given by

(direct) G* (7 - 7%) (ﬁqysui) (ﬁéysu‘z)
M= =~ .

(¥ —p‘i)z -

(b) In the standard representation of the Dirac y matrices, the ys is given by

= o O O

pS
Il
<
v
S
—_~ O
O~
v
Il
S = O O
(=R -
S O = O

In the static limit (or nonrelativistic limit), show that

h)
(¢ i) 01 X
sl (Xh)v, —x T I 0 ”?‘P’l (5h)
m
5.5
_ X(m(’zqu(s’l),
Sf,_a'(z) a i
Wysuh = —y 21 - £ 62

Here g is the three-momentum transfer,
i=5 -5

and ys are the two-component spinors.
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() Show that the covariant scattering matrix element for the direct scattering
part is reduced to the following form in the static limit:

ey _ G2 (W -7) (6% -4) (5¥ - §)
M (2m)? (¢ +u) '

(d) By applying the inverse Fourier transform to the reduced scattering matrix
element, we obtain the one pion-exchange potential in the static limit as

- U L . _
VR =g (70 -2) 5 (5.9) (5% 9) M

where the coupling constant is redefined as

2 _ G W
57 mome

10.40. Consider WKB approximation to Schrédinger equation in one spatial di-

mension with the use of matrix method.
(a) Schrodinger equation in one spatial dimension is given by

2

da?

Y(x) =wx)y(x) with w(x) = Zh—T(V(x) —E),

where V(x) is the potential, E is the total energy, and £ is the Planck constant
divided by 27r. Show that this can be expressed as the first-order ordinary
differential equation with the two-component wavefunction ¥(x), ¥ (x), and
dyr (x),/dx as its two components, in Dirac equation form

d
W) = QMW  with Q(x):( 0 é) )

w(x)
(b) Writing the two component wavefunction W(x) as
W (x) = S(x, x0) W (x0),
the transformation function S(x, xo) satisfies the following composition law:
S(x, x")S(x', x0) = S(x, x0)-

From the differential equation (A), show that the transformation function
S(x, xo) satisfies

S(x + Ax,x) =14+ AxQ(x) = exp[Q(x)dx]. (B)
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Hence show that S(x, xo) is given by
S, x0) = Jim [ explQe)dx] = exp [ / 0 Q(X)dX} -
%o

() We first assume that Q(x) is constant in the interval [x, x + a]. From Eq. (B),
we have

S(x + a,x) = exp[aQ)].

We further assume that

Establish the identity,

0 s\ (s 0 0 1 sY20
- 0 ) 0 V72 -1 0 0o sV

and show that Q can be expressed as

s 0 0 1 s 0
Q=s{ o an 1 0 o s )

Show further that

s20 0 1 s20
S(x+a,x) = 0 J42 | exp 10 as 0 17

_ ( cosas, (1/5)sinas )

—ssinas, cos as

(d) We next divide the interval [xo, x] into the subintervals [x, x1], [x1, %3], . . ., let
the values of s as so in [xo, %1], 51 in [¥1, %2], . . . and further let the phases
(%1 — %0)S0, (X2 — %1)s1, . . . as Fo, F1, .. .. Show that S(x, x¢) can be expressed as

* 12
s 0 0 1
S, x0) = [ | Sonsr, %) = ( 0 12 ) "t €Xp |:( 1 0 ) F1:|
X0

(s0,/51)V2 0
x 0 (51/50)1/2
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0 1 ~172
cel(S0)n)(%0 ) e

We now consider the general factor in the product (C),

) g

5 0 1 prey

n F n+1

0 ( o )1/4 eXP|:< 1 0 ) Vl:| 0 (M)1/4
Sn—1 sn

We let Ax be infinitesimal, and represent the coordinate x,, by x and s, by s

so that

)1/4

Su—1,/Sn =1—Ax(s /), Sn+1,/sn =14+ Ax(s/s), Fn,=sAx.

Here s is regarded as the continuous and differentiable function s(x) of x with
s’ = ds,/dx. With this representation, show that the general factor written out
above becomes

—s /2s s
1+Ax< i s//25>' (D)

WKB approximation consists of regarding | /2s| < |s|. Introducing the
local de Broglie wavelength A(x) = 27 /s(x), show that the condition
|s//25| « |s| reads as

A
4

ds

dx <

Equation (D) becomes

0 s
1+Ax< s 0).

With this approximation, show that the transformation function S(x, x)
becomes

sl/Z 0 0 1 x 571/2 0
S(x, x0) = < 0 <12 )exp |:< 1o >/ sdxi| ( 00 12
%) 0

12 12 o x
(S0/s) " “cos F (sso) sin F ) with F— /
X

= d .
( —(ss0)/?sin F (s,/s0)" % cos F o

0
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(e) Next we consider the case,

Assuming that Q(x) is constant in the interval [x, x + a], show that S(x + a, x)
can be expressed as

720 0 1 720
S(x+a,x)= 0 A | exp 10 ar 0 12

_( coshar, (1,/r)sinhar )

rsinh ar, cosh ar

By regarding r as the continuous and differentiable function r(x) of x, and
assuming that |1/ /2r| is small compared with |r|, we obtain

_( (ro/1"?*coshF (rro)"*/?sinh F . _ /x
) = ( (rr0)'/*sinh F - (r,/r0)"/? cosh F v F= %o e

(f) Near the turning point, say x = a where s(a) = r(a) = 0 with the assumption
that E > V(x) for x < a (classically allowed zone) and E < V(x) for x > a
(classically forbidden zone), show that the wavefunction v (x) can be written
generally as

w(x)z%exp[%/xsdx]+%exp[—%/xsdx] x <a, (E)

1//(x)=%exp[—%/xrdx]—I—%exp[%fxrdx], x> a. (F)

The wavefunction should be dumped in the classically forbidden zone,
E < V(x) (x > a). Show that we must choose C; = 0 in Eq. (F),

C X
Y(x) = NG exp [—%/ rdx], x> a. (G)

(g) Near the turning point where the WKB approximation is not valid, we
assume that

v (x)
dx

E—V(x)~ Fy(x —a), Fy=— < 0.

X=a
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In a region where Eq. (G) is valid, show that we have

C 1 1 [~
Y(x) = I e exp [_Ef V2m|Fo| (x—a)dx]. (H)

We first let x pass x = a from the classically forbidden zone (x > a) to the
classically allowed zone (x < a) along a semicircle of radius p in the upper
half plane. On this semicircle, show that we have

x—a=pexp[if], 6:0—>m,

x 2 3 3
[a Vix —a)dx = g,03/2 (cos 50+ isin EQ) .
At the end of the semicircle, we have the pure imaginary exponent,
i if*
— / V2m|Fyl (6 — x)dx = —— / sdx.
hJa hJa

The change of the prefactor of the exponential in Eq. (H) is given by

_g) )V exp [ =i
(x —a) — (a—x) exp [ o ] .
Show that the connection formula for C; is given by

C 7T
G = 0 exp I:—lz] .
Likewise, the connection formula for C; is obtained by letting x pass x = a
from the classically forbidden zone (x > a) to the classically allowed zone
(x < a) along a semicircle of radius p in the lower half plane. Show that

C T

C = 5 &P I:LZ] .

Show that the wavefunction in the forbidden zone (x > a) corresponds to the
wavefunction in the allowed zone (x < ),

Y(x) = %cos (%/xsdx—i— %)

Show also that, independent of the number of and the location of the turning
points, the connection formula from the classically forbidden zone to the
classically allowed zone is given by
1 x
/ sdx| — Z).
a 4

ie ! /xrdx — £cos —
2P TR, NV

for the region V(x)>E for the region V(x)<E
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Hint: We cite the following article and the books for the discussion of WKB
approximation.

Klein, O.: Z. Physik. 80, (1932), 792.

Bender, Carl M., and Orszag, Steven A.: Advanced Mathematical Methods For
Scientists and Engineers, Springer, New York, 1999.

Pauli, W.: General Principles of Quantum Mechanics, Springer, Heidelberg, 1980;
Helv. Phys. Acta. 5, 179, (1932).

10.41. (@) Show that the Lagrangian density appropriate for the Laplace equation
is

L= (V)i

(b) Show that, for two conductors with a fixed potential difference Vj, the
electrostatic energy is given by (1/2)CVZ, where C is the capacity.

(c) Show that the variational principle for the capacity is
s[Cl=6 [(1/471 v3) / (V)2 dv} =0.

10.42. Consider the scalar Helmholtz equation
Vi + Ky =0,

where v satisfies either homogeneous Dirichlet or homogeneous Neumann conditions
on a surface S. Show that the variational principle for k? is

s[K] =3¢ [—/wvzwdw/wzdv]

Upon application of Green’s theorem, show that the variational principle for k?
becomes

§[k] =3¢ U(w)zdw/ ¢2dv] .

10.43. Consider the vibration of a clamped circular membrane. Let the radius of
the membrane be a. The boundary conditions for ¢ are ¥ (a) = 0 and the overall
requirement that ¥ be continuous in value and gradient inside the boundary.
Consider only the circularly symmetric modes so that v is a function of r only.
Then, show that the variational principle is

§[k] =3¢ [/Oa(dl/i/dr)zrdr/ /Ou 1//2rdr:| :

Introduce the dimensionless independent variable x = r/a. Then
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1 1
8 [(ka)*] = [/0 (dw/dx)zxdx//o wzxdx]

Choose the possible trial functions as (1 — x?), which vanishes at x = 1 and at the
same time has a continuous gradient at x = 0. Obtain

[(ka)*] = 6.
10.44. Consider the reaction matrix, satisfying the integral equation

R=V+ VG{R. (A)
A related wavefunction v, may be defined by the integral equation

Vo = Xa + Gg Via, (B)

where y, is an unperturbed wavefunction satisfying Kx, = &4 x4-
(@) Show that a matrix element of R is written as

Rba = (x> Rxa) = (xv> V¥a) = (¥, VXa), (C)

where v, also satisfies (B) with x, replaced with y;. Show that we can express
Ry, as

Ryo = (Vb (V — VG V)Ya) (D)

Show that Egs. (C) and (D) permit us to set

(djb! VXIZ) (th un)

Ry, = 0 .
(¥b, (V = VGy V) )

(E)
Show that it is stationary with respect to small variations of either ¥, or ¥,
about its correct form:

SRbal&//u = 0,
S Rpalsy,

(b) Consider the generalization of this result to the T-matrix:

T=V+VG'V=V+VG,T, (G)

where the wavefunctions satisfy

‘/’ai = Xa+ Goi V‘//ui' (H)
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Show that

Wy, Vixa) e, Vb, ")
(W, (V= VG V)yah)
(I

Tpe = (Xbr TXa) = (Xb, V¢a+) = (1/1;,_, VXa) =

Show that, if we perform the variation ;% — ¢, © + 8y," or
V- — ¥, + 8y, , respectively, we have to the first order in the variation,

aTba |5Wa+ = 0,

5T, 0)

IM/E:

() As anillustration, let us replace ¥, and v, by the trial functions x, and xy,
respectively, in the expression (I) for Tj,. If we expand this in power of V,
show that

Ty = (be VX/;) + (be VG0+ an) 4+ (K)
This agrees with the Born series,
T=V+ VG V+ VG VG V4. =T 4 T ...

through the second order.

(d) Inapplication of (I), consider the case of simple potential scattering with
V = V/(r) and the choice of trial functions,

V"
vy

Show that

(2m) =372 explik - 7],
(2m) /% exp [iiky - 7]

2
T(Ks - &, kp, k) = (27) 3 [/ exp [—i(kf — k) - 7] V(r)dﬁ}
<| [ ewl-it - -7 v

2M, exp [ik [F — 7
+ / Frd*? exp[—iks - FIV(r) ( exp i [7 7 H) V(r)

47 !?—?/|

-1
expliK - 7]] . (L)
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(e) Show that Eq. (E) provides also a variational principle for the partial wave
scattering amplitudes. One needs only identify R; with —(2/7)« tan §;, V with

the reduced potential v, and GOO with Go. Then, on setting ¥, = ¥, = wl(o),
show that
(0)y . (0)
2 (v, vw, ") (w ', vy)
——Kktand; = 0 0" (M)
T w7, (v —vGou)w; ™)

Show that the expression (M) is stationary with respect to small variations of
wl(o) about its correct value.

Hint for Problem 10.44: We cite the following textbook for variational principle
due to Schwinger for phase shift and variational principle due to Kohn for atomic
scattering.

Goldberger, M.L. and Watson, K.M.: Collision Theory, John Wiley & Sons, New
York, 1964, Chapters 6 and 11.

10.45. Consider the case of a particle in a central potential and look for a stationary
expression for the coefficient T of the expansion of the transition amplitude in
spherical harmonics,

Thea = 1677 (21 + 1) Ty Yy, (k) Yim (ka). (A)

Im

(@) Show that, if ¥ is the complete stationary scattering wave, the partial wave
Y satisfies the integral equation

wi(r) = jilkr) + G V), (B)
where G}H is the integral operator whose kernel is Green’s function,

G (r, vy = —(@mk/R2)ji(kr )b\ (kr).
In other words,

o0
GV = / G (r, V)V )on(r)rdr
0
Let (@1, ¢2) denote the scalar product of two radial functions ¢y, ¢;:
o0
(@1, 02) = / @i ()2 (r)rPdr.
0

The integral form for T can therefore be written as

T = (ji, V).
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(b) Letus now put
A= V) = (v i), Bl = (v (v = vl vyy).

Consider the functional,

AZ
T[y] = 3
Show that
T[] = T

(c) Show that 7; takes the same value T; for any function ; satisfying the
following less restrictive condition than (B):

Yi(r) = Cji(kr) + G;ﬂ Viy(r) if V(r) #0; C, arbitrary constant. (C)

Calculating the variation of 7; as a function of 8§y, show that

2A A?
8T = =—8A — 6B,

B B?
SA[Y] = (8v*, Vi),

SBlY] = 2<5w*, (v —vGi? vw).

Write

2A
5% =43 (sv*, F),

where F(r) is given by

F(r) = Bly]V(rji(kr) — ATV () (¥ — G V).

In order to have §7; = 0 for any 81, it is necessary and sufficient that F(r)
vanish. For this, it is necessary that jj(kr) and y — Gf+) Vi be proportional at
any point where V(r) is not zero, that is, that ¢ be one of the functions
obeying equation (C). Thus, by adjusting the value of C in Eq. (C), we obtain

Ty = Tl - (D)
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(d) Separate the real and imaginary parts of G;H (r,7'). The real part is Green’s
function,
G (r, ¥y = —@mk/R2)ji(kr)my(kr-).
and
e,y = GV (r, 7'y — i@mk/R2)ji(kr)ji(kr').
Substituting this expression in the definition of 7;, show that
* 1)
o )
=1 = _
1 st <jl, V¢l>2 hz
st
From
T; = —h? expli8y] sin 8;/2mk,
show that
T, ' —i(2mk/h?) = —2mkcot §/h.
Obtain the following stationary expression for k cot §;:
* 1)
w2 (v (V=velv)y
kcotdy = —— ( ( ) > (E)

Zm (i, VW)Z

st
(e) Substituting the free wave ji(kr) for ¢ in the right-hand side of (E), show that

v
o vi)

h1—A

_ F
2m (ji, Vj) ®

with A; =

kcotd = —

Consider the S-wave scattering by a square well in the low energy limit. Take

—Vo, 1<,

Vi(r) =
(") 0, r>T19.

Calculate the scattering length,

a=—lim(kcot8)~},
k—0
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by the different methods and compare the results with that given by the exact
calculation. Setting

b= (2mVore/n?)"?,

show that

exact calculation:

tanb
a=—(%—1>m.

variational calculation [formula (F)]:

3P
Oyar = 1— (2/5)b2 0.

first-order Born approximation:
1)

1
ag’ = —gbzl’o.

second-order Born approximation:

2 1 2
a;) = — (gbz + Eb4> 1o.
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